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I Chapter One ]
ﬂ% The natural numbers and integers H
I Principle of mathematical induction @kl ) ) o Il

Let S be a subset of N, the natural numbers, with the following properties:-

l 1. 1€S ]
i 2. neSimpliesn+1€S I
H Then S is the set of natural numbers (ie. S = N ). H
l ]
| The way of using principle of mathematical induction:- I
| . ]
I *) suppose that p(n) is a statement depend on natural number n. I
i . . |
* *) Suppose that S be a solution set of natural numbers n such that the statement is true -
! ieS={neN;pn)istrue) |

| we shall prove that ]

I 1. 1€S(iep(1)istrue) ]
| l
I 2. Suppose that p(k) is true. (i.e k € S) ]
I ) ) ]
i 3. p(k+1)istrue. (ilek+1€S) i
: ]

- so that, S = N &

l i.e p(n) istrue Vn J

l Example: provethat1+2 43+ +n =200 vp > U
]

i

Solution: suppose that p(n) is1+2+3 4+ -4+ n = @ ;

and S = {n € N: P(n) is true } I

. 1(1+1 2 L
1.Smcegz—=1 |
2 2 5

hence p(1) istrue (ie1 € S) p

2. Suppose that p(k) is true ]

i.e1+2+---+k=%ﬂ) J
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Wehavetoshowthatl+2+3+---+k+(k+1)=w

1+2+3+---+k+(k+1)=@+(k+1)(oﬁ)ﬂ(k+l)%hbh)
Ck(k+ D) +2(k+1)  (k+D(k+2)

2 2
C(k+ D[+ 1) +1]

2

Sothatp(k+ 1) istrue(ie k+1€S)

Hence P(n) is true Vn > 1.

n(2n-1)(2n+1)

Example: Prove that Y¥7_; (2k — 1)% = vn €N

n(2n-1)(2n+1)

Solution: Suppose that p(n) is Y r=; 2k — 1)? =

3
e (1)2 4+ (3)2 + (5)2 + (2n — 1)2 = 22~ 1;(2" t1)
Since (1)? = % = 1, hence p(1) is true.
Suppose that p(k) is true
ie124+32+52+——+2k—-1)2= k(Zk — D@k +1) e (%)

3
Now, we prove that p(k + 1) is true

1243244+ Rk—1)*+2k+1)—1)? = (k+DECk+D-DEEk+D+1)

3
rsle duani (¥) Aabadll LI [2(k + 1) — 1]% = (2k + 1) 4Ll

12 +32+ -+ Q2k—1)*+Q*E+1)-1)* = K2k - 13))(2k tU
_ k(Q2k —1)(2k + 1) + 32k + 1)°

3
_ (k + D[k(2k — 1) +3(2k + 1)]
B 3
_ (2k + 1)[2k?* + 5k + 3]

3
@k + D[+ 1)(2k+3)]  (k+ D)2k + 1)(2k +3)

3 3

+ (2k + 1)?
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_(k+DRE+D -DRE+1D)+1)
a 3

So that, p(k + 1) is true.

Example: Prove that 23" — 1 divide by 7 vn > 1
Solution: Suppose that p(n) is 23" — 1 divide by 7 .
1. p(1)is true. Since 23 — 1 = 7 divide by 7

2. Suppose that p(k) is true. i.e 23% — 1 divide by 7
Thatismean3c € Zs.t23%% —1 =7¢

Now, we have to show that, 3d € z sit 23k+D — 1 = 7d

23(k+1)_1=23k+3_1 =2323k_1
=23(7c+1)—1, since23* —1=7c
=237c+8-1
=23-7c+7
=7023%¢+1)
=7d, d=2c+1€z

So that 23¢+1 divide by 7

Hence P(n) is true Yn

Piano's axioms
Sy clua

AV Sl 383 N Je,ll L 30 e sane (8 dpnpall dac W) de gana 0

AdA e desaaa N (1)

G b yay il 138 5 eainll @l e T a4l Ja g JA) seaie 32 N (N0 eaie S (2)
nN=m ol cnt = mt o130 s

N. 2 J¥ 2l ey 51 e lu Al 3o JA) paie (o bl Gl N (Al aal g jaie 2a g (3)

Theorem:

