Chapter Five 2025-2026 Connected Spaces

Chapter Five : Connected Spaces

Definition : Disconnected & Connected Spaces
The space (X, 7) is disconnected iff there exist two open disjoint nonempty sets A
and Bsuchthat A|JB =X. i.e.,

Xisdisconnected <& X=AUB ; A Bet, ANB=¢ ,A=¢d=B.
The sets A and B form a separation of X.
The space (X, 1) is connected iff it is not disconnected.

Xisconnected < XzAUB ; A Bet, A(B=¢ ,A=¢d=B.

Remark : The connected spaces is the spaces required in topology, but the definition
dependent on disconnected spaces for simply.

Example : Let X = {1, 2, 3} and © = {X, ¢, {1}}. Is X is connected or disconnected
space ??.

Solution : X is connected, since the only one case to represented on X as a union of
nonempty open sets is X = X | J {1}, but this sets is joint.

Example : Let X = {1, 2, 3} and © = {X, ¢, {1}, {2, 3}}. Is X is connected or
disconnected space ??.
Solution : X is disconnected, since :

X = {1} U {2 3}and {1}, {2, 3} € tand {1} N {2, 3} = d and {1} # &, {2, 3} = o.

Remark : There are 29 difference topology on set contains 3 elements, we can testes
this topologies connected or disconnected.

Remarks :

[1] (X, D) is disconnected if X contains more than one element, since :
JA; ¢2AEX = X=AUA", AA°eD, ANA=¢,Azpand A°~ ¢
since A= X.

[2] (X, 1) is connected spaces always since the only open sets are X and ¢ and this
sets not make the space is disconnected.

[3] Ift=%and 1=, then (X, 1) is disconnected since :

JAet; p=ASX = X=AUA"

VORI I Gy W EPPETETIR TS VPR 111




Chapter Five 2025-2026 Connected Spaces

Example : (X, tef) IS connected space, if X is infinite set since there are not exist
nonempty disjoint open sets.

Example : (R, t,) is connected space, since R not equal union of two nonempty
disjoint open sets,
but R\ {Xo} ; Xo € R is separated since R \ {Xo} = (— o0, Xo) IJ (Xo, ).

Example : The metric space is either connected or is disconnected, for example :
(R, t,) generated from metric space (R, | |) is connected space.

But, (X, D) ; X contains more than one element is disconnected space which is
generated from metric space.

Example : Let X = {a, b, ¢, d}. Define a topology t on X and another topology t' on
X such that (X, t) is connected and (X, t') is disconnected.

Solution : Let T = {X, ¢, {a, b}} and ' = {X, ¢, {a, b}, {c, d}}, then (X, 1) is
connected and (X, t') is disconnected.

We introduce some theorems to equivalent properties for a space being connected :

Theorem : (X, 1) is connected space iff X cannot be written as a union of two
nonempty disjoint closed sets.
Proof : (=) Suppose that X is connected
Toprove XAlUB ;A Be¥F ,ANB=¢ ,A=x¢=B
Supposethat X=A|JB ;A,Be¥ ,AB=¢ ,A#¢=B
= A=B° A B=A°
—>Aet A Bet (sinceA=B°ABe¥F and B=A°AAc¥)
=>X=AUB ;A,Bet ,ANB=¢ ,A=¢=B
— X disconnected  C!l Contradiction I!  since X is connected
=>XzAUUB ;A Be¥ ,ANB=¢ ,A=¢=B.
(<) Suppose that XA |UB ;A,Be¥F ,ANB=¢ ,A=¢=B
To prove X is connected
Suppose that X is disconnected
=>X=UlV ;UVer ,UNV=¢ ,Uz¢=2V
= U=V A V=U°
=U,Ve¥F Cll Contradiction !
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since the complement of every one of them is open set and this contradiction with
hypotheses
.. X connected space.

Theorem : (X, 1) is connected space iff the only subsets of the space X which are
open and closed are X and ¢.
Proof : (=) Suppose that X is connected
Toprove, if Ac X, A, A°e 1, then A=XorA=¢.
Suppose that A, A°et and A= Xand A= ¢
= X=AJA° A AAet A ANA=¢ ,A=p=A° (since A=X)
— X disconnected  C!! Contradiction !!
ifAcX, A A°et,then A=Xor A=¢.
(<) Suppose that, if Ac X, A, A°ert, thenA=XorA=¢,i.e, 1t F={X ¢}
To prove X is connected
Suppose that X is disconnected
=>X=UUUV ;UVert ,UNV=d A Uzxo=V
= U=V" A V=U" =UVe¥F
=U,VetF CH Contradiction !!

