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The densely of rational numbers — Axsdl) Jlacy) 43S
Theorem: Let a, b € R such that a < b, then there exists r € Q such that
a<r<b
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Corollary:

Let a, b € R such that a < b, then there exists a countable infinite set of rational numbers
between a and b.

Proof: sincea < b

by the densely of rational numbers theorem, there exist r; s.ta < r; < b similarly
a,r € R and a < ry, then also by the densely, there existsr, € Q sta<r, <n

In general between a & r,,_;, there exists , EQ sta<n, <ny

Hence, we have the countable infinite set {ry, 7, ..., 1;,, ... } of rational numbers between a
and b.

Lemma: IfreQands € Q',thenr+s € Q’
Proof: suppose that r +s ¢ Q', sothatr + s € Q'

- (r+s)—reqQ
— (r+s)+(-r)eQ

but(r+s)—r=s€eQcC!

Hence, r + s € Q'

The density of irrational numbers Aol yad) das Y A8

Leta, b € Rand a < b, then the exists s € ¢’ suchthata < s < b.
Proof: Suppose that theorem is not true.

so that by the density of rational numbers theorem, there exists s € Q suchthata < s <
b

Since V2 € Q' and s € Q, thus by preceding Lemma we get
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s+vV2eqQ’

Note that

a+V2<s++2 <b++2
€ € €
R Q' R

- A rational number between a + V2 and b +v2 C!

(with densely of rational numbers)
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Chapter Three

The complex numbers
Definition: The set of complex numbers is denoted by
C={(a,b);a,b R}
Define (+) and (.) on C as follows
Let Z, = (aq,by),Z, = (a,, by), then

1. Zl + Z2 = (a1 + az,bl + bz)
2. zy -z, = (aja; — byby, a,b, + ayby)

For example
Letz; = (3,4) & z, = (—1,2)

z1+2,=(3—14+2)=(26)
7,2, = (=3-8,6—4) = (-11,2)

Proposition:

Let z,, z,, 23 € C, then

1.z, +2z, =2, + 274

2. 1+ (2o +23) =(21+2,) + 25

3. 1f0=(0,0),thenZ+0=0+2=2Z

4. Vz € C, there exists element denoted by (—z) suchthat z + (—z) = 0

In fact, if z = (a, b) then —z = (—a, —b)
5. Zl.ZZ =Z2'Zl

6. 2z (22-23) = (21 23) * 73

7. If1=(,0),thenl-z=2z-1=2z.

8- If z € C,z # 0, then there exists element denoted by z~ such that

z-z =z "-z=1
1 .
z~+ is called multiplication inverse.

9.2, (25+23) =225 + 2,25



U Proof: H
| ]
i 8. Letze Cstz=(ab)+# (00)—>a’>+b*>>0 i
I ]
% - -1 _ a -b 53
I we define z71 = (m, m) ]
| J
I a b —b a ]
% -1 — &
. “e a(az+b2)+b(a2+b2)'a(a2+b2)+b(a2+b2) s
I Y sk ) B ]
U \az+b2’7) VT H
| ]
I For example I
I ]
3 _ -1 _ (3 -4 B3
i Lz=@/4—z"=(12) ]
ﬂf’ 22=2-) -z =53 ]
I 3. z=(1,0) >z = (1,0) ]
| J
i Another definition to complex numbers I
I _ ]
i If a, b € R, then we can define the complex number z as follows: a8

z =a+ ib, wherei = (0,1).

% 1€ 5

I |
b Pl
I z = (a,b) = (a,0) + (0,b) = a(1,0) + (0,1)b 1
l =al+ib 1
U% =a+ib H
Il |
| |
I Example: i
Ir -
;‘ 1. Letz, =3+ 2i, z, = 6 + 8i, then :
| 3) i
Il o‘o
H z1+2,=(3+2))+(6+8i))=((3+6)+(2+8)i ;
H =9+ 10i i
Il o‘o
] " ]
Q% 7y -2 = (3+2i) - (6+8i) =[(3)(6) — (2)(B)] + i[(2)(6) + (3)(8)] i
! = (18 — 16) + (12 + 24)i ]
Il |
}; =2+ 36i :
| |
H 2. i2=1i-i=(01).(0,1) = (0—1,0) = (—-1,0) = —1(1,0) = —1 ]
Il |
H !
| |
I 23 i
|



