() = (42,1 +4Z,2 + 4Z,3 + 4Z}.

(3),>={2Z,1+27}.

Remark:

Let I be an ideal of R, the function m: R — R/I defined by n(r) = r + I, for

all r € R, is a ring epimorphism, it is called the natural epemorphism.

(ry + 1) = () + ()
(ry - 1p) = m(ry) - m(ry)
(- m) - I=+D-(+1)

Remark: (Fund. Homo. Th. of rings) Let f: R — R’ be a ring

homomorphism, which is onto, then % ~ R'.

Proof: g:% — R’ (letker f = k)g(r + k) = f(r)

Dr+k=rp+ker—-r €k

= f(r—ry) =0,f(r) — f(ry) =0 = f(r) = f(ry)
~ g(r+k) = g(r, +k)

= well defined

(2) g is homomorphism

g((r+k) + (r; +k)) =g(r+ k) + g(r; +k)
g(r+r; + Kf(r) + f(ry)
o f(r +r;) = f(r + ry) (since f is homo.)

- g ishomo.

(3) g(r + k) = g(r; + k) = f(r) = f(r;) = f(r) = f(r;) = 0 [ since fis

homomorphism]
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fr—r)=0=>r—ne€kerf=kor+k=r+k=>gis(1—-1)
(4) letw € R" since f isonto 3x € R, such that f(x) = w
gx+k)=f(x) =w= gisonto.

Example: Show that i ~ 7,

Solution: f:Z — Z,,,f(x) = X

f+y)=x+y=
flxy)=xy=x 37

=~ fis homo.
Letw € Z,, = 3w € Z suchthat f(w) =w

~ fis onto

Z
by F.H. Th. grf -t Zn
ker f={x€Z:f(x) =0}={x€Z:x=0}=nZ
Remark: The only nontrivial homo. from Z to Z is the identity.
Proof: f:Z — Z let 0 # n € Z,

f(n) = f(1+ 14+ 1) = f(1) + f(1) + -+ f(1)

n times n times

[since f is homomorphism]
fm) =nf(1)...... ()#()

f)=f(n-D#()
f)-1=fm) - f(1)= f(1) =1 by (*)]#(*)
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~f(n) =n
=~ fis identity.

Corollary (1): Let R be a ring and suppose that f, g a ring isomorphism, then
f=g:R—Z

Proof: f:R — Z,g:R > ZR =~ Z
g~1:Z — Riis a ring isomorphism

_ g f _
f-g 1:Z—>Z,(Z—>R—>Z>=>f-g L7 57
~ fog™ =1[by Remark]
Corollary (2): Let R be aring and let f, g: R — Z be epimorphism then if
kerf = kerg then f = g.

: R L is0) 2 ~ * + = g*
Proof: by F. H. Th. — = Z (fiso0.) g = Z(g*iso.)bycoro.(1)f" =g
Toprovethatf=g

letr € Rf(r) = f'(r + ker f)
~f=g.

Theorem: Z, @ Z,, = Z,, ifand only if g.c. d(n,m) = 1.

Proof: we only have to show that = @ —— ~ —— since by F. H. Th. = ~ Z,,
nz mz mmz nz

B(x) = (x+ nZ,x+ mZ)vx € Z@ is a ring homo.?
ker
D={x€Z:0(x)=mZmZ)}={x€Z:(x+nZ,x+mZ)=nZmZ)}
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={x€eZ:(xenZ,xemi)}={x € Z:x EnZ NnmZ} =nmZ since g.c.d
(n,m)
=1
onto: Let (a+ nZ,b + mZ7Z) € % @ é
gcdinnm)=1=3s,te’Z
>S5, +tph =1
Let x = at,, + bS,,.

O(x) = (x +nZ,x + mZ)#(*)

= (at,, + nZ,nS, + mZ)#(x)

= (a+nZ,b+mZ)#(*)

at+nZ=at,+nZsa—at, €nZ s a(l —t,) €nZ & aS, € nZ
Similarly bS, + mZ=b+ mZ & (b—bS,) EmZ © b(1—-S,) EmZ &
bt,, € mZ

~ @ is onto.

Definition: A proper ideal M of a ring R is called maximal ideal if where

ever | is an ideal of Rwith M c I, then = R.

Example: In Z the ideals are:

{0},Z4,{0,3},{0,2,4}

{0, 3} is the maximal in Z

{0,2, 4} is the maximal in Z

Definition: A proper ideal P of aring R is called a prime ideal if for all a,b

inRwitha.b € Peitherae Porb € P.

Example:
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47 is anideal in Z, but not a prime ideal in Z. .1
{0} is a prime ideal in Z.but not maximal. .2
{0} isnot a prime ideal in Z, .3

Definition: A commutative ring with identity is called an integral domain if
it has no zero divisor.
Definition: Aring ( R, +,) is said to be field if (R — {0}, .) forms a

commutative group (with identity 1).

Or
The field is commutative ring with identity in which each non-zero element

has inverse under multiplication.

Remark: Every field is an integral domain.
Proof: Let R be a field and let a,b € Rsuch thata.b = 0
ifa# 0 = ahas inverse say a ![sincea efield] > at.ab=0= b=10

I.e., R is integral domain.

Remark: Let R be a commutative ring with identity then R is a field if and

only if {0} and R are the only ideals of R.

Proof: = let1 # O be an ideal inR leta # 0,a € I, but R is a field = 3a~?!
anda.a !=1€lI[lideala € ,r e R = ar € I] = I = R [by remark]
©)leta+0,aeR <a>isanidealinRbut<a># {0} ><a>=R
~1€ER=>1€e<a>>1=r.a

Example: Q has ideals {0}, Q.
R has ideals {0}, R.
C has ideals {0}, C
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Z has many ideals: Z5, Zc, Z,,, 44 is field Z,, Z<, Z,,, is finite but not integral

domain = not field.

Remark: Every finite integral domain is field.

Proof: Let R = {aj, a,, ...,a,} be an integral domainand 0 # a; € R
consider the set S = {alaj, a,aj, ..., anaj} all elements of S are distinct since

if a{za]- = akaj = a, = akC!

ClearlySCRandRES=S=R=>1€ S

= 1 € a,a; = a; has inverse = R is field.

Remark: Let R be an integral domain with only finite number of ideals in R
then R is a field.

Proof: leta # 0,a € R, (a), (a%), (a%), ..., ideals in R but R has only finite

number of ideals = 3k, £ such that k < ¥ positive integers such that < ak) =

(%)

= ak € (a*) =< a') = a* = ral forsomer € R = a* = ra! = rat~*a*

R is integral domain = cancelation law is valid. = 1 =ra® X = e

1=(ra®*%aand x1=2a"1a

~al=raf"k1 =5 371 exists e R
~ Ris a field.

Remark: if R is a field, then either fis 1 — 1 or f is the zero homomorphism.

Proof:
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