1- For each n,m € N, there exist unique element n + m € N is called summation n, m
such that

an+1=n"

bym+1=m?

c) n +m = m + n (Commutative Law)

dvn,mk e N,(n+m) + k =n+ (m+ k) (associative Law)
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e) If m + n; = m + n, then n; = n, (Cancellation Law)

2 - For each n,m € N, there exist unique element m - n € N is called multiplication
elements n, m such that:

aam-1=1m=m

b)n-m=m-n (Commutative Law)
c)(m-n)-k=m-(n-k) (associative Law)
dk-(m+n)=k-m+k-n

e)lfm-n; =m-n,thenn; =n,

Theorem: Foreachn € Nthenn* #n (i.en+1#n)
Proof:

By using principle of mathematical intuition

LetS={neN;n+1#n}

1.1 €S.
fi1egS—1+1=1c!

sl Ay ae (il I8 5 a5 98 (1) oline
2. Suppose that k € S
We have to show that k* =k + 1€ S
Suppose that k* ¢ S

> k*t+1=k* (Def.ofS)

> (kP =kt

-kt =k(ifnt=mt->n=m)

>k &Sc! (with2)
Sothatk*=k+1€S

By mathematical induction we get S = N
Definition: Let n, m € N then m < n iff there exists a unique k € N such that
m+k=n.

Remark: Foreachn e Nyn <n + 1.
Proposition: Foreachn € N,n # 1 thenn > 1

(i.e 1is smallest element in N)



U Proof: Since n # 1 then n is successor for another element say m hence n = m + 1 H
| ]
W -m+1>1 H
ﬂ% -n>1 H
. Proposition: Letn,m € N, if m < nthenm* < n I
L Proof: Sincem <n— 3k eNstm+k=n k>1 ]
H |
I 1ifk=1—-m+1=n—-m*=n |
| J
I 2Ifk>1->3teNstk=t+1. I
I I
w sm=m+k=m+({t+1)=(m+1)+t i
‘0‘% — m+ + t é"o‘
. ->mt<n I
L From (1) and (2) we get m* < n ]
| J
I Proposition: Foreachn € N, then, Ak e Nstn<k <n+1: |
| J
i Proof: I
I _ I
i Suppose that there exists k e Nstn <k <n+1 a
Now,
L n<k-3k €Nstn+k =k :
ﬁ% k<n+1-3k,eNstk+k,=n+1 h
i (m+k)+k,=n+1-on+ ki +k))=n+1 :
‘o‘% d kl + kz = 1 g‘o‘
i -k, <1 C! sincek; €N i
I . ]
. Proposition: Let m,n, k € N. Then “

1. Eitherm=norm<norn<m

2. Ifm<nandk <mthenk <n :
3. fm<nthenm+t<n+t, teN

|
4. If m < n,thenmt < nt ;
5. fm+t<n+tthenm<n :

6. Ifmt<ntthen m<n
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Proof:

(1) If n = 1 or m = 1 then by preceding proposition the proof is clear [Suppose that

pro.
n#landm=1 - n>1=m]

Thus suppose that n # 1 and m # 1, we use mathematical induction
LetS;, ={n}, S, ={xeN;x>n}, S35 ={x € N;x <n}
Let5251USZU53

11eS.SincevneN&n #1-n>1

-»1€S5;>1€S

2.letkeS—->keS orkeS,ork €S;

Case(1):ifkeS; »k=n—okt>n—kteS, —>kT€eSs
Case (2):keS, > k>n—-3teNst

k=n+t->k*=({t+n)"
=(t+n)+1=n+((t+1)
skt>n->kteS,—>k*€eS

Case (3):ifkeS; D k<n-ok*<n
ifkt=n—okteS, —ktes
ifkt<n->k*teS; —-ktes
By (1),(2) &(3) Vk € S - k™ € S, thus
by mathematical induction S = N

2. m<n—3IAt;ENstn=m+1t;
k<m-—3t;eNsstm=k+t,
n=m+t, =(k+t)+t;=k+(t; +1t;)
n=k+teN ; wheret =t; +t, EN
- k<n

3. m<n—3keNst n=m+k
n+t=m+k+t (til)
= (m+1t)+k

- m+t<n+t
dm<n—o3IkeNstm+k=n



