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Chapter One : Groups Theory
a4y i - LaY) Jadl)

Definition 1.1: Binary Operations

Let A be a non empty set. A binary operation on a set A4 is a function from

A X Ainto A. (i.e.)

x: A X A — A s abinary operation iff

(1) axbe€AVa,be A (Closure)

(2) Ifa,b,c,d € A suchthata=candb =d,thenax*b = c *d (well-
define).

Remark 1.2: Some time we used the symbols x, ,,#,0,...to denote a
binary operation.

Example 1. 3:
(1) The operations {4+, X}arebinary operationsonR,Z,Q,C.
(2) The operation " — " is not binary operation on N.

(3) The operations {4+, —} are not binary operations on O (odd number).
(4) The operation =+ is abinary operation on  R\{0}, Q\{0}, C\{0}.

Example 1.4:
Letaxb =a+ b+ 2,Va,b € Z*. Is = a binary operation on Z*?
Solution:

ezt
(1) Closure: Leta,b € Z*, thena xb = atb+2€z+
(2) well-define: Leta,b,c,d € A suchthata =cand b = d,
thenasb=a+b+2=c+d+2=cxd
= * i a binary operationon Z™.

Example 1.5:
Leta+b = a’,a,b € Z. Is = is a binary operation on Z.
Solution:

(1) Closure:ifa=3andb=—1.Thena*b=3‘1=§¢Z

= * IS not a binary operation on Z.
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Exercises (1): which of the following are binary operations?
[l1] a*b=a+b,Va,b € R\{0}.
[2] a@bz%,Va,bEZ.

[83] a#b=a+b—-3,Vab€EN. (Home Work 1).
[4] a,b=a+2b—-5,Va,b €R.

a Cc a

[5] ; 'E=%,Vb,§EQ\{O}.

Definition 1.6: (Commutative)
A binary operation * on a set A is called a commutative if and only if
axb=bxa V a,b€A.

Definition 1.7: (Associative)
A binary operation = on a set A is called an associative if
(axb)xc=ax(bx*xc) V ab,ceA

Example 1.8: Let R be a set of real numbers and * be a binary operation on

R defined as * b = a + b — ab . Is * commutative and associative.

Solution:

Leta,b € R, then

a*b=a+b—ab=b+a—-—ba=bx*a

Which implies that * is commutative.

Leta,b,c € R, then

(asb)*c=(a+b—ab)*c
=(a+b—-ab)+c—(a+b—ab)c
=a+b+c—ab—ac—bc+abc...........(1)

ax(bxc)=ax*x(b+c—bc)
=a+ ((b+c—bc)—a(b+c—bc)
=a+b+c—bc—ab—ac+abc...........(2)

= (1)=(2) = =isassociative.

Exercises (2): Which of the following binary operations is a comm., asso.?
[1] a*xb=a—b, VabE€LZ.

[2] aOb=2ab, Va,b€EE. (Home Work 2).

[3] a#b=a®>+b3 VabE€ER.
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Definition 1.9: (Mathematical System)
A Mathematical System or (Mathematical Structure) is a non-empty set of
elements with one or more binary operations defined on this set.

Example 1.10:
(R,+),(R,.), (R,-),(R\{0},%),(R,+,.),(N,+),(E,+,x) are  Math.
System. But (N, —), (R,+), (0, +, —)are not Math. System.

Definition 1.11: (Semi group)
A semi group is a pair (S, *) in which S is an empty set and * is a binary
operation on S with associative law.
(i.e.) (S,x) issemigroup < (1) S # 0,
(2) *isa binary operation,
(3) Va,b,ceS,(axb)=*c=ax(bx*c).

Example 1.12:
(1) (Z,+),(Z,x),(N,+),(N,x),(E,+), (E,x) are semi groups.
(2) (0,+),(Z,-), (E,—), (R\{0},+) are not semi groups.

Definition 1.13: (The identity element)
Let (S,*) be a Mathematical System and e € S. Then e is called an identity
element if axe=exa=aqaVae€Ss.

Definition 1.14: (The inverse element)
Let (S,x) be a Mathematical System and a,b € S. Then b is called an
inverseof aifa*b =b+a=e anddentedbyb=2a".

Definition 1.15: (The Group)
The pair (G,*) is a group iff (G,*) is a semi group with identity in which
each element of G has an inverse.
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Definition 1.16: (The Group)
A group (G,*) is a non-empty set G and a binary operation = , such that the
following axioms are satisfied:
(1) The binary operation * is associative.
(ie)(@xb)*xc=ax*x(bxc), V ab,ced
(2) Thereis an element e in G such that
axe=exa=a,Va €QG.

This element e is an identity element for = on G.

(3) Foreach a in G, there is an element b in G such that
a*b=>bx*xa=e.
The element b is an inverse of a and denoted by a™1.

Remark 1.17:

Every group is a semi group but the converse is not true as in the following
example shows.

(N, +) is a semigroup but not group because Aa~! € N,Va € N.

Definition 1.18: (Commutative group)
A group (G,*) is called a Commutative group iffa*b = b * a,Va,b € G.

Example 1.19:
1) (Z,+),(E,+),(Q,+),(C, +) are commutative groups .

(2) (Z*,+) is not a group because there is no identity element for + in Z™.

(3) (Z*, x) is not a group because there is an identity element 1 but no
inverse of 5.

(4) (G ={1,0, —1,2},+) is not group since + is not a binary operation on
G,1+2=3 ¢ G,

(5) (G ={1,—1},%x) is comm. Group.

(6) (R\{0},%), (Q\{0},%),(C\{0},%x) are comm. Groups.
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Example 1.20: Let G = {a, b, c, d} be a set. Define operation * on G by the
following table. (Klein 4-group)

* la|b|c|d
al|a|b|c|d
b|b|c|d]|a
c|c|d|al|b
d|d|a|b]|c

Is (G,*) a commutative group?

Solution:

(1) Closure is true.

(2) Asso.?

(@xb)xc=ax(b=c)?
bxc=a=xd

d=d

bx(@axc)=bxc=d=(bx*a)=*c
cx(@axb)=c+*b=d=(cxa)*b
d«(a*xc)=dxc=b=(d=+a)*c...—>
= * IS asS0.

(3) Theidentity: Toprove Je € G s.t.xxe=e*xx =x,Vx €QG,
a*xa=a,bxa=b,cxa=c,d*xa=4d.
= e = a is an identity element of G.

(4) Theinverse: Vx € G TP.3x 1 €G s.t. xxx1=x"1xx=e¢
1

a*xa=a=al=a
bxd=a=b"1=d
cxc=a=cl=c
a*a=a=al=aqa

dxb=a=d'=b
(5) Comm.? a*xb=bx*a?
b=5»b
axc=c*xa=~¢c
axd=d*xa=d
bxc=c*xb=d
bxd=dx*b=a
cxd=dx*xc=D»>b
= *ISacomm,
Therefore (G,*) is a comm. group and called Klein 4-group.
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Example 1.21: Let G = {1,—1,i,—i} be aset and "." be operation on G.
Is (G,.) agroup ? Comm. ?

Solution:

(1) Closure is true.

(2) Asso. Law is true A B O A
(3) 1isan identity element. 111 =11 i | =i

@ 1'=1,-1"1=-1,i"" =
1

—i, =i =1
(5) Comm .is true
(G, .)isacomm.group.

Example 1.22: Let G ={ [8 2] ,a,b € Z}. Show that (G, +) is a group?

Is (G, +) is acomm.? (Home Work).
Solution:

(1) Closure: Let A = [g 2] B = [8 2] e G such that a,b,c,d € Z, then

_[a O c 0l1_Ja+c 0
a+e=[t 1+ [0 al=lo bral €6
Since a+c €Z and b+d € Z, Closure is true

(2) Asso. Law: (Home Work).

(3) ldentity:
e R H B O Y O N A

[8 % Is an identity element of G

(4) Inverse: Let a,b € Z ,then —a,—b € Z and since

_[a O —a 071 _ [a+(—a) 0]_ 0 0
avc=[g L+ [0 = 10T Thaeml=lo o
~C=A'. VAeG3ICeGsuchthatC=A",

~ (G, +) isagroup.
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Example 1.23:

Let G=RxR={(a,b):a,b € R,a # 0} and * be defined by
(a,b)*(c,d)=(ac,bc+d)
Prove that (G, =) is a group. Is (G, *) Comm.?
Solution:
(1) Closure: Let (a,b),(c,d)eG=a+0,c#0=ac+0
(a,b)*x(c,d)=(ac,bc+d)eG ac+0
(2) Asso.:Let(a,b), (c,d),(e,f)e G, wehave
(a,b)=*[(c,d)*(e,f)]=(a,b)*(ce,de+f)
=(ace,bce+de+1)...... (1)
[(a,b)*(c,d)]+(e,f)=(ac,bc +d) (e, )
= (ace,(bc+d)e+1))

= (ace,bce +de+f).....(2)
~ (1) = (2) , then asso. is true

(3) ldenitity : Let (a,b),(x,y)€eG
(a,b) x (x,y) = (x,y) * (a,b) = (a,b)

(a,b) x (x,y) (ax,bx+y) = (a,b)
csaXx=a = x=1

andbx +y =b =2b+y=b =2y=0
=~ (x,¥) = (1,0)
Also, (x,y)* (a,b)= (xa,ya+b) = (a,b)
~Xa=a =x=1
va+b=b=ya=b—-—b=>ya=0=>y=0
= (x,y) =(1,0)
~ (1,0) is an identity element of G
(4) Inverse: Let (a,b), (c,d)€e G ,a#0,c#0
(a,b)* (c,d)= (c,d)* (a,b)=(1,0)
(@,b)* (c,d)=(1,0)
(ac, bc+d)=(10):,>ac=1:>c=l

a
bc+d—0:>b +d=0 =d= —b

And (c,d)* (a, b)— (1,0) (HW)
~(c,d) = G ,;b) is an inverse of G
(5) Comm : G is not comm. , since Take ( 3,5), (4,6)

(3,5)*(4,6)=(12,26) } = Gis no:cco’mm..
(4,6) = (3,5) = (12, 23)

Bt (U5 |
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Example 1.24: Let (G, *) be any group. The set of the function from G in
toG:.Fg={f,:ae G}, G- G st. f,(x)=axx,x€QG,
With the composition (Fg, 0) is forms a group, prove that.
Solution:
(1) Closure: Letf, foeFg,a,beG
(fa0 fp ) (x) = fa (fp (X)) = fa (b * X)
=ax* (b *Xx)
= (a*Db) *x, since G is a group.
=f.p (X) EFg,since  axb e G
(2) Asso: Letf, f,,f.eEFs,a,b,ceG
(fao fy) 0 fc =Ty 0 Fc = flampyec
since * isasso.on G
- 1:a*(b*c) =f,0fpc=f,0(fi0f)
(3) ldentity : fe is an identity of Fg, since
1Ea 0 1:e - 1:a*e: 1:e*a: 1:e 0 1Ea - 1:a
(4) Inverse : The inverse of f, in Fg is f,-1, since
fa 0] fa—1: fa*a_l = fa_l*a = fa—1 0] fa = fe

Also, if G is comm. group, then (Fg, 0) is comm. group .

Exercises (3): Determine the systems (G, *). Is (G, *) a group?
Is (G, *) acomm.? (Home Work 3).
[1] (G ={f, Ty, 5, 4, f5, fs}, 0) , where
B0 =% F (0 =1 T 00 =14, £ = 50 B0 = 2 fol0) = 15
[2] G ={(a,b):a,beR,a+#0,b+#0}s.t.
(a, b) * (c, d) = (ac, b+d)
[8] (G={am:meZ}, 6 +)

[4 G=Q ,axb=%.

[5] G=Z,axb=a+b-2

[6] LetG={ [é 2] A€z} 1s (G, +) group?

[7] Let={fi,f2 f3, fa},Where f; i =1,2,3,4, are mappings on
R0} i) =xf, @) =—x,f(x) ==, fi (x)=—=
Show that (G,) is a group. Is (G, ) Comm. ?
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Some Properties of Groups:

Theorem 1.25: If G is a group with a binary operation *, then the left and
right cancellation laws hold in G, that is: For all a, b, ¢ € G.

(1) If axb=a=xc implies b=c

(2) If bxa=cxa implies b=c (HW)

Proof: 1) Suppose that a*b = axc, since G is a group. Then3a*e G s.t.
a'x(axb)=a'x(axc)
(@'xa)*b=(a'xa)*c
exb=exc
~b=c
Theorem 1.26: In a group (G, *), there is only one element e in G such
that

exa=axe=a, VaeG.
Proof: Suppose that G has two identity elements e and e’ that mean
Ya € G, we have
axe= exa=aand axe'=e'xa=a
Since each e and e’ belong to G, so
exe'=ese=e  (dae yace! ;5 _uaic g)
el ezexe’ =/ (Mas yaice 5 uaic @)
It follows that e’ =e.
3 Only one identity element in G.
Theorem 1.27: Inagroup (G, *), the inverse element of each element in
G is unique.
Proof: Leta € G and a has two inverse x and x'. Such that
a*X=x*xa=e
axX=xxa=¢e
=x=x*xe=x*(@xx)
=(x*a) x X
—exx
= X/
~x = X' = the inverse is an unique element.
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Theorem 1.28: If (G, %) is group, then
(1) et=e

2) @h'=a VvaeG

3) (a*xb)'=b'« a* v a,be G

Proof:

(1) Let e'=x
e is the identity elementof G = x*e = e * x = X ------- (1)
X is the inverse of e = Ee*xX=X*E =@------ (2)

from (1) and(2) = x=e= e'=e.
(2) (ah)'=(@h)xe
=@") ' (@' a)
=((@")'+a") «a
=e*xad=a.

(3) Toprove, (axb)*=b'xa’, va,beG
Since (a*h) EG= (a*h)'eG
(axh)*(@xb)'=(axb)** (a*xb)=e(def.of inverse)
(axb)*(@a*b)* =
alx(@axb)x(@axb)'=alxe
(@'xa) b (a*b)'=a"

e x bx(@xh)y'=a’
btxbx(axb) =b'xa’
ex(axb)'=btxa’

~(axb)'=b"a’

Theorem 1.29: Let (G, =) beagroup . Then

(1) (a*b)'=a'+xb' < Giscomm. group.