[ 3. Find 1
| ]
i 3(3+2i) —2(2—3i)+ (6 +8i) Il
I =94+ 6i—4+6i+6+8i I
I =11 + 20i i
l Remark: If z = a + ib be a complex number, then a is called real part of z, and b is d
5 called imaginary part of z. i.e -
I a = Re(2),b = Im(2) ]
I ]
| Example: ]
| J
I 1.1fz =3+ 2i,thenRe(2) = 3,Im(2) = 2 I
I I
i 2. z=10,Re(z) = 10,Im(z) =0 A
3. 7 = 2i,Re(z) = 0,Im(z) = 2
5 Proposition: Let z;,z, € C, then i
U (1) Re(z; + z,) = Re(zy) + Re(zy) H
I |
| (2) Im(Zy + Z,) = Imy,(Z1) + Imy (Z). ]
| J
i Proof: i
I ]
oj’ Let Zl = a1 + lbl & ZZ = az + lbz ":o
1"1% Zl + ZZ = (al + az) + l(bl + bz) 0010‘
| |
h% -'-RG(Zl + Zz) =aq + a, = Re(Zl) + Re(Zz). 00“"
L, Im(z; + z,) = b; + b, = Im(z;) + Im,,,(z,) J
Definition: Let z € C,z = a + ib, we define |z| by 1

|

ol

|z] = Va? + b? is called absolute value of z. 1

|

ol

Example: ]

I
I
I
i
Uo 1. z=3+4+4i, |z| = (3)2+(4)2:\/£:5 }
I
i‘ 2. z=-2i, |z| =/(-2)2 =V4 =2 |
I
H 3.z=1z|=4/(1)?=1 }
|
I
I
I
I
[



U Proposition: Let z;,z, € C H
I . I
I 1. |z >0and |z]| =0ifz=0 I
I 1
‘T 2. |Z1 : Zz| = |le : |Zz| H
ﬂ% 3. |21 + 25| < |z1| + |z, H
i 4. |21 = |22l < |21 — 23] Il
i ]
- Proof: -
3 2. Let Z1 = aq + ibl, Zy = Uy + lbz S
s |z1 - ;| = |(ay + iby) - (ay +iby)| = |(a;a; — byb,) +i(ayb; + ayby)| a
“’f’ = \/(a1az — b1b,)? + (a1b; + azby)? H
ﬂ% |2y - z;|* = (a1a; — b1b,)? + (ayb, + azb,)? H
‘o‘% = a%a% - 2a1a2b1b2 + b12b22 + a%bzz + 2a1b2a2b1 + a%bf Doﬂ
I . 1
‘T |z 'Zz|2 = (a% + blz)(a% + b%) = |Z1|2|Zz|2 = (|Z1||Zz|)2 H
i J
‘T o |zy - Zp| = |24 |2, H

4. NOte that Zl - Z2 + (Zl - Zz)

. 21| = |z, + (21 — 2)| < |22 + |71 — 2, ]
ﬁ% - |z1| < 23| + |21 — 2z, h
W’ > |z; — 23| > |z1] = |2]. -+ (1) }
“’f’ Zy =21+ (25 — 71) H
ﬂ% |z5| = |21 + (25 — 1) }
I AR AR |
H > 23| = |zy| < |75 = z4] }
I = ~(lzl = %) < |z - 2]+ 2) |
i from (1)&(2) we get J
i |
H% l1z1] — | 221 < |21 — 2| :
| ]
| Corollary: For each finite z;, z,, ..., z,, of complex number. Then ]
I -
11 Pl
I L |zy -z Zy| = |z1l1z5] -+ |zl |
I -
L‘% ]
H 2-1f z,,2, € C,z, # 0, then |2| = 2! |
‘o‘% Zy |ZZ| o°‘o
i ]
I Proof: |
I -
i ]
I 1. We know that |z; - z,| = |z,]|2;| |
I
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|Z1 - 23 - z3| = |z1]|2;]]25]

|Z1 ...... an = |Z1||Z2| T Ian

2. LetW=Z—1—>Zl=WZZ.
V4

2
|Z1|
1z1| = lwz,| = |wl|zz| — |w| =—
Z,|
2| _ |zl
Zy |z, |

Definition: Let z = a + ib be a complex number then the complex number a — ib is

called conjugate of z and denoted by Z.

iez=a-ib

Proposition:
1- For each complex number z.

z-Z=|z|?, Z=1z
2. vzl,Zz € C,Zl +Zz = Z_1 +Z_2
3.VZl,Zz € C,Zl *Zy = Z_l ‘Z_Z

Z
4. Vz,,z, € C,z, # 0, then (—1) =

5.vze(|z| = |7]

Z

6. Ifz+#0,thenz™! = —
|z|

Proof:
l-letZ=a+ib—Z=a—ib

z-Z=(a+ib)(a—ib) = a*+ b?* = |z|%
z=(a—th)=a+ib=z
2. LetZl = a1+ib1,22 = a, +lb2

Zl + Zz = (al + az) + l(bl + bz)
z1 +z; = (a; + ay) —i(by + by) - (1)
Z1 + 7, = (a; — iby) + (a, — iby) = (a; + ap) —i(by + by)

From (1) &(2) wegetz, + z, = 7; + 7,