Since U and V are open and closed and not equal X and ¢.
.. X connected space.

Theorem : (X, 1) is connected space iff the only subsets of the space X which have
empty boundary sets are X and ¢. i.e.,
[Xisconnected < (0=AcX = A= )]
on the other hand :
[Xis connected < (A°=¢p = A=¢ v A=X)]
Proof : (=) Suppose that X is connected
Toprove, ifA°=¢ = A=¢p v A=X
Supposethat Ac X and A°=¢ A A= A A=X
= ¢0cA = A°cA = Aec¥F  (bytheorem: AeF <A c A)
On the other hand :
dNA=0 = A°NA=¢ = Act (bytheorem:Act<= A" MNA=¢)
= A A°et and A=z A A=X
= X disconnected
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(by theorem : (X, 1) is connected space iff the only subsets of the space X which are
open and closed are X or ¢)
(this contradiction with hypotheses : X is connected = A" = ¢ if ¢ = A = X)
L ifA"=¢9 = A= v A= X
(<) Suppose that, if A°=¢ = A=¢ v A=X,
To prove X is connected
Suppose that X is disconnected

=X=UUUV ;UVert , UONV=9 A Uzxo=V

= U=V* A V=U" =U\Ve¥F

SU=¢ A V'=9¢ (by theorem : A, A® € 1 < A° = ¢)
(this contradiction since U” = ¢, but U = X and U = ¢)
.. X connected space.

Theorem : (X, 7) is connected space iff every continuous function from domain X to
codomain ({1, 2}, D) is constant function.
Proof : Letf: (X, t) > ({1, 2}, D) be continuous function.
(=) Suppose that X connected space
To prove, f is constant function
Suppose that f not constant
=>3dAcX;fd=1 VaceA
and ABc X;f(b)=2 VbeB
Notes that,
(1) X=AUB,sinceif XA |JB = 3 xe X; xhasnoimage = f not funct.
(2) A=¢,sinceif A=¢ = fconstant (the prove end)
and, B = ¢, since if B = ¢ = f constant (the prove end)
(3) ANB=¢,sinceif A(B = ¢ =3 xeX; xhas two image = f not funct.
Now,
{1}, {2} € D (by def. of D) = {1}, {2} open setin ({1, 2}, D)
-+ feontinuous = A=f'{1) et A~ B=f'{2Der
=>X=AUB A A Bet A ANB=¢0 AA=p#B
= X disconnected  C!! Contradiction !!
f is constant function

(<) Suppose that f is constant function
To prove, X connected space
Suppose that X disconnected
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—X=AUB ;A Bet ,ANB=¢ ,A=¢$=B

Define f: (X, 1) = ({1, 2}, D) ; f(X) ={12 ig ;:]?

Clear that f is continuous, since D = {{1, 2}, ¢, {1}, {2}} and
fiqL,2h)={1,2yer,f () =der,f'{1)=Aect,f'{2})=Ber
= fnotconstant  C!! Contradiction !!
. X connected space.

Remark : If (X, 1) is topological space and (W, ty) is a subspace of X, then the
space W being disconnected or connected not directly relation by X and the open sets
in X, but dependent on the open sets in W. i.e., its dependent on Ty So that : W is
connected space iff there exist two open disjoint nonempty sets A and B in W such
that A JB=W.

I.e.,, Wis disconnected & W=AUB ; ABetww, A[NB=¢ ,A=¢=B.
The space (W, ty) is connected iff it is not disconnected.

Wisconnected < W=zAUUB ; A Betww, A(NB=¢ ,A=d=B.

Remark : The property of being a connected space is not a hereditary property and
the following example show that :

Example : Let X = {1, 2, 3} and t = {X, ¢, {1, 2}, {1, 3}, {1}}. Let W X ; W =
{2, 3}. Is W is connected space ??
Solution : Compute Ty :
w={WNU;Ue}={W, ¢ {2} {3}.}

Notes that T = D, then W is disconnected space but not connected since :

W ={2} U {3} and {2}, {3} e twand {2} N {3} = ¢ and {2} = ¢, {3} # ¢.
Notes that X is connected space but not disconnected, while it's have disconnected
subspace.