(2) If a=a™’, then Gisacomm.gp. (Is the converse true? )
Proof: (1) (=) Let (G, ) beagroup and (a * b)'=a™'x b™.
To prove G is comm.

Let a,be G. Toshowa*b=b*a,Va,bEG

a*b—((a*b) ) (by @)* =a)
= (b * a Ht (by Theorem 1.28 (3))
= (b7 (@) (by (a* b)*=a™x b
=b=xa (by (@")'=a)

~ G is comm. gp.
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(=) Let (G, %) isacomm . gp.
To prove (a * b)* =a™x b™
(axb)'= b'xa’ (by Theorem 1.28 (3))
= a'xb? ( by comm.)

(2) If a=a’, then Gisacomm.gp. (Isthe converse true?)
Proof: Let a=a® Toprove, axb=bxa, Va,beG

Let a,beG and axbeG = (axb)=(axh)?’
=btxat (by Theorem 1.28 (3))
=bxa (bya=al)

~ G Isa comm. Group.

The converse of this part is not true.

(i.e)if (G, *)iscomm.» a=a’

For example:

Let (G={1,-1,1, -1}, .) be comm . group,
Leta=i = at=-i

naza’

Give another example (H. W.).

Definition 1.30: (The Integral Powers of a)
Let (G, *) be a group . The integral powers of a, a € G is defined by :
(1) a*=axa..*xa
n—times
(2) a® =e
B)a*=(@H"neZzZ
(4) a***=a™x a ,neZ".

For example 1.31:

(1) In(R, +),
3.0,
P=3+3+3=9,
372=31*=(-3)+(-3)
=—6.

e g —i ) g geSaydiugn ) S daddabld o) Gwd g e 'Y




Groups Theory reri-r.re il L
2 In(R,.),
2° =1,
2°=2x2x2=8,
1

o7 4_ (2-1)4 _ (_)4

1 1 12 1 1
= =X=X=X=- = —
2 2 2 2 16
3) In(G={1,-1,i,-i},.),
i°=1, i“=ixi=-1, i*=({")’=(¢i)=-ix-i=-1

Theorem 1.32: Let (G, *) beagroupand a€ G, m,n€ Z, then:
(1) a a"=a"" vn,mez (H W)

2 @M =a"" vn,meZ

3) a"=@"* vneZz

(4) (@axb)"=a"b" VneZ < Gis acomm.group.
Proof:

(2) Toprove, @)"=a"", vn,meZ"
Letp(m): {(a"™ =a"™ vnez")
To prove, P(m) istrue v me Z*
If m=1=p@): @ =a"=a"""'= p(1) is true

Suppose that p(K) is true with k € Z* and k < m

- (an)k - ank
We have to prove that p (k + 1) is true P (k+ 1) : (a") ' = a"** D29
@") 1= @)+ (@"? (by define of a™! =a"xa’)

S ank " an

=a"™"" by (1) above

= gk

~p(k+1)istrue
By the principle of mathematical induction
=p(m)istruevmeZ*

~@"=a" , vn,meZ
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(3)

(4)

Toprove, a"=@")" =@"*, vnez*

If n=1=p@): @Y =a'=@""
Suppose that if n=k istrue = p (k)= (a")*=(@*
We must prove p (k+1) is true
P (k+1) : (a-l)k+1 — (ak+1)-1 2
(a—l)k+1 — (a-l)k % (a-l)l — (ak)-l % (al)—l — (al* a‘k)—l
:(a1+k)-1 — (ak+1)-1
~p(k+1)istrue
By the principle of math. ind. = p (n)istrue , v ne Z*.

(=) Let(axb)"=a%b", vnez
If n=2 = (a * b)*=a% b*, To prove, G is a comm. Group.
(@*xb)x(@sb)=axaxbxb ( by def . of power int.)
ax(b=xa)xb=ax(@=*bh)xb ( by asso .)
(bxa)xb=(axb)*b ( by cancellation law )
bxa=axDh ( by cancellation law )
G is.a comm. group.
(<) Let G be a comm. group.
Toprove, (axbh)" =@"x b"), vnezZ
Letp (n): (ax*h)"=a"xDb"
Ifn=1= (a*b)'=axb=a'xb" istrue
Suppose that p (k) is true with k € Z" and k < n
st. (axh)=a" x b~
We must prove P (k +1) is true
P(k+1):(axb) ! =(axb) (axb)
= a% bM alx bt

= (@b * (b x a) (Gis acomm.)
=a% (b*b) *a ( by asso.)
=a“ % b"x a

=a“xa * b"!

— ak+1>l< bk+1

~ p(k+1)istrue,vneZ"

e g —i ) g geSaydiugn ) S daddabld o) Gwd g e
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The Group of Integers Modulo n N b Al YY) 5 44 j

Definition 1.33:
Leta,be ,Z,n>0.Thenais congruentto b modulo nif and only if
a—b=nk,keZanddenoted bya=bor a=b(modn).

(ie) a=b(modn)ea-b=nk,keZ

Example 1.34:
(1) 17=5 ( mod6),sinel7-5=12=(6) (2)
(2) 8 =4(mod?2 ), since 8 —4=4=(2) (2)
(3) -12=3(mod3) , since -12-3=-15=(3) (-5)
(4 5 £2 (mod2),since 5-2=3+(2)k),V keZ
Theorem 1.35: The congruence module n is an equivalence relation on the
set of integers.
Proof: Leta,b,ceZ,n>0
(1) a—a=0=(n)(0)
~a=a(modn) Reflexive istrue
(2) If a =b(modn), To prove, b =a (mod n)
Sincea=b(modn) =a-b=nk,keZ
so,b—a=-nk=(n)(-k),-k €Z
~ b =a(modn) = Symmetric is true
(3) If a=b(modn)and b =c (modn). Toprove, a=c (modn)
Sincea = b (mod n), then a-b = nk
And b=c(modn),thenb—c=nkK
By adding these twoegqs . = a—c=n (k+Kk), k+Kez
~a= ¢ (modn) = Transitive is true
~. The congruence modulo n is an equivalence relation.

Definition 1.36: Leta€e Z, n> 0. The congruence class of a modulo n,

denoted by [ a ] is the set of all integers that are congruent to a modulo n .
(i.e) [a]={z€ Z:z=a(modn)}
={ze€eZ.:z=a+kn,keZ}
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Example 1.37:
If n=2,find[0],[1]
[0]={z€eZ:z=0(mod 2)}
={zeZ :z2=0+2k,ke Z}
={0,+2,+4,........... }
[1]={z€eZ:z=1(mod2)}
={zeZ.:z=1+2k,k ez}
={+1,+3,+5,....}.

Example 1.38:
Ifn=3,find[1],[7]
[1]1={z€Z:z=1(mod3)}={zeZ:z=1+3k,k €Z}
={1,1+3,1+6....}
= {1,-2,4,7,-5,....}.

[7]  (H.W).

Definition 1.39:

The set of all congruence classes modulo n is denoted by Z, (which is read
Z mod n). Thus

Z,={[0],[2].[2],...... ,[n-1]}, or

Z,={0,1,2,..,n—1}

Z, has n elements.

Example 1.40:
Zy= {6}, Z,={ 6, 1 } Z3= {(_), T, ?}.

Now, we define addition on Z, (write +, ) by the following :
[a] +n [b] =[a+nb], VIa],[b] € Z,
Similarly, we define multiplication on Z, (write "., " by the following :
[a] .n[P]=[a.nb], V[a],[b] €Z,
It is easy to see that:
1.(Z,, +,) is an abelian group with identity [ O ] and for every
[al€Z,, [(]'=[n-a].
This group is called the Additive Group of Integers Modulo n .
2. Also, (Z,, .n) is abelian semi group with identity [ 1 ].
It is called the Multiplicative Semi Group of Integers modulo n.
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Example 1.41: LetZ,={0,1, 2,3}, prove that ( Z,, +,) is comm.group.

(1) Closure is true
(2) Asso. is true

(3) 0 is an identity element +,(0 |1 3
(4) Inverse: o [0 |1 |2 |3
171=24-1=3
71-2.2-7 1 |1 |2 |3 |0
3'=4-3=1 Z2 (2 |3 |0 |1
(5) Comm: 1515 1313
1+2=3=2+1

.. (Z4,+,4) isa Comm.group.

What about ( Zy, .,),

It is clear that we cannot have a group.
(1) Closure is true
(2) Asso. is true
(3) 1 is an identity element

S
il
-
NI
(O8]}

Ol
Ol
Ql
Ql
Ql

-
ol
-
NI
wl

NI
l
NI
l
NI

But the numbers 0 and 2 have no inverse.
It follows that (Z,, .,) Is nota group,
But it is semi group.

wl
ol
Wl
NI
-

Definition 1.42: ((Order of a group))

The number of elements of a group G is called the order of G and is
denoted by |G| oro (G).

G is called a finite group if | G| < oo and infinite group otherwise .

Definition 1.43: ( The Order of an Element)

The order of an element a , a € G is the least positive integer n such that
a" = e, where e is the identity element of G. We denoted to order a by | a |
or o(a).

(i.e.) o@=n if a"=e, nez’
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Example 1.44: (Z, +) is an infinite group .

Example 1.45: Inatrivial group G={0}
0o(G)=1, G isthe only group of order 1.

Example 1.46: find the order of G and the order of each element of (G, .).
SuchthatG={1,-1,i,-i}.

Solution:

0o(G)=4 and

o(a)="?7?

Ifa=1,and (1)' =1, =o0(@)=o0(1)=1 (since e=1)
Ifa=-1,and (-1)°=1 = o(-1)=2

Ifa=iand i*=-1,i"=1= o(i)=4

Ifa=-i,and-i*=-1,-i’=i, -i*=1 = o(-i)==

Example 1.47: Find the order of G and the order of each element of (G, *),

such that (G, *) = (Zs, +¢).

Solution:

Ze={0,1,2,3,4,5},e=0

0(Zg) = 6 since (The number of elements of a group Zs= 6)

The order of an element a, a € Zg is the least positive integer n such that

a" =0, where 0 is the identity element of Zs.

0(0)=1 since (0)'=0=e
6

0(1)=6 since (1)°=1+1+1+1+1+1=6=0=¢
0(2)=3 since (2)°=2+2+2=6=0=¢

0(3)=2 since (3)°=3+4+3=6=0

0(4)=3 since (4°=4+4+4=12=(6)=0=e

0(5)=6 since (5)°=5+5+5+54+5+5=30=(6)>=0=¢e
Exercises (4): (Home Work 4).

1. Find the order of Zg and the order of each element of (Zg, +3).
2. Find the order of Z4 and the order of each element of (Zg, +).
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The Permutations : ( Jpal)

Definition 1.48: A Permutation or a symmetric of a set A is a function
from A in to A that is both one to one and on to.

1-1,ont .
Symm (A) = {f]| f:A — o, A} the set of all permutations on A.
If A is the finite set {1, 2, ..., n}, then the set of all permutation of A is
denoted by S, or P, and o(S;) = n!, wheren! =n (n-1) ... (3)(2) (1)

Example 1.49: Let A= {1, 2} . Write all permutation on A.

0 (Py)=2!=2

oy = 63= ! 2).(32)

Example 1.50: Let A = {1, 2, 3}. Write all permutation on A.

0(P5)=31=(3)(2) =6
4 3 Da-i

a3 P

P; = Symm(A) = {f1, f2, f3, o, f5: fe

N DN w N
_ W
~—
oh
Il
~
N =
_ N
w W
N—

Theorem 1.51: If A # ¢, then the set of all permutations on A Forms a
group with composition of Mapps.
(i.e)If A # ¢, then (Symm(A4), 0) is a group.
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Proof:

Symm (A) = {f]| f:A MA is a mapp.},
To prove, (Symm(A) ,0) is a group.

) . 1-1,onto
sincediy:A—> A aperm.on 4

~ig € Symm(A) = Symm(A4) # ¢.
(1) Closure: Let f, g € symm(A), it follows that

1-1,onto

= fog:A—— A= fog € Symm(A)
(2) Asso. : True since the composition of maps is an asso.
(3) The identity : since iy € symm(A) and ijof = foiy = f forall f in

symm(A) = i, is an idenetity element

. 1-1,onto 1-1,onto
(4) Theinverse:Vf:A——— A, 3f LLA— A
. f~t e Symm(A4) and fof 1 = flof = iy

.. (Symm(A), o) is a group.

Is (Symm(A4), o) comm. group ? (H. W.).
Example 1.52: Let A ={1, 2, 3}, then S3={f1, 1>, f3, fa f5, fo} @and (S3, 0)
Is a group. This group is called symmetric group.

C\filfa | | fa| S| S6
hlh | L | ] ] f|fe
ol || h|fe| fal|lfs
Ll | h| || fe]fa
fo | fa | s | fe | 1] 2] S5
fs | fs | fe| a| 3| h| L
fe | fe | o | s | 2] 3| h

But (S3,0) is not Comm. Since f, o fu = fo + fao fo = f5.

To find the values of the above table, for example:
foo (D) = f(AQ) = (1) =2
fae fa(2) = £,(f2(2)) = L(3) =1

e g —i ) g geSaydiugn ) S daddabld o) Gwd g e A\l




A A S O '~ JAJJ/@JAJ

foe f23) = f2(fa(3)) = L(2) =3
fofi=(5 2 3) =t

Also (Ss,0) is called the group of symmetries of on equilateral triangle .
(Q,,él.ud\ QSJLAAI\AG—M A \JBUS'O'JAJ)

3
2
1
ABL B BT e B O e
rotations
1 2 3 1 2 =1
1 2 F3
2 " a
mirror images
Wl s Shedingl
1 3 a 2 2 1
D Ds D3

Then S = {1y, 1y, 13, D1, D,, D3} and (S3,0) is a group of symmetries of on
equilateral triangle.

Groups Theory

Definition 1.53: (The Dihedral Group D, of Order 2n)
The n™ dihedral group is the group of symmetries of the regular n-gon.

o(Dy) =2n

D5 : is the third dihedral group., o (D3) = (2) (3) = 6 elements.

Example 1.54: The group of symmetries of square D, or Gs, 0 ( D) =8
G = Dy={Iy, 1, I3, I3, h, v, Dy, D,}, where r; are a clockwise rotation
V, h, Dy, D, are mirror images

4 3
a2 yall
1 2
4 3 3 2 2 1 1 a4
1 2 4 1 3 a4 > 3
r I r: r.
1
3 4 1 2 2 3 4
3
2 1 4 3 1 4 2
h D D2
1

v

(1) Write all elements of Gs as a permutation.
(2) Is (Gs, 0) comm. group? Use table (H.W.).
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Definition 1.55: A permutation f of a set A is called a cycle of length n if

there exist aq, a,, ...... , 4, € A such that
f(a)) =ay,f(ar) =as, ....,f(an1)=an, f(a,) =aand f (x) = x,
forx e Abutx ¢(a,a,...... a,).Wewritef=(a;a,... a,).

Example 1.56: If A={1, 2, 3, 4, 5}, then

1 2 345
(3 2 5 1 4)=(1f’354)(2)=(1354)

Observe that
(1354) = (3541) = (5413) = (4135).

Example 1.57: Let A={1, 2, 3, 4, 5, 6} be a set of a group Sg . Then

(1 i § ; 22) = (142)0(3)0(56) = (142)0(56)

And

(1 2 3% 56)_ 16)0(245)0(3) = (16)0(245)

These permutations above are not cycles.

Theorem 1.58: Every permutation f of a finite set A is a product of disjoint
cycles.

Definition 1.59: A cycle of length 2 is a transposition.

Example 1.60: The permutation

_(1 2 3 4 _ - "
f_(l 4 3 2)—(24) IS a transposition.

Proposition 1.61: Any permutation can be expressed as the product of
transpositions.

(i.e) (a1a; ... ay) = (a1ay) (a1a3) .....(a1a,)
Therefore any cycle is a product of transpositions.

Example 1.62: We see that (16 ) (2 5 3) = (16) (25) (2 3).

Definition 1.63: A permutation is even or odd according as it can be

written as the product of an even or odd number of transpositions.

e g —i ) g geSaydiugn ) S daddabld o) Gwd g e Yy




Groups Theory FeXi-r.re o il 4 L

Example 1.64: Let f = ( 2 ;L ) € P4. Is feven or odd
permutation.
1 2 3 4

Solution: f = (2 W 31 ) = (124) = (12)(14)
f has 2 transpositions = f is an even perm.

1 2
2 4

Example 1.65: Let S; = {f, f,, f3, f4, f5, 5 }, then determine the even and
odd permutation of ( S3,0).

Solution: f; = (1 % 3) IS an even

£ = (]2L g i) = (123) = (12)(13) isan even
fi = (; i 3) = (132) = (13)(12) isan even
fo= G g 2) = (23) isanodd

fs = (; % i) = (13) isanodd

 fe = G i g) = (12) isan odd

Example 1.66: Determine an even and an odd permutation of P,. (H.W.).

Definition 1.67:  (Alternating Group) Jaalsil) 3 s )
The Alternating group on n letters, denoted by A, is the group consisting of

all even permutations in the symmetric group S,.

O(An):n?! , A, S,

Example 1.68: Let Sg = { f]_, f2, fg, f4, f5, f6 } , then
As={i, f,, f3} is a sub group of S;

0 (A3) = 2:3.
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Chapter Two : Subgroups and Cyclic Groups
LIl pa il g il pa il 2 (ALY Sl

Definition 2.1: Let (G, *) be a group and H € G, H is a non-empty
subset of G. Then (H, *) is a subgroup of (G,*) if (H,*) is itself a group.

Definition 2.2:

Let (G, *) be agroup and H € G, Then (H, *) is subgroup of G if :

(1) va,beH=a+beH

(2) The identity element of G is an identity elementof H. e G=¢e€H
B) vaeH>a'eH

Remark 2.3:

Each group (G, =) has at least two subgroup ({e}, *) and (G, *), these
subgroups are known trivial subgroups or improper, any subgroup
different from these subgroups known a proper subgroup.

Examples 2.4:
(1) (Z,+) is a proper subgroup of (R, +)

(2) H={1,-1}y < {1,-1,1, i}, then (H, .) is a proper subgroup of
{1-1,i i}, )

(3) H={0, 2} cZ,

(H, +4) is a proper subgroup of (Z,, +4).

But {0, 3} is not subgroup of (Z,, +4).
(4) (Q\{0}, x) is a subgroup of (R\{0}, x).

Theorem 2.5: Let (G, *) be a group and ¢ # H < G. Then (H, *) is a
subgroup of (G, *) iff a* b1 €H,Va beH

Proof:
(=) Let (H, *) be a subgroup of (G, *) and a, b € H, then
a, b~'e H= a*b~1e H (since * closure)
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(<) Let a*b~1e H To prove, (H, *) is subgroup of (G, *).

(1) SinceH#¢=3beHst.b*b"leH= eeH.

(2) Let beHand eeH=¢ex*xb leH= b leH

(3) LetaeH andb e H[by ()] = a* (b 1)"leH=ax*beH

- By definition (2.2) = (H, =) is a subgroup of (G, *)

Example 2.6: Let (Z, +) be a group and H ={5a: a € Z}.
Show that (H, +) is a subgroup of (Z, +)

Solution:
By Theorem (2.5) above, let x, y € H, To prove, x +y e H

XEH=x=5a,aeZ yeH=y=5bb,beZ
X +y~1 = 5a+ (5b) '=5a+ 5(-h)
=5(a-b)€eH

N ———’
eEZ

= (H, +) is a subgroup of (Z, +)
Theorem 2.7: If (H;, *) is the collection of subgroups of (G, *), then
(NH;, *)) is also subgroup of (G, *)
Proof:
(1) Since3dee€H;,Vi=ee NH;= NH;# ¢ and H; € G, Vi
Then NH;€ G
(2) Letx,y € NH; Toprove, x *y~1le NH;
Sincex,y € NH; = X,y € H; Vi
= x * y~1 € H;, Vi (since H;subgroups)
= x*y 1 eNH,
~ (NHj, *) is subgroup of (G, *)

Theorem 2.8: Let (H;, *) be the collection of subgroups of (G, *) and let
Hy , Hj € {H} such that 3H, € {H;}, Hy € H, and H; € H,, then (UH;, *)

is also subgroup.
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Proof: Since H; € G, Vi, then UH; € G

(1) Since 3e€H; forsomei=e€eUH; = UH;#¢

(2) Letx,y € UH; thenx,y €Hy or X,y €H;, soX,y€H,
= x * y~1 € H,, (since H, subgroup)
= X * y~1 € UH;

. (UH;, *) is subgroup of (G, *)

Theorem 2.9: Let (H{, *) and (H,, *) be two subgroups of (G, *), then
(H;UH,, =) is a subgroup of (G, =) iff H;< H, or H,< H;.

Proof:

(=) Let (H;UH,, *) be a subgroup, To prove, H; € H,or H,€ H;
Suppose that Hyz H, and H, ¢ Hy

~da€eH;,a¢H,and 3beH,, be& H;

~a,beH,UH,= a*b e H;UH, (since H U H, is a subgp of G)
—ax*b leH,oraxb™! €H,

= a,b€Hyora,beH, CHI ((=iy)

~ H; €H, or H,E H,

(<) Let H€ H, or H,< H;To prove, (H;U H,, *) is a subgroup

If H;€ H, = H; U H,=H, is a subgroup.

If H,€ H; = H; U H,= Hy is a subgroup

. H;U H, is a subgroup in two cases.

Remark 2.10: (H;UH,, *) need not be a subgroup of (G, *).

For example:

H,={r;,r3} isa subgroup of G, and H,= {r,, v} is a subgroup of G;.

But H,UH, ={ry, r3,v} is not a subgroup of G, since r; o v=h & H; UH,

Definition 2.11: Let (G, *) be a group and (H, *), (K, *) be two subgroups

of G, then the product of H and K is the set:
H+xK={h+k : h € H, k € K}

Example 2.12: let H={0, 4} and K={0, 2, 4, 6} are subgroups of (Zg,+s).
Find H +g K
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Sol. H +5 K= {0, 2, 4, 6},

Notes 2.13:
(1) H=H is write H?
(2) If H={a}, then HxK = axK . If K = {b}, then H*xK = H*b .
(3) HUK € H*K.
Theorem 2.14: Let (G, *) be a group and (H, *), (K, *) are two subgroups
of (G, *), then
(1) H*K#dAH*K <SG
(2) HcH+Kand K € HxK
(3) (H=K, =) is a subgroup of (G, *) iff H*K = K«H
(4) If (G, *) is commutative group, then (H*K, *) is a subgroup of (G,*).
Proof:
(1) ~eeH AeeK=exe=eeHxK
s H*¥K £ ¢
Andletxe HtK =>x=a*bsaeHCcCG andbe Kc G
—a€eG AbeG
—a*xb=x€eG ~ H:K EG
(2) LetxeH=x=xx*e€H*K
= X e H*K ~HCH*k
Similarly K € H*K
(3) (=) suppose (H*K, =) is a subgroup of (G, *) To prove, H*K = KxH
(i,e) H*K S K+H A K+H € HxK
Letxe H¥*K =>x=a*hs3aeHAbeK
Since H*K is subgroup of G = x~1 € H*K
Letx l=c*d3ceH A deK
X=(xH=(c*xd)t=d*c13d1eK A cleH
~x=d txc71 e KxH
s H*xK € K=+H.

KxH € HxK (Home Work)
(<) Let H+K = K+H To prove, ( H*K, *) is subgroup of(G, *)
HxK # ¢ and H*K € G (by 1)
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Let X, y € H*K To prove, xxy~1 € H*K
XEH+*K = x=a*h3a€eH AbeK
yEH*K = y=cxd3ceH AdeK
x*y~1 = (axb)*(c*xd) ™!

= (a*b)*(d " 1xc1)

=a*(b*d~1)*c™?
~—_——— —
eK eH

s (bxd™1) *c7! € K¥H = H*K
- (b*d1) *c e HxK
=>3IpeH,LeK3 (b*d™ 1) *c ™! =p=*l
~ax(bxd 1) *c7l = axpx £ € HxK
TH €K
x>x<y‘1 e Hxk
. (H=K, =) is subgroup of (G, *)
(4) If (G, *) is commutative group, then (H*K, *) is subgroup of (G, *).
Proof:
HxK #¢ and HxK € G (by 1)
Let X, y € H*K To prove, x*y~1e HxK
XEH+*K = x=a*h3aeH A beK
YyEH*K = y=cxd3ceH AdeK
x*y~1 = (axb)*(cxd) ™!
= (axb)*(c™1+xd™1) (since G is commutative)
= ax(b*xc~1)*d ™1 (* is associative)
= (a*c™D)*(bxd™1) (*is commutative and associative)
L xxy~le HxK
~ (H+K, *) is a subgroup of (G,*).

Notes 2.15: Let (H, *) and (K, *) are two subgroup of (G, *), then :
(1) H+K#KxH
(2) (H+K, «) need not be subgroup of (G,«). Give example (H.W.)

3\
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Exercises (1): Is (H, *) a subgroup of (G, *) each of the following:

(1) (Zs, +s), H=1{0,4}. Find H*.

(2) (Z4,+4),H={0,1,2,3} and K={0,2}. FindH +, K. (Home Work
5)

Definition 2.16: (The center of a group)
The center of a group (G, *) denoted by Cent(G) or C(G) is the set
C(G) ={c e G: cxx =xx*c, VX € G}
80 3l yaalic JS ae Jalati ) jualiall £ 3 e 30 S 5

Note 2.17: Cent(G) # ¢, since 3 e e Gst. exx =xxe¢ VXEG =>eE€
Cent(G).

Examples 2.18:
(1) Inagroup (R\{0},.)

Cent(R\{0}) = R\{0},since R\{0} with multiplication is commutative
(2) Inagroup (S3, ©), Cent(S;) = {f,}

Since Cent(S3) = {f € S3: fog = gof V g € S5} = {f,}

Theorem 2.19: Let (G, *) be a group. Then (Cent(G), *) is a subgroup of
(G, *).
Proof:

Cent(G)# ¢ (by note (2.17))
Cent(G)={aeG:xxa=a*xx,VXEG}CG
Leta, b € Cent(G) T.P.ax*b~! € Cent(G)
T.P. (axb™1) xx =x*(a*b™!) VX EG

a € Cent(G) > axx=x*a, VX €G
b € Cent(G) = bxx =x*b, VX € G
Now, (a*b™1) *x = ax(b~1#x)

— a*(x‘l*b)‘l

bt (55 il :J-? Lj—ﬁHHh.IJJJ—I'Li—HIH_J_i HJJJ..A_)J;\_A_HJAI Ol g Alas) ¥4




Groups Theory Y.¥i-Y.Yo

e 4k

=a*(b*x~1)71 (since b € Cent (G))
= ax(x*b~1)
=(a*x)*b~!
=(x*a)*b~! (since a € Cent (G))
= x*(axb™1)

-~ (axb™1) € Cent(G)

= (Cent(G),*) is a subgroup of (G, *).

Theorem 2.20: Let (G, *) be a group. Then

Cent(G) =G & G isacommutative group.
Proof: (=) Let Cent(G) =G T.P. Gisacomm. gp.
Va€eG=ae Cent(G)
LaxX =xX*a, VX EG
~oaxxX = x+*a, VX, a €G
. G Is commutative group
(<) Suppose that G is comm. group. T.P. Cent(G) =G
, (.e) Toprove Cent(G) <G and G < Cent(G)
By definition of Cent(G) we have Cent(G) < G.
To prove, G € Cent(G)
Let x € G, G is commutative group = x*¥a=a *X,Va € G
~ X € Cent(G) = G € Cent(G)
~CentG=G
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Cyclic Groups (Aa,50a0 a3y o 5 gall a3
Definition 2.21: Let (G, *) be a group and a € G, the cyclic subgroup of

G generated by a is denoted by <a> and defined as
<a>={a¥:kez}={...,a',a’,d",..}
8 E G mainll sal siall &y yilall &g jal 5 ya 3
Definition 2.22: A group (G, *) is called cyclic group generated by a iff
3 a € G such that

G=<a>={a":keZ}
Examples 2.23: In (Z,, +¢) find the cyclic subgroup generated by 1, 3, 2.
Is (Zo, +9) cyclic group?