Theorem : continuous image of connected space is connected. i.e.,

If f:(X, 1) > (Y, 1) is continuous and onto function and X is connected, then Y is
connected.

Proof : Suppose that Y is disconnected

—3ABet ; ANB=¢ A A=p=B A Y=A|UB

= f{Y)=f (AUB)

= X=f{A)UF'B) (sincefonto= fHY)=XAfAUB)=Ff* (A UFB))
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= f'(A),f'(B)et  (since f continuous )

A FHANTB) =FANB)=fY($) =0
ANAzxdO AB=d = FHA) =¢ =F(B)

.. X is disconnected C!ll Contradiction !!
.Y is connected.

Remark : If f: (X, 1) = (Y, ') is continuous and onto function and Y is connected
space, then X not necessary connected space and the following example show that :

Example : Letf: (R,D) > (R, 1) ;f(xX) =x V xeR.
Clear that f is continuous and onto function and (R, 1) is connected, but (R, D) is not
connected (disconnected).

Corollary (1) : The property of being a connected space is a topological property.
Proof :
Let (X, t) and (Y, t') be topological space ; X =Y
o Xz2Y = 3f: (X, 1) > (Y, 1) ;f 1-1, fonto, f continuous, f* continuous
Suppose that X is connected, to prove Y is connected
- f continuous, onto and X connected = f(X) =Y connected
(by theorem : continuous image of connected space is connected)

Now, suppose that Y is connected, to prove X is connected
-+ £ continuous, onto and Y connected = f(Y) =X connected

(by same theorem : continuous image of connected space is connected)

Corollary (2) : Let (X, 1) and (Y, t') be two topological spaces. If the product space
XxY is a connected space then each X and Y are connected spaces.
Proof :
The projection function Py : XxY — X is continuous and onto
- XxY connected and Py continuous = Px(XxY) connected
(by theorem : continuous image of connected space is connected)
* Px onto = Px(XxY)=X
— X connected
By the similar way we prove Y connected.
The projection function Py : XxY — Y is continuous and onto
- XxY connected and Py continuous = Py(XxY) connected
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(by theorem : continuous image of connected space is connected)
.~ Px onto = Py(XxY)=Y
= Y connected

We can use previous theorem and their corollaries to known some spaces either
connected or disconnected as the following examples :

Example : If we know the function f : (R, t,) — (Y, 1) is continuous onto. Is Y
connected space ??

Solution : Yes, since (R, t,) is connected space and f is continuous onto function,
then f(R) =Y is connected space.

Example : If we know that (R, D) = (Y, ). Is Y connected space ??

Solution : No, since the equivalent topological spaces either connected spaces or not
connected spaces, because the property of being a connected space is a topological
property and since (R, D) is disconnected space, then f(R) =Y is disconnected space.

Example : If we know the product space XxY for spaces X and Y is indiscreet
topology i.e., Tx.v = I. What we say about X and Y ??
Solution : Yes, since (XxY, 1) is connected space, then X and Y is connected space.

Remark : If A and B are connected subsets of a space (X, t), then A ) B is not
necessary connected and the following example show that :

Example : Let X = R? and its product space (R, t,) x (R, t,) such that the open
neighhoods in this space is a disc her center is a point (for example {(x, y) € R?
X*+y? < 1} is an open neighhood for the point (0, 0) and geometrical it’s a disc with
center (0, 0) and radius 1.

Let A and B define as follows :

AR
A={(xy)eR? : X*+y*=1 Ay <0} f B
B={(X,y)€|R§2;X2+y2=1/\y20} < = (1, 0) > R
, \/\A
v

such that the geometric representation of A as lower half for circle circumference
with radius 1 and center (0, 0) as the above figure.
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and the geometric representation of B as upper half for circle circumference with
radius 1 and center (0, 0) as the above figure.

ANB={(10),(-10)}

Notes that every one of A and B are connected, but A [ B not connected set.