Solution:

<I>={.. MMM MMM A, -}

~ Zgis a cyclic group generated by 1

<3>={...3)7%B3) % B)TA%.ANL BB, -}

- Zqg is cyclic group generated by 2

Examples 2.24: In (Z, +) fined a cyclic subgroup generated by 1, 2, — 1.
Is (Z, +) cyclic group?
Solution: <1>={1*:kez}=1{...,173,172,171,1°,11,12,13, .}
={...3,-2,-1,0123,...} =Z
<2>={2%kez}=1{..,273,272,271,2021, 22,23, .}
={...,6,-4,-2,0,246,... } #Z
< 1>={(-Dk:k €7}
= {---9(_1)_3' (_1)_2' (_1)_1' (_1)01 (_1)11 (_1)2' (_1)3' }
={..,2,1,0,-1,-2,...} =Z
~ (Z, +) is cyclic group generated by 1 and — 1.
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Examples 2.25: Is (S3,0) a cyclic group ?
Solution: <f;>={f1}#S;
<fo>={fF k€Z}y={.. G562 2 [}
={. Sl fufofa 3 ={fu o3} #S5;
<fz>={f1.fo,f3}# 53
<fa>={f1, fu} # S3
<fs>={f1, fs}#53
<fe>={f1, fe} # 53

=~ (83,0) is not cyclic group.

Examples 2.26: Is (G,") a cyclic group, such that ¢ = {1, —1,i, —i}?
Solution:
<1>={1%kez}={..,173,172,171,1°,1%, 12,13, ...}
={...-1,1,-1,1,1,1,1,..3 = {1,-1}#G
<~ 1>={(-D*:k €7}
={EDEEDAEDTLED EDLEDA D L)
={.,,1,1,-1,1,-1...} = {1,-1}£G
<i>={i*:kezy=1{..,i7%i%i%i',i%i3 ..}
={...,-Li,Li-1-,..}={1-Li-i}=G
<-i>={(-DF: ke z}=
Lu(ED75 (D75 (D% (D5 (D% (-)%, .03
={...,-1,i,1-i-1,1,...} = {1,-1,i,-i}=G
=~ (G,7) is a cyclic group generated by i and —i.

Examples 2.27: In (Z,, +¢) find a cyclic subgroup generated by 1,2,5
Is (Z¢, +6) a cyclic group? (Home Work)

Theorem 2.28: Every cyclic group is a commutative.

Proof: Let (G, *) be a cyclic group
~3a€eGst.G=<a>={a*:keZz}. T.P.Gisacomm.group
Letx,y€G.T.P. xxy=yxx,VX,YyEG
“XEG=<a>=>x=a"2ameZ and yeG=<a>=>y=a"3ne’Z
X*y:am*anzam+n=an+m =an*amzy*x

. G Is commutative group.
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The converse of this theorem is not true, for example:
Let (G ={e, a, b, c}, *)s.t.a? = b? =c?=¢
a’=e > a*a=e = a 1=a

b’=e = b*b=e = b7 1=b

c’=e >cxc=e ¢ 1=¢

el=e = x1=x VXEG

~ (G, *) is commutative group

But (G, *) is not cyclic group since:
<e>={e}#G
<a>={d*:kezZ}={e,a} #G
<b>={b*:kez}y={e,b}#G
<c>={ck:kezZ}={e,c}#G

= (G,*) is not cyclic.

Theorem 2.29: Let (G, *) be a group, then<a>=<a"1>Va€eG
Proof:
<a>={a*:kezZ}={(aH)*: -k ez}

={(aH™ :m=—-keZ}

=<a 1>

Theorem 2.30: If (G, *) is a finite group of order n generated by a, then
G=<a>={a*:k € Z} = {a',d? .....,a" = e}such that n is least
positive integer 3 a™ = e.

(i.e) 0@ =n=0(C) (B M A5 s yaiall 45 ) =13 5 )ll 4355 )

Examples 2.31: Show that (Z,,, +,) is cyclic group.
Solution:
Z, ={0,1,2,..,n— 1} ;IS S Aggia 3 el (o L
o(Z,) =n.Toprove, Z,=<1>
<I>={(D*kez}={MDL D4 D3 ..., O, D" = 0}
={1,2,3,..,ai=0} =2,
Z,=<1> and o(Z,)=o0(1) =n.
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Definition 2.32: (Division Algorithm for Z)  dewdll 4 s
Let a and b be two integer numbers with b > 0, then there is a unique pair
of integer’s g and r such that:

a=bgq+r where0<r<b
The number q is called the quotient and r is called the remainder when a is
divided by b.

Examples 2.33: Find the quotient g and remainder r when 38 is divided by
7 according to the division algorithm.

Solution: 38 =7(5)+3 0<3<7

~q=5and r=3.

Examples 2.34: 1fa=23,b=7
23=7(3)+2 0<2<7 = (q=3,r=2

Examples 2.35: Ifa=15 , b=2
15=2)(7N+10<1<2 = q=7,r=1

Theorem 2.36: Any subgroup of acyclic group is cyclic.
Proof: (Without proof)

Corollary 2.37: If (G, =) is a finite cyclic group of order n generated by a,
then every subgroup of G is cyclic generated by a™ 3 mjn
Proof: Suppose (G, *) is a finite cyclic group and o(G) =n
G=<a>={at,a? ....,a" = ¢}
Let (H, *) be a subgroup of (G, *). Then (H,*) is cyclic (by Theorem 2.36)
such that H = <a™>
To prove,mn (n=mg, g€ 2)
Since ee H=a" € H and a™ € H, by division algorithm of n and m

> n=mg+r 0<r<m
r=n-mg = a” =a"* (a™) ¢

= a =(@m) ‘eH

ButO<r<m = r=0 = n=mg
-~ min
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Examples 2.38: Find all subgroup of (Z;s, +15)

Solution:

0(Z15) =15, H=<(1)™>3m|n
H=<(1)™>>3m|15

m=1,3,5,15

Ifm=1 = H=<1>=7Z

Ifm=3 = H,=<(1)3>=<3>={3,6,9,12, 0}
Ifm=5 = H;=<(1)%>={5, 10, 0}

If m=15 = H,=<(1)*>>={0} =<0>

(H.W.) Find all subgroup of (Zg, +g).

Corollary 2.39: If (G, =) is finite cyclic group of prime order, then G has

no proper subgroup.

Proof: Let (G, *) be a finite group such that o(G) = p (p prime number)
G=<a>={al,a? ....,a° =e}

Let (H, *) be cyclic subgroup

~H=<a™>3mp > m=1 or m=p

If m=1= H=<a>= G (not proper subgroup)

If m=p= H=<a"=e>={e} (not proper subgroup)

=G has no proper subgroup.

Examples 2.40: Find all subgroup of (Z-, +7)
Solution: o(Z;) =7, let H=<(1)™ > 3m|7

~m=1 m=7
Ifm=1= H1:<T>ZZ7

Ifm=7= H,=<(1)">={0}.
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Definition 2.41: [g.c.d(X,y)] — _SY & yidall aulsll
A positive integer c is said to be a greatest common divisor of two non-
zero number x and y iff
(1) c|xacly
(2) Ifalxaaly = alc
(g.c.d(x,y) =c)

Examples 2.42: Find (g.c.d.(12, 18))
Solution:
g.c.d(12, 18) =6 since
(1) 6|12 A 6|18
(2) 3|12A3]18 = 3|6
or2]12 A 2118 = 2|6

Remark 2.43: If (G, =) is finite cyclic group of order n generated by a

then the generators of G is a“such that g.c.d (k, n) = 1.

Examples 2.44: Find all generators of (Zg, +¢)
Solution:

0(Zg)=6 ,Zg=<1>

Zg=<(1)*> st. g.ecd(k 6)=1, k=1,2,3,4,5
= g.cd(1,6)=1 = Zg=<1>
=0.cd(2,6)#1 = Zg£<(1)*>=<2>
=0.cd(3,6)#1 =Zg#<(1)3>=<3>
=0.cd4,6)#£1 =Zg#<(1)*>=<4>
= g.cd(5,6)=1 =Zs=<(1)°>=<5>
The generators of Zgare {1, 5}.

~ X X )X~
1
o B~ N B

Examples 2.45: Find all generators of (Z;, +7) (H. W.)

Theorem 2.46: If (G, *) is an infinite cyclic group generated by a, then:
(1) aand a™*are only generators of G
(2) Every subgroup of G except {e} is an infinite subgroup.
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Proof (1):

Let G =<a>. To prove, G =<a >
letaeG3G=<a>={..,a%a - a%a"a’...}
LetheGa3G=<b>={....b% b % b° b D% .}
aeEG=<b>=a=0b,rez ..(1)
beG=<a> = b=2a’ seZ ..(2)
Put()in(2) = b=(") = b'=b"

1=rs = r=s=1 or r=s=-1

Ifr=s=1 = a=b = G=<a>
Ifr=s=-1= b=a'= G=<a'>

Proof (2):

Let (H, =) be a subgroup of (G, *) 3 H # {e}.

To prove, (H, *) is an infinite.

Suppose that (H,* ) is finite 3 o(H) =k, then

(H, *) is cyclic subgroup

H=<a">={@m" @"...., @"“=e}

a™=e = o(a) = mk

~ 0(@)=0(G) but G=<a> Gisfinite  CHII =il
~ (H, =) is infinite.

Definition 2.47: H 4 ol 3 el 4S jLdial) e ganall

Let (H, *) be a subgroup of a group (G,*) and a € G.

The set axH= {a * h : h € H} of G is the left coset of H containing a,
while the set H* a= { h* a : h € H} is the right coset of H containing a.
Examples 2.48: If (Zs, +¢),a=1and a=3, H = {0, 2, 4}, then

1+¢H = {1,3,5} , H+¢1 ={1,3,5}

3+sH = {3,5, 1}, H+s3 = {3,5, 1}.

Notes 2.49:
(1) a=*H is not subgroup in general. Give an example (H.W.)
(2) axH # H =*ain general, for example

(Ss,0), H={f,fs} , a=1,

fooH={f,, s} , Hof,={f; fe}

f2 oH ?ﬁ Ho f2
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Theorem 2.50: Let (H, *) be a subgroup of (G, *) and a € G, then
(1) His itself left coset of H in G.

Proof :

eeG,exH={exh.:heH}=H

(2) If (G, =) is abelian group, then a:H = H=a
Proof :
a*H = {axh: he H} ={h *a: he H} = H*a

The converse is not true, for example: (Ss, ©), H={f,, f,, f3},a =1,
f4 oH= {f41 f51 f6} and H0f4 = {f41 f61 f5}
~ T4 0 H = Hofy, but (S3, o) is not abelian group.

(3) a€a*xH
Proof :
Since e € H = a*e € axH = a € axH.

(4) a*H=H < a€eH
Proof :
(=) Suppose a*H =H, then by (3) we geta € H
(<) Suppose a € H. To prove, axH =H
We must prove that a*HcH A H c a*H
To prove, a*xH c H
Letx € axH = x=axh € H (sinccaeH A heH)
~axrHcH
To prove, H c axH
LetbeH = b=exb

= (a*a )*b
=ax(a”1*b) = bea*H
€H
-~ Hc axH
Thus, a*H =H
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(5) a*H=b*H < a '*beH
Proof :
(=) Suppose axH=Db *H

a ‘x(a*xH) =a 'x(b*H)

(a '+a)*H = (a~ '«b)*H

H=(a '+b)*H

By (4) = a *beH
(<) Suppose a”**b € H
By (4) = (a *#b)*H =H
=b*H=a*H

Remark 2.51: Every coset (left or right) of a subgroup H of a group (G, *)
has the same number of elements as H.

(6) a*H=Db*H v (a*H) N (b*H)=4¢
Proof :
Suppose (axH) n (b*H) =¢. To prove, a*H = b*H
dx>3x€eaxH Axe€b*H
X=a*h; A x=b*h,3hy, h,eH
ax h, = bxh, = h;=a b *h,
— h;*h, '=a b eH

By (5) = a*H =b*H
or suppose a* H # b*H. To prove, (axH) n (b*H) = ¢
suppose (axH) N (b*H)#d
~dxe€eaxH A X€b=*H
X =axh; A X =bx*h,
a b=hxh, ' = a '«b e H
= axH=DbxH CIIII  xdls
~ (axH) N (b*H) = ¢.
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(7) The set of all distinct left coset of H in G form a partition on G.

Proof:

To prove, G = Ugega* H and aixH M ajxH = ¢
v a*H , aj*H are distinct

~ai*H ma*H =¢ . To prove, G =Uzega* H
a*Hc G Vae G (bydefinition of coset)

= Ugega*Hc G .......... (1)
VaeEG = a€a*H = a€u,ga*xH
G cuUugegarxH 0 L (2)

From (1) and (2) = G =Useca*xH

Example 2.52: The group (Ze, +¢) is abelian. Find the partition of Zg into
coset of the subgroup H = {0,3}

Solution:

Zs={0,1,2, 3,4,5}

0 +sH={0,3} =H, 3 +sH={3,0}

1 +gH={1,4} 4 +¢H={4,1}

2 +H={2,5}, 5 +¢H={5,2}

~All the cosets of H are :{0,3}, {1,4}, {2,5} and since (Zg, +¢) is abelian
group, then the left coset is equal the right coset.

So, the partition of Zg on a subgp H is {0,3}, {1,4}, {2,5}.

Example 2.53: (H.W.)
In (S, ©), let H = {f,f,}. Find the partitions of S;into left cosets of H and
the partitions into right cosets of H.

Definition 2.54: Let (H, *) be a subgroup of a group (G, *). The number
of left cosets or right cosets of H in G is called the index of H in G and
denoted by [G:H].

0o(G)
o(H)’

Remark 2.55: If (G, *) is a finite group. Then, [G:H] =

Example 2.56: (83, 0), H= {fl,fz, f3}

. g1 = 96s3) 6 _
. [Ss:H] = S 3 =2.

il i) .a Lj—ﬁHHh.IJJJ—I'Li—HIH_J_i HJJJ..A_)J;\_A_HJAI Ol g Alas) 1

A
——a LS



Groups Theory _ YY1V Yo BYS\ R
Example 2.57: (Zs, +¢), H = {0,3}

w [ZgH] = g =3

Theorem 2.58: (Lagrange Theorem)
Let H be a subgroup of a finite group (G, *).Then the order of H is a

divisor of the order of G .
Proof:

Let G be a finite group 2 o(G) = n and H be a subgroup of G 3 o(H) = m.
To prove, o(H) | o(G) (i.e, To prove, m|n, n = mk)

Since G is finite = [G:H] =k

Let a;* H, a,*H, ..., a,*H are left cosets of H

ayy*rHua*xHU ...uaxH=Gand

aixH M apxH = ¢
o(a;* H) + o(a*H) + ... + o(axxH) = 0(G)
m + m +--+ m=n
k—times

mk=n = m|n = o(H)[o(G).
Corollary 2.59: If (G, =) is finite group, then the order of any element of
G divides the order of G.

Proof: Suppose that (G, *) is finite 3 o(G) = n.

Leta € G = ais finite order such that o(a) = m. To prove, o(a)|o(G).
Since a€ G = H =<a> cyclic group.

H={a &, ...,a"=¢}

o(H) =o(@) =m = o(H)|o(G) (by Lagrange theorem)

~0(a)[o(G)

Corollary 2.60: If (G, *) is a finite group, then a®®=¢ VvV a€G.
Proof: Suppose that o(G) =n, letae G30(a) =m

By Corollary (2.59) of Lagrange theorem = o(a) | 0(G)

=m|n

= n=mk
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aO(G) - an - (am)k - ek: e
~a%®=e vaegG.

Corollary 2.61: Every group of prime order is cyclic.
Proof:

Let (G, *) be finite 2 o(G) = p (p prime number)

By corollary (2.59) of Lagrange theorem = o(a) |p V a € G.
o(@=1orp

If o(a)=1 = a=e

If o@)=p = 0(@)=0(G) = G=<a>

=~ (G,*) is cyclic group.

Corollary 2.62: Every group of order less than 6 is commutative.
Proof:

Let (G, *) be a finite group 2 0(G) <6

o(G)=1or2or3 or4 or5

If o(G)=1 = G={e} = Giscommutative

If o(G)=20r3 or5

By corollary (2.61) of Lagrange theorem G is cyclic = G is commutative
If o(G)=14

~o(@=1or2o0r4

If o(a)=1 = a=e

If (@) =2 VaeG = a’=e = a=a ' VaegG

~ G Is commutative group

If o(a)=4 = o0(@)=0(G) = G=<a>

~ Giscyclic = G is commutative group.

Exercises (2): (Home work 6)

(1) Find all subgroups of (Zs, +5).

(2) Let (Zg, +g) be a group and H = <2>. Is H a subgroup of Zg?

(3) IfH={0, 6,12, 18}, show that (H, +,4) is a cyclic subgroup of
(254, +24). Also list the elements of each coset of H in Z,,
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Chapter Three : Normal Subgroups and Quotient Groups
dacdl) ya g skl i jal] o i) o SN Juadl)

Definition 3.1: Let (G, *) be a group and a, b € G, then

“ a is conjugate to b ”, denoted by a~b iff 3x € G 3 b = x*a*x ™ and
b~aiff 3x € G 3a=x*b*x".

atbh ©b#x*a*x*vx €G.

Example 3.2: In (S3, 0). Show that f3~f,. (or, Is fa~f, ?).
Solution:
fof,o3IxeS;5f,=x0f0x"
fx=f = fiof,0f,l=fh#1,
fx=f,=> f,of,0f, =f, of, = f3# 1,
fx=f;, = f0f;0f; =f,0f,=f;# 1,
fx=f, = f,ofs0f, =f 0f, =1,
fx=f. =>f0f;0f; ' =f;0f =",
Ifx=f; =>fs0f;0f; =f,0f;="f,
~3x€ES;9xofox =t

~fi~ 1

Is f;~ f,and fi~ f,?  (HW)

Example 3.3: In (Z4+4) . Is1~2 ?
Solution:
1~2 ©@3x€2,32 = X+,1+, ()"
fx=1= T+,1+41)"'=2+3=5=1#2
Ifx=2 = 2+,1+,(2) =3+,2 =
Ifx=3= §+41+4(§)'1_ 0+,1 =
Ifx=0 = 0+,1+,0)'=1T#2
142
Remark 3.4: If (G, *) is abelian groupand a,b € G,thena~b < a=">b
Proof: Suppose a~b & 3Ix € G3b=x*a*x"
ob=xxx'xaze*a
S b=a
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Theorem 3.5: The relation (Conjugate) is an equivalent relation.
Proof:
(1) Reflexive (u\S=3YY)

Leta € G. To prove, a~ a

Je€e G3a=e*a*e’

S ad~a
(2) Symmetric (bl
Leta, b € G and a~b. To prove, b ~a
a~b=3Ix €G> b=x*a*x"
= % = a*x?
= X *h*x = a
= b~a
(3) Transitive (2=3l)
Leta, b,c € Gs.t.a~b A b~c. To prove, a~C
a~b=>3Ix€Gst b=x*a*x.......... (1)
b~c=>3IyEG st.c=y*b*yt. ... )
put (1) in (2)
C=y*(xxaxx)y"
C=(y*xx)*xax(y*x)"
c=zxaxz (Where z=yx*x €QG)
S d~C

Definition 3.6: Let (G, *) be a group and a € G, then the set of all elements

conjugate to a is called conjugate class of a, denoted by c(a), and defined
as:

c@@) ={b €G:a~b} (@G5 N yaliall ic sens)
or cla)={bEG:b=x*axx"}
or cla)={x*a*x"Vx€G}.

Example 3.7: In Example 3.2, c(f3) = {f,, fs, f}.

Example 3.8: Find the conjugate class of each element in the following
group: (G={1,-1,i,-i}, )3 i*=-1
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Solution:  c(i) = {x.i.x", Vx € G}
={Li1h -Li () it i)™
={1.i.1,-1.i.—1,1.1 -1, —1.1.1}
={i,i,i,i} = {i}
«~ ¢(1) ={1}, c(-1) = {-1}, c(-i) = {-i}

2 (S5 (HW)
B) (Gs,o) (HW)

Example 3.9: Find ¢(3) in (Z4,+4)
Solution:
c(3) = {0,+,3+,0", 1+,3+,1" 2+,3+,2", 3+,3+,3™}
= {04+43+40,1+,3+,3,24+43+42,3+,3+,1}
={3,3,3,3}
~¢c(3)={3} (byremark if G is comm. group and a~b then a = b)
(A 381y yeaiall ) Ao a3 b Lo

Remark 3.10: Let (G, *)be a group and a € G, then c(a) need not be a
subgroup of (G, *).

For example: In (S3, 0), c¢(f3) = {f4, fs, fg} is not subgroup of S;

Theorem 3.11: Let (G, *)be a group and a, b € G ,then
(1) a€ec(a) and c(a) # ¢, Va eaG.

(2) c(a)=c(b) ®a~b Va,beGaG.

(3) c(@nc(b)=¢iffatb. (H.W.)

(4) c(@ncb)=d¢orc(a)= c). (HW.

(5) bec(a) & c(a)=c(b).

(6) c(a)={a} Vae G & Gisacomm.group.

(7) c(a)={a} & aeCent(G). (HW.)

(8) c(e) ={e}. (H.W.)
Proof (1):

Sincea~a VaeG (~isref)
= a€c(@ = cla)£é
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Proof (2):

(=) Suppose c(a) = c(b). To prove, a~b

By (1), aec(@=c(b) = a€c(b) = a~b
(<) Suppose a~b. To prove, c(a) = c(b)
(ie.) c(a) cc(b) A c(b) cc(a) ?

Letx ec(a) = x~a A a~b = x~b

= X€e€c() = c(@)ccb) ... (1)
Letx € c(b) = x~b A a~b
=> X~a = X€c(a) = c(b)cc@ ......Q2)

By (1) and (2) = c(a) = c(b)

Proof (5): be c(a) & c(a) =c(b)
(=) Letb € c(a) = b~a = c(a) = c(b)(by 2)
(=)c(da)=c(b) > a~b = b~a=bec(a).

Proof (6): c(a) ={a} Vae G & G isacomm.group.
c(a)={a}vae G

& x*xa*x'=a VXEG

&~ X*¥a=ax*xX

& G is a comm. group.

Definition 3.12: Let (G, *) be a group and a € G, then the normalizer of a
is denoted by N(a) and defined as:
N(@) ={x€eGxxa=axx} (a godbisi Al palialldc sana )

Example 3.13: In (Zg, +35). Find N(3)

Theorem 3.14: Let (G, *) be a group and a € G, then
(1) (N(a), =) is a subgroup of (G, *).

(2) Cent(G)=nNnN(a) Va€eG. (HW.)
(3) N(@) =G ,vaeGe (Gx*)isacomm.
(4) N(a)=Ge acel. (HW.)

(5) The Cardinal number of c(a) = the index of N(a) in G.
(6) If (G, =) is finite group, then o (c(a)) \ o(G).
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Proof (1): (N(a) , *) is a subgroup of (G, *)
N@@) ={xeG:x*a =axx}cG
Sinceexa=axe > eeN(a) = N(@)£¢
(i) Closure: Let x,y € N(a). To prove, x*y € N(a)
Since X EN(a) @ x*a=ax*x
Sincey e N(a) > y*xa=axy
(x*y)*xa =xx(y*xa) =xx(axy)
=(x*a)xy =(a*x)xy=ax*(xxy)
~X*y € N(a)
(i) Inverse: Let x € N(a).To prove, X' N(a)
Since x € N(a) @ x*a=ax*X
S>x*xa*xx ' =a

= axxT=x'*xa
= x' € N(a)
. (N(a),*) is a subgroup .

Proof (3): N(a) =G ,vVa€ G (Gx)isacomm.
(=) Suppose N(a) =G Vae€G. To prove, G isacomm.
VxeG=N(a) >x€N(a) VaeG

=>x€N@@) Vx,a€eG

> Xx*a=ax*xX Vxa€eG

. (G,x) isa comm. group.

(<) Suppose (G,*) isa comm. group. To prove, N(a) =G
(i.e.,) Toprove, N(a)cG A Gc N(a)

N(@)c G (bydef.) ............. (1)

To prove, Gc N(a)

Letx€ GA Gisacomm. =2x*a=a*X Vxa€G
=>X€EN(a) Va€eaG

= GcN@) (2)

From(1)and (2) > N(a) =G Va€eG

Proof (5): The Cardinal number of c(a) = the index of N(a) in G
To prove, c(a) = [G:N(a)]
c(@) ={x*a*x" : Vx€G}[G:N@)]={x*N(@),VxeG}
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Define f:[G:N@)]— c(a) s.t f(xxN@))=x*a*x" VxeG

To prove, fismap, f is1-1,f isonto

To prove, f is map ??

Let x * N(a) = y*N(a). To prove, f(xxN(a)) =f (y*N(a))

Since x*N(@) =y*N(a) = x'*ye N(a) by (a*H=bxH = a'+be H)
= (XTxy) xa = ax (X +y)

= XX xy*axy = xxartx ryry

= yrary = xxasx

= f(y*N(a)) = f(xxN(a)) = fis map.

To prove, fisl1l-1 ??

Let f(x+xN(a) = f(y*N(a)). To prove, xxN(a) =y=*N(a)

(i.e.) Toprove, x*xy € N(a) = To prove, (x*xy) xa=a* (X xy)
Since, f(xxN(a)) = f(y*N(a))

= Xx*arX " = yraxy "

= x'l*X*a*x'l*y = x'l*y*a*y'l*a*y'l*y

= ax (X ) = (X xy) *a

= x'*yeN@)= x+*N@) =y*N@) = fisl-1.

To prove, fisonto ??
Ri= {f(xxN(a) V x € G}
= {xxa*x' Vx € G}=c(a) = fisonto
Hence, fismap, f is1-1,f isonto = c(a) = [G: N(a)]

Proof (6): If (G,*) is finite group, then o(c(a)) \ o(G).
by (1) = (N(a),*) is a subgroup of G.
by Lag. Th. = o(N(a)) \o(G)
0(G) = 0(N(a)) .[ G:N(a)]
=0(N(a)) - o(c(a))  (by>5)
=~ 0(c(a)) / o(G).
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Definition 3.15: Let (H, *), (K, *) be two subgroups of (G, *), then H is a

conjugate subgroup of K iff 3x € G3 K =x*H*x" and denoted by
H~K.
HAK © K#x+*H*x* V X€EG.

Example 3.16: In (S3, 0), H = {f, g}, K= {f;, f5}. IsH~K?
Solution:

(i.e.) Is3x €S; suchthat xo Hox =K ?

Ifx=f = fof{f,fg}of, = {fiofiof? fofeofi'} = {f,fs} #K
Ifx=f, = f,o{f,fe} 0 f," = {f,0 f0 f,, f,0 f0 f, '} = {f,fs} = K
~3Ix="f, € S3 suchthat H~K.

Example 3.17: In (Z1, +12), H={0,4,8}, K={0,3,6,9}. Is H~K?
Solution:
(| €. ) AXEZp such that )_(+12 H+12)_(-1 =K

Ifx=1 = 1+,{0,4 8} +,17 = 1+12{0 4,8}+,11=H=
(ie.) T +12{0,4,8}+,1" =T1+,17+,{0,4,8} = {0,4,8}
. HXL K VX € Zp,

Since X+, H+ X = X+,%X+ +, H=H £K, so H~K.

Example 3.18: In (Gs, 0), let H ={r4, 1}, K={r, rp}. IsH~K ?  (H.W.)

{0,4,8} #K
=H

Theorem 3.19: Let (H, *), (K, *)be two finite subgroups of (G, *) and
H~K, then o(H) = o(K).

Proof:

SinceH~K =>3x €G3 K=x*H xx"

To prove, o(H) = o(K) = o (x * H * )

Define f: (H,*) > (x*H*x" %) st.f(hy=x+h*x* Vv heH

To prove, fisamap ?
Let hy=h, . To prove, f(hy) = f(hy)
Since hy=h, = x *hyx x1=x * hy* x*
= f(hy) =f(hy) -~ f isamap.

3\
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To prove, f1-17?
Let f(hy) = f(h,) = x * hy* X = x *hy* x™
—hy=h, . fisl-1.

To prove, fonto?

Ri ={f(h): Vhe H}={x+*h*x1:vhe H}=x* Hx*x ™1 Jsiud = sl
=~ fis onto,

~ 0(H) = o(x * H * x™") = o(K).

Theorem 3.20: Let (H, *) be asubgroup of (G ,*) and x € G, then
(xxH*x" %) is a subgroup of (G, *).
Proof:
Since exHxe'=H #0 = xxHxx'+ @
x¥Hsx'={x*h*x':V he H}c G
Leta,bex*Hx*x".Toprove, axb™ € x* Hx*x"
Sinceae x*H*x'= a=xxhixx'3h,eH
Sincebex*H*x! >b=x*hx*x*3h,eH
a*bh= (x % hyx x)*(x * hyx x1)?
= (x * hy*x x)*(x* h, %%
= (x*hy) * (e x) * (hy % X7)
= X * (hl*hz'l) xxt e xxH*x
~ (x * H * x) is a subgroup of (G, *).

1

Remark 3.21: The relation “conjugate” is an equivalent relation on the set

of all subgroups of G.  (H.W.)

Definition 3.22: Let (H, *) be a subgroup of (G, *), then the conjugate
class of H is denoted by C(H) and defined as:
CH) ={x*Hx*x" :Vx€G}H (HG 5D akmnl sllde san)

Example 3.23: In (S3,0), H = {f,f,}, find C(H)
Solution:

C(H) = {xoHox™ : V x € S3}
= {flo{f1,f4}0f1-1a f.o{f1,f4}0 f2-19 e f60{f11f4}0f6-1}
= {{fu.fa}, {ff6}, ..., {1 fs}}
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Example 3.24: (G = {e,a,b,c}, *) isa four Klien group.

G is comm. group , a’=b’=c*=e . H = {e, a} < G. Find C(H)

Solution: C(H) = {x*Hx*x":Vx € G}
={x*x*H:Vx€G}={H}

Definition 3.25: Let (H, %) be a subgroup of (G, ), then the normalizer of
H is denoted by N(H) and defined as:
N(H) ={xe G:x*H =H *x}.

Example 3.26: In (G, 0) , H={r,,rs}. Find N(H)
Solution: N(H) = {x € G¢3 xoH = Hox}
If x = rn= rnoH=Hor

Ifx=r,= rnroH=Hor, .... > .....
- N(H) {r].! I, I'3, I'4, h Vv, Dll DZ} Gs

Exercises (1): Find C(H), N(H) to each of the following:
(1) (Ss,0), Hi={f1,fs}, Ha={f,fs}.

(2)  (Gs,0), Hi={r3, 1y, v, h}, Hy={ry, D1}.

(3) (Zuw +12), H={0, 4, 8}.

Theorem 3.27: Let (H, *) be a subgroup of a group (G, *), then

(1) (N(H), =) is a subgroup of (G, *) contianing H.

(2) If (G, =) is a commutative group, then N(H) = G.

(3) The cardinal number of C(H) = the index of N(H) in G. (H.W.)

(4) If (G, ) is finite group, then o(C(H))/(o(G)). (HW.)
Proof (1):

Since exH=Hx+xe=>e€ N(H) # ¢

NH) ={xeGax*xH=H=x*xx}cG
Leta, b € N(H).To prove, a*b~1 € N(H)
(i.e.,)(@*b™) *H = H* (a*b™)
Sinceae N(H) = a*H=H=+a

beN(H)= b*H=H=*b
bxH*b'=H = H*b" =b'«H = b’e N(H)
Now, (a*b™) *H = a* (b™+ H)
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=a*(Hx*bh (b*e N(H))
= (a*H) *b"
= (Hx*a)*b"
=H=+(@x*b"
= a*b’e N(H) = (N(H),*) is a subgroup of (G,*)
To prove, Hc N(H)
letaeH=>a*xH=H AH*xa=H
ma*H=H=xa=a€e N(H)
~Hc N(H)

Proof (2): If (G, *) is a commutative group, then N(H) = G.
Suppose G is comm. To prove, N(H)=G (i.e.,) N(H) c GA G < N(H).
By definition N(H) cG. ..... (1)
Letx € Gand Giscomm.gp=x*H =H *x

=>XENH) =G N(H) .....(2)
From (1) and (2) = G = N(H).

Remark 3.28: If N(H) = G, then (G, *) is comm. group ? (H.W.)

Definition 3.29: A subgroup (H, *) is called self-conjugate iff C(H) = H.
(ile.,) x*xHxx'=H Vx€eG.

Example 3.30: In (Sg, O), Hl = {fl,fg,fg}, H2 = {fl,f5,f6}
C(H,) = H; = Hjis self-conjugate.
C(H,) #H, = H,is not self-conjugate.

Definition 3.31: A subgroup (H, *)is called normal subgroup of (G, *)
and denoted by HAG < H is self-conjugate
or HAG & x*Hx*x'=H Vx €G.
HAG © 3Ix€G 3x*H*x 1 +H

Example 3.32:
(1) If (G, 0), H={ry,rs,v,n}, then C(H)=H = HAG;,
(2) 1 (Ss,0), Hi={fy,fs}, Ho={f1,f>,f3}

C(H,) #H;= HAS;, and C(H,) =H, = H,A S;3
(3) If (Z4, +4), H={0,2}, thenC(H)=H = HA Z,.
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Theorem 3.33: Let (H, *) be a subgroup of (G, %) , then
(1) HAGe x*H=H=+*x VXEGQG.
(2) HAG < N(H) =G.
(3) HAG & c(a)cH VaeH.
(4 HAGe (x*H)*(yxH)=(x*y)*H VxyE€EG.
Proof (1):
HAG ©@ x*Hxx'=H VXxeG
S x*H=H=xx VXEG.

Proof (2): HAG & N(H) = G.

(=) Suppose that HAG. To prove, N(H) =G
(i.e.,) Toprove, NH)cG A Gc N(H)
N(H) € G (by definition) ......... (1)
Letx€ G andHAG=>x*H=H=x*x,VX€E€G

= X e N(H) = G < N(H) ...... (2)
From (1) and (2) = G = N(H).

(<) Suppose N(H) =G, To prove, HAG
VxeEG=>XENH)» x+*H=Hx*x Vx € G=HAG (by(1))

Proof (3): HAG & c(a)cH V a € H.
(=) Suppose HAG. To prove, c(a)cH va€eH
Since HAG = x * H * x™* = H (by definition)

= x * H * X'lg H
~c(a) = {x*a*x'1 VaeH} cH
(<) Supposec(a) cH V a € H.To prove, HAG.
(i.e., Toprove, xsH«x'cH A Hcx* H* x*
Since,c(@)cH=x*H*x"cH ... (1)
LetbeH=b=exbxe™

=>b=(x*x'1)*b*(x*x'1)
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=x* (x* b * x)*x"

b=x*h*x’€x*Hx*x" (whereh=x"%b*x)

Hoxs*Hx*x* ... (2)
From(l)and (2= H=x*H*x' VX € G
. HAG

Proof (4): HAG & (x*H) * (y+*H) = (x*y)*H VX yE€EG.
(=) x*H)*(y+H) = (x+H*y)+H
:X*(H*y)*H
=xx*(yxH)*H (since HAG)
= (x*y) * (H+*H)
= (x*y)*H
(<) Suppose HXG = 3x €G3 x*H*x'#H
> (x*H)* (x'*H)#H*H
> (x*x)*H=H

=>e¢*H+# H CIHI (pa8l) ~ HAG.
Theorem 3.34: Let (G, *) be a group, then
(1) {e}AG.
(2) GAG

(3) Cent(G) AG .
Proof: (HW.)

Theorem 3.35: Every subgroup of a comm. group is a normal subgroup.

Proof: Let (G,*) be a comm. group and (H, *) be a subgroup of (G, *).

Toprove,X*H*X'le Vx€eG
x*H¥x'=(x*xD)*H=e+*H=H VX€G

~ HA G.

Remark 3.36: The converse of this theorem is not true.

For example: Take (G = (+1, +i, +j, +k),.) 3i*=j°=k*=-1

ij=k, ji=-k=1#ji = Gisnotacomm,

The subgroup of G are : {1}, G, {+1}, {1, 1,i,1}, {1,-1,j,-1}.{1,-1,k,-k}.

et (5 ) G | 3. VTR CHTE PPN HJJM“—L‘JA‘ o g dlae
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Theorem 3.37: Let (H, *) be a subgroup of (G, *) such that[G:H] = 2, then
HAG.

Proof:

Since [G:H ] = 2, then there are two distinct left (right) cosets of H in G.
Handa*H>3a e G—H (left cosets of H in G)

Hand H*a3a € G—H (right cosets of Hin G)

HuaxH=GA Hha*xH=0....... (1)

HUH*a=GAHNHx*xa=0 ....... (2)
IfaeH=>axH=H=H+*a=a*xH=H=xa Va€eH
IfacG-H=>a*xH=G—-—H=H+*xa=>a*xH=Hx*xa Va€H
~a*H=H=xa VaeH

. HAG

Remark 3.38: The converse of this theorem is not true

For example :
Take: (651 O)! H = {r11r4}
HAG, but [GaH]=4#2.

Remark 3.39: If (H, ) and (K, *) are two subgroups of (G,*) and H A G,
then (H N K) 4G and (HxK) 4 G.

Example 3.40:

(1) Consider (S3, 0) and H = {f;}ASz; and K = {f;,f;}X S3
= HxK = {f,f4}X S;

(2) Consider (Gs, 0) and H = {ry,r3,h,v}AG and K ={r,vV}A G
= HNK={r,v}4AG;,since C(HxK)# H N K

Definition 3.41: A group (G, =) is called simple group iff G has no proper

normal subgroup.

Example 3.42:
(1) (Ss, 0) is not simple group, since H = {f,,f,,f3} is a proper subgroup
and HA S;
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(2) (G, 0) is not simple group, since H = {ry,r3,v,h} is a proper subgroup
and HA G..
(3) (Zs, +5) is not simple group, since H = {0, 3} is a proper subgroup
and HA Zg
(4) (Zs, +3) is simple group, since Z3 has no proper subgroup.
Also, {0}A Zzand Z;A Zs.

Definition 3.43: Let HAG and G|H = {x * H: x € G} define ® on G|H as
follows:

x*H)®(y*H)=x=*y)*H Vxy€EG
(G|H, ®) is called quotient group of G by H .

Theorem 3.44: Let HAG, then (G|H, ®) is a group.
Proof:
GH={a*xH: a€G}
SinceexH=HeGH=d
Closure: LetaxH,b *H € G|H
(axH)®(Mb*H)=(a*b)*H V a*xH,b=*H € G|H
Asso.: LetaxH,bxH,c*xH € G|H
[(@a*H)® (b*H)]® (c*xH) =[(a*b)*H]® (c * H)
= ((@a*b)*c)«H
=(a*x(bx*c))*xH
= (ax H)®[(b * ¢) * H]
= (a* H) ®](b * H) ® (c * H)].

Identity : ex H=H € G|H
(axH)®(exH)=(a*xe)xH=a*H V axH € G|H

and (exH)®(a*H) =(exa)*H=a*xH V axHeG|H

- e *H is an identity element of G|H.

Inverse : Letax H € G|H, To prove, (a*H)'=a'+H

(@a*H)®@'*H)=(a*a’)*H=exH=H

@'*H)®(@*H)=(@'*a)*H=exH =H

~VaxH€EGH 3Ia'sxHeG|H.

= (G|H, ®) is a group.
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Example 3.45: In (Zg, +¢), H ={0,3}. Find Zg|H (if exist)
Solution:

v HA Zg = ZG|H exist

6+6H = H,

I+6H = {I, Zl-},

z+6H = {2, g}

3+¢H ={3,0} = H,

Zl-+6H = {ZI-,I} = I+6H,

I

§+6H = {S,Z} :§+6H

® H T+gH | 2+H
So, ZgH={H,1+sH,2+sH > _
ol = {H,1+6H,2+¢H} H Ho | T+H | 2+H
0(Z6|H):3 — — —
1+gH | 1+¢H | 2+6H H
Zs|H, ®) Is a quotient group. _ £ -
(Ze|H, ®) is a g group v | ZhH o T

H is an identity.

(T+sH) ™" = (1) +gH = 5+¢H = 2+¢H
(2+6H) " = (2) ' +6H =4+6H = T+cH

Example 3.46:

(1) In (Zy, +20), H=<5> Find Zy,H  (if exist) (H.W.)
(2) In(S;, 0), H={f,f,,f3}. Find S3|H (if exist)
And if H={f,f, }. Find S3|H (if exist)

Solution:

Since HAS; = S3|H  (exist)
ffoH=H
f,oH={f,f;f}=H
f;o H = {f;,f;,f,} =H
f,0 H = {f,,f,f5}

fs o H = {fs5,f,,fs} = f,oH
fs o H = {fs,f5,f,} = f,0H
. Sg|H = {H, f,0 H}
But if H = {f,f,}, HAS;
= Sa|H is not exist
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Theorem 3.47: The quotient group of comm. group is comm.
Proof: Suppose (G, *) is a comm. group and (H, ) is a subgroup of (G,*)
such that HAG
=~ G|H is a group.
LetaxH,b*xH € G|H
(a*xH)®(b+H) =(a*b)*H
= (bx*a)xH (since G is acomm.)
= (b * H)®(a * H)
~ (GJH, ®) is a comm. group.

Theorem 3.48: If (G, *) is a cyclic group, then (G|H, *) is a cyclic group.

Proof:

Suppose (G, *) is cyclic, H is a subgroup of G.

~daeG3G=<a>={a“keZ}

Since G is cyclic = Giscomm = HAG = GJ|H is a group.

To prove, G|H is cyclic group.

(i.e.) Toprove, 3a*H € GIH3 G|H =< a*H > = {(@@*H)": ke 7}

(i.e.,) Toprove,GHc <a*H > A <a*H>c G|H

letx*HEG/H > XEG =<a> =>x=a dr€e’Z

x*H=a*H=(a*a*....xa)«H= (W@*H)
o - time$

=(a*H) e<axH>

=>xtHeE<a*H>= GHc<axH>.......... (1)

LetyxHe<axH >

y*H=(axH)’2s€Z

y+*H =a’«H € G|H

~ y*xHeEGH= <a*H> cG/H .......... (2)

From (1) and (2) = G|H =<a* H>

Remark 3.49: The converse of this theorem is not true.
For example:
Take, (83, 0), H= {fl, fg, f3}ASg

. S3|H is a group
Ss|H = {H, f,oH}
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o(Sz|H) =2 (prime order)
Ss|H is a cyclic group but (S3, 0) is not cyclic.
S,|H = <f,oH> = {f, 0 H, (f,0H)*} = {f,0H, foH}.

Theorem 3.50: Let (G, *) be a group and (GJcent(G), ®) is a cyclic group.

Then (G, *) is comm. (OR_n Osv)

Remark 3.51: The converse of this theorem is not true.

For example:

Take, G={e,a,b,c} 3a’=b’=c?=¢e

G is comm. (not cyclic)

Cent(G) =G = Glcent(G) = (G|G) ={G} ={e, a, b, c}
=~ G|Cent(G) is not cyclic.
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Chapter Four : Isomorphic Groups

N SSLET o) ALSLial) sa i) 2 p] M Juadlf

Definition 4.1: Let (G, *) and (G', .) be two groups and
f (G, *) = (G',.) be a mapping, then f is called a homomorphism iff

fxxy)=fl).f), Vxy€QG.

Example 4.2: Let f : (R,+) -» (R",.),s.t. f(a) = 2% Va€R.
Is f a homomorphism map.?
Solution:
Leta,b € R ToProve f(a+b) = f(a).f(b)?
fla+b) =20 =2220 = f(a).f(b)
<~ f 1S a homomorphism map.

Example4.3: Let f : (Z,+) = (Z,+),suchthat f(x) =3x+2, Vx € Z.
Is f a homomorphism map.?

Solution:

Letx,y€Z ToProve f(x+y)=fx)+f(y)?
=>fx+y)=3x+y)+2=3x+3y+2 ... (1)
fO+f)=CBx+2)+By+2)=3x+3y+4....(2)

=> (1) # (2)
= flx+y) # fl0)+f)

=~ f is not a homomorphism map.

Example 4.4: Let f: (Z,+) = ({1,—1},.), such that

1 if aiseven .
= 2
f(a) {_1 if aisodd } Va € Z. Is f ahomomorphism map.”

Solution:

ToProve f(a+b) = f(a).f(b)
Leta,beZ=>ab€eE or abe0 orac€EANDbEO
(1) fa,beE >a+beE

fla+b)=1=1.1=f(a).f(b)
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(2) fa,be0O =2a+b€EE
fla+b)=1=-1.-1=f(a).f(b)

3) fae EAbEO=>a+beEO0
fla+b)=-1=1.-1=f(a).f(b)

Inall cases f(a + b) = f(a).f(b)

= f 1S a homomorphism map.

Example 4.5: Let g : (S3,0) = (S3,0), suchthat g(x) = x, Vx € Ss.
Is g a homomorphism map.? (H.W.)

Example 4.6: Let f : (Zg, +¢) = (Zg, +4), Such that f(x) =%, Vx € Zg.
Is f a homomorphism map.? (H.W.)

Example 4.7: Let f : (G,*) - (G,*), such that f(a) = x *xa *x~1,Va € G.
Is f a homomorphism map.?

Solution:

Leta,b € G

flaxb)=xx+(axb)xx"t ... (1)

f@*f)=x*axx D *(xxbxx~1)
=x*xa*x(x lxx)xbxx1!
=x*x(a*xb)xx"1 ... (2)

= (D = (2),

=~ f is a homomorphism map.

Example 4.8: Let f: (G,*) = (G',°), such that f(a) =e’, Va€QG.
Is f a homomorphism map.?

Solution:
Leta,b € G
= f(axb)=¢" .. (D
And f(a)of(b) =e'ce' =¢’ e (2)
= (1) = (2).

Then f is called a trivial homomorphism map.
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Example 4.9: Let HAG and f : (G,*) — (%,@), such that
f(a) =a=*H, Va € G. s f ahomomorphism map.?

Solution:
Leta,b € G
= fl(axb)=(@xb)«xH ... (D
And f(a)®f(b) = (a*H)®Mb *H) = (a*b) xH e (2)
=> (1) =(2)

=~ f is a homomorphism map.

Definition 4.10: Let (G,*)and (G',o) be two groups and f : (G,*) — (G',0)

be a mapping, then

(1) f iscalled a monomorphism (mono.) iff f is a homomorphism and
(1-1).

(2) f iscalled an epimorphism (epi.) iff f is a homomorphism and (onto)
map.

(3) f iscalled an isomorphism (iso.) iff f is a homomorphism, (1-1) and
(onto).

Definition 4.11: Any two groups (G,*) and (G',°) are called isomorphic iff
there exist an isomorphism map between them and denoted by G = G'.
(ie) G=G"3f:(Gx*) — (G',e)and f isan isomorphism.

Example 4.12: Let (G = {2*:x € Z},.), show that (Z,+) = (G,.).
Solution:

Define f : (Z,+) — (G,.) suchthat f(x) = 2%, Vx€Z

homo.?

Let x,y € Z, then

flx+y) =2 =2%2Y = f(x). f(y).

< f is homo.

(1-1) ?

Let f(x) = f(y). Toprovex =y
f)=f)=>2"=2Y=>x=y= fis(1-1)
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(onto)?
Re={f(x):x€Z}={2":x€Z} =G

=~ f is (onto)
= f 1s an isomo.
So, (Z,+) = (G,.).

Theorem 4.13: The relation "isomorphic" is an equivalent relation.

Proof:

Reflective ? To prove (G,*) = (G,*)

Sinced i:(Gx*x)->(G*) 2 i(x)=x Vx€EG

And i is homo., (1-1), onto.

s iisisomo. = (G,*) = (G,*).

Symmetric ? Let (G,*) = (G',.), To prove (G',.) = (G,*)

Since (G,*) = (G',.) =3 f:(G,x) » (G',.) >3 fisisomo.
fisbhij.=3f1:(G",.) > (G

Since f is (1-1) and onto = f~! is (1-1) and onto
To prove f~1 is homo.
Leta,b e G’ Afisonto=3Ix,y € G st f(x)=a,f(y)=b

fHa.b) = f(f()-f())
= (fx*y)

= X * y
=fH (@)« f1(b)
~ f~lishomo. = f~lisisomo. = (G',.) = (G,*).
Transitive ? Let (G,*) = (G',.)) A (G',.)) = (G, 0),
To prove (G,*) = (G ,®)
SinceG=G¢" =3 f:(Gx) - (G',.) 3 fisisomo.
G'=G6 =3 g:(6,.)~>(G,®) 3 gisisomo.
=3gef:(Gx) - (G,0)
Since f, g are bij. = g o f is bij.
To prove g o f is homo.
Let,b € G, then

(g f)(axb)=g[f(a=xb)]
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=glf(a).f(b)]
=9(f(@) © g(f (b))
= (g )@)O(g° f)(b)
~ gofishomo.= gofisisomo. =G =G’
. = is an equivalent relation.
Theorem 4.14: Let f : (G,x) = (G',.) be an isomorphism map. Then
(1) f(e) = €', suchthat e is an identity of G and e’ is an identity of G'.
2) fla)=({f@)™", Vaeg.
(3) If (H, *)isasubgroup of agroup (G, *),then (f(H), .)isa
subgroup of a group (G’, .).
(4) If (K, .) is asubgroup of a group (G’, .), then (f~1(K), %) isa
subgroup of a group (G, *).
(5) fHAGand fisonto,then f(H)AG'.
(6) IFKAG', then f~Y(K)AG.
Proof.
(1): f(e) = €', such that e is an identity of G and e’ is an identity of G'.
Proof:
letaeG>a*xe=a (Def. of idenitity)
= flaxe)=f(a) (fismap)
= f(a).f(e) = f(a) (f ishomo.)....... (1)
Let f(a) € G’
= f(a).e’ = f(a) (Def. of identity).....(2)
(1) = (2), then
fa).f(e) = f(a).€

~fle)=¢' (By cancellation law).

2): f(a™h) = (f(@)™", Va€ea.
Proof:
leta€G>axal=e (Def. of inverse)

> faxa™) =f(e) =e
> f@.f(a™) =fe) =e'....(1)

Let f(a) € G’
S f@.(f@)  =e .. (2) (Def. of inverse)
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= (1) = (2), then

f@.f@™) = f@.(f@) "
~fa) = (fla)™? (By cancellation law).

(3) If (H, =) isasubgroup of agroup (G, *),then (f(H), .)isa
subgroup of a group (G', .).
Proof:
fH) ={f(x):x e H} S G’
fle)=e € f(H)= f(H) # ¢
Let f(x), f(y) € f(H). Toprove f(x).(f(y)~" € f(H)
fCfOM™7=f).fO&™)  (by(2)
=f(x*xy™1 (f is homo.)
since(H,x) is subgroup, thenx * y"1 € H = f(x xy~1) € f(H)

So, f(x).f(y)™" € f(H)
~ (f(H),.) is asubgroup of a group (G',.)

(4) If (K, .)is asubgroup of a group (G', .), then (f1(K), *)isa
subgroup of a group (G, *).

Proof.

fFAK)={xeG:f(x) EK}CSG

Since (K, .) is a subgroup of a group G’

e ' =f(e)eK=e€ f 1K) So, fH(K)+ ¢

Letx,y € f71(K). Toprove x*y~!ef1(K)
x€fIK)=f(x) €K

yEfTMK)=>f(y) EK
Since (K, .)is a subgroup of a group G’
= f().fO) T EK

= fC)-fO™HEK

= fery HEK=>xxy L e fTUK)

~ (f"Y(K),*) is a subgroup of a group (G,*).
(5) IfH A G and fisonto, then f(H) A G'.

Proof:
Suppose that H 4 G and f is onto, To Prove f(H)AG'

By (3), (f(H),.) is a subgroup of a group (G',.).
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Lety € G' A a € f(H), Toprove y.a.y 1 € f(H)
y€G and fisonto,then3ax € G s.t. f(x) =y
a€ f(H),thena = f(h) s.t. h€ H.

y.a.y 7t =f0).f().f)T = ). f(D).fG™) = flexhxx™)

Since HAG,then x *h+x"1 € H.
It follows that f(x * h x x~1) € f(H)

sy.a.ylef(H)= f(H)AG

6) IFKAG', then f71(K) AG.
Proof:
Suppose that K A G', To prove f~1(K)AG

By (4), (f "1(K),*) is a subgroup of a group (G,*).

letx €G Aa € f~1(K), Toprove x=*xaxx"!€ f 1K)
XEG=f(x)EG

a€f Y (K)=f(a)EK.

f(x)eEG'A f(a)EK andK A G’

= f(0).f(@).f(x)™" €K

= f(0).f(a).f(x™) EK

= f(xxaxx"1)EK

=xxa*xx L€ fI(K)

~fTYKYAG

Theorem 4.15. Prove that

(1) Every two finite cyclic groups of the same order are isomorphic,
(2) Every finite cyclic group is isomorphic to (Z,,, +,).

(3) Every two infinite cyclic groups are isomorphic.

(4) Every infinite cyclic group is isomorphic to (Z, +).
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Proof (1):

Let (G, *),(G’,.) be two finite cyclic groups such that o(G) = o(G') = n
To prove, (G,x) = (G',.)

G is cyclic
=>3a€G3G=<a>={d*:keZ}={a,a? ..,a" = e}

and

G'iscyclic=3b€eG' 3 G'=<b>={bF:ke€Z}={b,b? .. b" = e}
Define f : (G,x) » (G',.) 2 f(a®)=b*, VKELZ a€G

Is f mapping?

Leta” =a® Toprove f(a") = f(a®)

a"=a5 = r=,s (moden)

>r—s=ng >SgE€EZ
=>r=ng-+s
= pT =bng+s — (bn)g.bs
= b" = b®
> f(a") = f(a*)

So, f is mapping.

Is f (1-1)?

Let f(a") = f(a®) Toprove a" =a’

f@)=f(@)=>b"=b°= r=,s (Gisfinite)
=>r—s=ng
=>r=ng-+s
=a =(a")9*a’

=>a =a’
So, fisl1-1
Is f onto ?
Rr={f(a"):Vke Z}={b":Vke Z} =G’
So, fisonto
Is f homo. ?

f@” = a%) = f(@*) = b7 = b7.b° = f(a").f(a")
so, f is homo.
Thus, fisisomo and (G,x) = (G',.).
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(2) Every finite cyclic group is isomorphic to (Z,, +,,).

Proof:

Let (G,*) be a finite cyclic group such that o(G) = m
G=<a>={ala?..,am = e}

(1) fm>n=0(G) > 0(Z,) = fisnot (1-1) = (G,*) & (Z,, +).
2)If m <n = 0(G) <o(Z,) = fisnotonto = (G,*) & (Z,, +,).
B) fm=n=0(G) =0(Z,) Toprove (Gx) = (Z,,+,).
Define f: (G,*) » (Z,,+,) 2 f@®) =[k], VkEZT,a€G

Is f mapping?
Leta” = a® Toprove f(a") = f(a®)
a"=a° = r=,s=][r] =[s]
= f(a") = f(@*)
So, f is mapping.
Is f (1-1)?
Let f(a") = f(a®) Toprove a" =a’
f@)=f(a®) =2[rl=[s]= r=,s (Gisfinite)
>r—s=ng
=>r=ng-+s
= a =(a")9 *a’
=>a =a’ So, fis1-1

Is f onto ?
Rr={f(a*):Vke Z}={[kl:Vke Z}=Z,

So, fisonto

Is f homo. ?

f@ =a®) = f(a™*) = [r + 5] = [r]+,[s] = f(a")+nf(a®)
so, fishomo.

Thus, fisisomo and (G,x) = (Z,, +,).

(3) Every two infinite cyclic groups are isomorphic.
Proof:

Let (G,*) and (G’,.)be two infinite cyclic groups, then
G =<a>={..,a?ata%ala? ..}
G'=<b>={.,b7%b1,b%b%,b?% .}
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To prove (G,*) = (G',.)
Define f: (G,*) = (G',.) 3 f(a*)=b*, Vke€ Z,a€G
Is f map.? ,Is f (1-1)?,1s f onto?,Is f homo.? (H.W.)

(4) Every infinite cyclic group is isomorphic to (Z, +).
Proof:
Let (G,*) be an infinite cyclic group, then

G =<a>=1{..,a%,a1,a’%at,a? ..}

Z=1{.,—-2-1012 ..}

To prove(G,*) = (Z,+)
Define f : (G,x) » (Z,+) 2 f(a*) =K, VkE€Z,a€QG
Is f map.? ,Is f (1-1)?,1s f onto?,Is f homo.? (HW.)

Definition 4.16: Let (G, *) be a group, then

(1) The Homomorphism of G, denoted by Hom(G) and define as:
Hom(G) ={f; f: (G, *x) > (G, *) D f is homo.} JSLs

(2) The Automorphism of G, denoted by Aut(G) and define as:
Aut(G) ={f; f: (G, ») » (G, *) D fisisomo.} & JSLs

Theorem 4.17: Let (G, *) be a group, then

(1) (Hom(G), °) is semigroup with identity.

(2) (Aut(G), o) isagroup (HW.)

(3) (Aut(G), o) isasubgroup of (symm(G),°).

Proof: (1) Hom(G) ={f; f : (G,*) = (G,*) 3 f is homo.}

3i:(G,x) - (Gx) 2 i(x)=x Vx€G,andiishomo.

~ Hom(G) + o.

Closure: let f,g € Hom(G) To prove f o g € Hom(G)

Since f,g € Hom(G) >3 f : (G,*) = (G,*) 3 f is homo. and
1g:(G,*) - (G*x) 3 gis homo.

So, fog:(G,*) = (G,*) is homo.

~ fog € Hom(G)

S P ST w— i .p I IVETETE TRV PP HAML«-&UJ\ G g Alae) 14




Groups Theory 2025-2026 ol 4 L

Asso. Istrue since (f o g)oh =f o (goh)
Identity: 3 i € Hom(G) and foi=iof =f V f € Hom(G)
It follows that (Hom(G), °) is semigroup with identity.

(3) To Prove (Aut(G),°) is asubgroup of (symm(G),°).
Proof:
Aut(G) ={f; f : (G,x) » (G,*) 3 fisisomo.}
Symm(G) ={f;f : (G,») = (G,*) 3 f is bij.}
Sinced i:(G,x) > (G,*x) 2 i(x) =x Vx€G,andiisisomo.
s~ Aut(G) # ¢, Aut(G) € Symm(G) and (Aut(G), °) is a subgroup.
s (Aut(G), °) is asubgroup of (symm(G), o).

Definition 4.18: Let (G, *) beagroup and € G .

Define f,: (G,x) - (G,*) 3 f,(a) =x*xaxx"1 Va€G.

Then £, is called an inner automorphism of G and the set

Inn(G) ={f:Vx€ G} or I(G) ={f:Vx €G} I3 Ml JSlin))

Theorem 4.19: Let (G, *) be agroup and x € G, then
(1) f, isanisomorphism map.

(2) (I1(G), o) isasubgroup of (Aut(G),°)

(3) 1(G) A Aut(G).

Proof:

(1) f:(G*x) > (G*) 2f,(a)=x*xaxx"! Va€eG
To preove f, is(1-1), onto and homo.

Let f.(a)=f.(b), V a,be€G,then
L'=xxbxx1 >a=0b

X*a*xXx

So, f,is(1-1)

fo={fx(a)!VaE G}={x+axx"l:Va€e G}=G

So, f, isonto

i@+ fi(b) = (x*xa*xx"")*(x*b*x"1)
=x*xax(x1xx)xbxx1

=x*xaxbxx"1=f.(axbh)
So, f, ishomo.
Thus, £, is an isomo. map.
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(2) (I(G), °) isasubgroup of (Aut(G), °)
Proof:
To prove (I(G), °) is asubgroup of (Aut(G), °)
1(G)={f; fr:(G,x) > (G,x) Df, isanisomo.}
Aut(G) ={f;f :(G,x) - (Gx) 3 fisanisomo.}
SinceeeG= f,€l(G) +¢
fo(a) =exaxel=a

=~ 1(G) € Aut(G)
Closure: Let f,, f, € I(G), Toprove f,of, €I(G)

(he )@ = £ (f@) = filyxaxy™)

:x*(y*a*y_l)*x_l

=(x*xy)*xax(x*y)™
= feny(@) €1(G)
Inverse: Let f, € I(G)

Sincex ' eG= f,-1€I(G)
feofx1= fax1=fe= fx1° fx= fy1x= fe

“(f)TH = fam
So, (1(G),?) is a subgroup of (Aut(G),°).

(3) I(G) A Aut(G).

Proof:

We have (I(G),°) is a subgroup of (Aut(G),°) and

Aut(G) ={g;g:(G,*x) - (G,*) 2 gisanisomo.},

1(G) ={f ; [: (G, *x) > (G, *) isanisomo.}.

Let g € Aut(G), f, € I(G) Toprove go f,og 1 €I(G)

(go freg D@ =g° f(971(a)

= g[ f(g7"(@))]

= g(x * g_l(a) * x‘l)
=gx)*axg(x™)

= fy0(@ €1(G). So, I(G) 4 Aut(G).
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Definition 4.20: Let f : (G, *) = (G’, .) be ahomomorphism, then the

kernel of f is denoted by kerf and defined as:
kerf ={xeG| f(x) =e'}.

Example 4.21: Find kerf for the following mappings:
1) f:R+)->(RY,.) 3f(x)=3"
Solution: f is homo. (Check)
= kerf exist
kerf ={x€R: f(x) =1} ={x € R:3* =1} = {0}.
(2) f:(Gx*)— (G',.) 3 fisatrivial homo.
Solution: f(x) =e' Vx€G
Since f is homo., then kerf is exist
kerf ={xeG|f(x)=e'}=0aG.

Q) f:(Z+)—>(Zs+3) 3f(x)=xVx€eZ
Solution: f is homo. (Check)
kerf ={x€Z: f(x)=0}={x€Z: x=0}

={x € Z: x =5 0 (mode3)}
={x€Z:x=04+3k V k€Z}
={0,43,46,..} S Z.

Theorem 4.22: Let f : (G, *) — (G', .) be a homomorphism, then
(1) (kerf, =) isasubgroup of (G, *)
(2) kerf AG
(3) kerf ={e} iff fis(1-1).
Proof: (1) kerf ={x€G| f(x) =e'} S G
Since f(e) =e' > e € kerf ¢
Leta,b € kerf Toprove axb~! € kerf (i.e., Toprove f(a*b™1) =¢')
flaxb™) = f(a).f(b™1)
= f(@.(f)"
=e'.(eN)t=¢
~ flaxb™)=¢€"= axb™! €kerf

So, (kerf, =) isasubgroup of (G, *).
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(2) kerfAG

Proof:
To prove kerf A G
By (1), (kerf, =) is asubgroup of (G, *)
Letx € Gand a € kerf Toprove x *a*x"! € kerf
(i.e.) Toprove f(x xaxx"1)=¢’
frxaxx™) = f0).f(@) f(x™)
= fo.e' (F@)
=e'
So, x*axx"1€ kerf
Thus, kerf A G.
(3) kerf = {e} iff fis(1-1).
Proof:
(=) Suppose kerf = {e} Toprove fis(1-1)

Let f(a) = f(b) = f(a).(f(B)) " =e'
= f@.f(b) =¢’
= f(axb 1) =¢e' (since f isahomo.)
=>axb~!€kerf

Sincekerf ={e}=>ax*xbl=e=a=5hb

So, fis (1-1)

(<) Suppose f is (1-1) To prove kerf = {e}

Leta € kerf Toprove a=¢

Since fis(1-1)and f(a) =f(e) >a=e

then, kerf = {e}.
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The first fundamental theorem of isomorphism 4.23:

((JSLaall Y Al 4y Ll

Let f: (G, *) = (G, .) be an onto and homomorphism mapping, then

(k;f,®) = (G',.).
Proof:

Since fisonto > R ={f(a) :a € G} =G’
Since kerf A G = (%Tf ®) IS a group.

Define g : (%,@) - (G',.); glaxkerf)=f(a), VaeEG

To prove g is map., (1-1), onto and homo.
T.P. g ismap.?
Let axkerf =bxkerf =>a 1xb € kerf
= f(at«b)=¢€'
= f(a™).f(b) =¢
= (f(@) L.f(b)=¢
= f(b) = f(a)
= g(b x kerf) = g(a * kerf)
So, g is map.

TP. g isl-17?
Let g(a x kerf) = g(b xkerf) = f(a) = f(b)
=>e' = (f(a)™".f(b)
=e' = f(a™).f(b)
=>e' =f(a"l*b)
=>a lxb€kerf
= ax*kerf =b x kerf
So, g is1-1
T.P. g isonto ?
Ry,={glaxkerf):a€G}={f(a):a€G}=0G'

So, g isonto
g ishomo. ?

gl(a x kerf)®(b * kerf)] = gl(a * b) * kerf]
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= f(a*b)
= f(a).f(b)
= g(axkerf).g(b * kerf)

So, g ishomo.

Thus, g is isomo.
G

Hence, (— ®) = (G',.).

kerf’

Example 4.24: Let f : (Z,+) - ({1,—1},.) such that

! if aiseven
f(a)_{—l if aisodd }’ va ez

Show that (Z,,+,) = ({1, —1},.) by two ways.

Solution:

(1) Since 0o(Z,) = o({1,—1}) = 2 and (Z,,+,), ({1,—1},.) are cyclic
groups. Then (Z,,+,) = ({1,-1},.)

(2) By using the first fundamental theorem of isomo.
It is clear that f is homo.
Re={f(a): a€Z}={1,-1} = Codf

So, f isonto

Since f is homo. and onto, then by the first fundamental theorem of
. Z ~

ISOMOo. = (@,@) = ({1,—1},)

kerf ={a€Z:f(a) =1} =E

VA

2 (2,8) = ({1,-13,)

(Z,+) is cyclic group, then (g ®) is cyclic.

We have, o (g) =2 (Zy,+,) = @@)
W (Zy,+,) = ({1,-13,.).
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Corollary 4.25: Let (G, *) be a group, then ( ¢ ®) = (1(G),°).

cent(G)’

Proof:
Define g : (G, *) » (I(G), o) 2 glx)=f, VXEG
16) = { fyix € G}
T.P. g ismap.?
let x =y > x*xa=y*a>xxa*xx 1=y*xaxy !
= fx(a) = fy(a)
= g(x) = g(y). So, g is map.

1

T.P. g isonto ?
Ry ={g(x):x € G} ={f,:Vx €EG}=1(G)

So, g isonto

T.P. g ishomo. ?

g *y) = fry = feo fy = 9(x) e g(¥)

g ishomo.

By the first fundamental theorem of isomo. = (ﬁ,@) = (1(G),°).

kerg={x€eG:glx) =f,} ={x€G: f,(a) =f,(a) Vace€QG}

={xeG;x*a*x_1=a VaEG}
={x€G:xxa=axx Vac€QG}
= cent(G)

( G ®)z(1(a),o).

cent(G)’

The second fundamental theorem of isomorphism 4.26:

(( JSlmll AN daulud) 4y Hlaill)
Let (H,*) and (K,*) be two subgroups of (G,*) such that , (H * K,*) Is
subgroup of (G,*), KA(H * K) and (H N K) A H. Then

() = (e ®),
Proof:

Since KA(H * K), then (% ®) IS a group.

And since (H N K) A H, then (ﬁ ®) IS a group.
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Definef:(H*K,*)e(%,@)) such that
fla*b)=ax(HNK) Va€eHDbEK

f is map.?

Let axb=c=*d suchthat a,c € H,b,d € K

>clxa=dxb?

>clxa€eH A clxa€ek

>clxaeHNK

>c*(HNK)=ax*(HNK)

= f(cxd) =f(ax*Db)

~ f 1S map.

f isonto ?

R ={f(axbh): VaEH}={a*(HnK):VaEH}=HnK

~ f isonto

f ishomo. ?

flla*b) = (cxd)] = fl(ax(c*c™')*b) * (c *d)]
=fl(axc)* (c7t*b=c)=d]

Sincec€G A bEK A KAG,then(c™t*bxc) EK

Let (c"t*xbxc)=r€K

 fl@*b) * (c*d)] = fl(a*c) * (r )]

=(axc)*(HNK)

=Ja*x(HNK)]®[c*(HNK)]

= f(a*b)®f (c xd)

~ f 1S homo.

By the first fundamental theorem of isomo. = (%@) ~ (HHW®)

kerf ={axb€Hx*K:f(axb) =HNK}
=f{a*xbeHx+xK:axHNK =HNK}
={a*xb€eHx+xK:a€ HNK}
={a*xb€eH+*K:a€H ANa € K}
={axbeEHx+«K:a€k AbeEK}=K

(5 8) = (G ®)
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The third fundamentaltheorem of isomorphism 4.27:

( JSlall AN dpulul1 4 il
Let (H,*) and (K,*) be two normal subgroups of (G,*) such that H € K,
then
(1) HAK,

o (E8)a(:.0)

G
H ~ (G
3) <§,®> = (£,®)
Proof:
(1) To prove HAK
Since (H,*) and (K,*) are two subgroups and H € K
= (H,*) is a subgroup of (K,*)
let xeK,aeH Toprove x*axx '€H
XxXEKCG=>x€G,aceHand HAG > x*a*x ' €H
-~ HAK

@ (5.0)a(50)
H’ H’
Since , then (g ®) IS a group.
And since HAG, then(%, ®) IS a group.

K
E={a*H:aEK}§{a*H:aEG}=
G K . G
== (E'®) Is a sub group of (;,®)
Let x*HEg,a*HEE

H H

ToProve (x * H)®(a* H)Q(x x H)™ 1 € %

(x * )®(a * H)®(x * H)™ = ((x* a) » H)®(x " * H)
= ((cxaxx™) « H)

K
—C
H

(x*a*x‘l)*Hegz(%,@)A(%,@).
G

Hr.p. [H ~(£ ®)

() L. 5; - Kl
H

. K G & .

Since EAE = (% ®> IS a group.

Since KAG = (g ®) IS a group.
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Define f: (%@) — (%@) suchthat f(a*H) =a*xK Va€eGaG

f ismap.?
Let axH=bx+H ToProve f(axH)=f(bx*H)
axH=b+«H=>alxbeHCK
>alxbeK
>a*xK=bxK

= f(axH) = f(b*H)

. f is map.
f isonto ?
={f(axH):a€G}={axK:a€G}=—
~ f isonto
f ishomo. ?
flla+H)®( + H)] = fl(a *b) * H]
=(a*xb)*xK
= (@*K)®(D *K) = f(a*H)®f (b +H)
~ f is homo.

By the first fundamental theorem of isomo.
G

:><keﬁrf’®> = (%®)
kerf={a*HE%:f(a*H)=e’}
={axHe_:axK =K}
—{a*Heg'aEK}

et

- (1o

IIZ

mlwlmln
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