Remark : If A and B are connected subsets of a space (X, t), then A |J B is not
necessary connected and the following example show that :

Example : Let (X, 1) =(R,t)and A=(1,2)and B= (3, 4)
Clear that A and B are connected sets since we cannot represented as a union of
nonempty disjoint open intervals subsets of A or B, but A [J B is not connected
(disconnected) since
AUB=(, 2 U (@B, 4) and clear that every one of (1, 2) and (3, 4) nonempty
disjoint open sets in A | J B.
Notes that in general in a space (R, t,) : If A is subset of R, then A is connected iff A
Is interval i.e.,

A'is connected << A=(a,b)or A=[a,bJorA=(a b]Jor A=]a,b)

Theorem : Let (X, 1) be a topological space. If W is a connected subsets of X and X
=AUBsuchthat A,Betand A(1B=¢and A= ¢ =B, then W< Aor Wc B.
Proof :

Suppose that W A and WZ B

=WNA=p and WNB=¢

“ABetr =>WNOA W(Betyw (by def. of subspace topology)
Notes that,

WNA=O (since, iT WM A=¢ = WcB)

WAB=¢ (since, ifWNB=¢ = WcA)

Also,

WNANWNOB =WNANB)=WNd=¢
andW=MWNAUMWNB)

= W is disconnected C!l Contradiction !!

L WcA v WcB.

Remark : Notes that A |J B may be not connected in spite of A connected and B
connected, but if we add a condition A (] B = ¢, then A |J B is connected set and this
show in the next theorem :
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Theorem : If A and B are connected subsets of a space (X, t) and A[) B = ¢, then A

U B is connected.

Proof :

Let (X, t) topological space and A, B < X ; A, B connectedand A(1B = ¢

To prove A |J B connected ??

Suppose that A |J B disconnected
=AUB=UUYV ; UVerue,. UNV=9UzxpzV
=AcAUB =AcUJV andA connected

=AcU v AcV (by previous theorem)
By similarway = BcAUB =B cU|JV andB connected
=>BcU vBcV (by previous theorem)

Now,
—eitherAcU ABcU =AUBcU = V=¢ CH
or AcV ABcV=AUBcV =U=¢ CHI
or AcUABcV =ANBcUNV=¢=ANB=¢ CH
or AcVABcU=ANBcUNV=¢=ANB=¢ ClU
. AU B connected.

Remark : We can generalization the above theorem to family of connected sets as
follows :

Let {A,}.cx be a family of connected subsets of a space (X, 1) and (oesAs # ¢, then
UacaA is connected set.

We prove previously, if the product space XxY is connected space, then each
X and Y is connected space and we question the converse is true (i.e., Let (X, t) and
(Y, t') be a topological spaces. If each X and Y is connected space, then the product
space XxY is connected space) and the answer is true and we postpone the prove for
this problem until the availability of basic prove from previous theorem as follows :

Theorem : Let (X, 1) and (Y, t') be two topological spaces. If each X and Y are
connected space, then the product space XxY is a connected space.
Proof :

Let (X, t) and (Y, t') connected spaces, to prove (XxY,tx.y) connected
Xz Xx{y};yeYand X connected = Xx{y} connected

(connected is topological property)
Y 2 {Xx}xY ;xeXandY connected = {x}xY connected
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(connected is topological property)
Fixed yoe Y = Xx{yo} connected (thisistrue VyeY)

Clear, Xx{yo} N {x}xY = ¢ (since (X, Yo) € Xx{yo} N {X}xY)
= Xx{Yo} U {x}xY connected V x € X
(by previous theorem: If A and B are connected and A[)B=¢, then AUB is
connected)
The family {Xx{yo} U {X}xY }xex Of connected sets in XxY

Clear that XxY = [Uxex (Xx{yo} U {X}xY) and Mxex (Xx{yo} N {X}*xY) = d
. XxY connected
(by previous theorem since it’s a union of family of intersection connected sets)

Remark : Take the following example to show the Cartesian product which are
Xx{y} and {x}xY and the union and intersection in the previous theorem :

Example : Let X ={1,2,3}and Y = {a, b, c}, then

XxY ={(1, a), (1, b), (1, ¢), (2, a), (2, b), (2, ¢), (3, a), (3, b), (3,¢c)} and,
Xx{a} ={(1, a), (2, a), (3, a)}

Xx{b} = {(1, b), (2, b), (3, b)}

Xx{c}={(1, c), (2, ), (3, )} also,

{13xY ={(1,a), (1, b), (1, c)}

{23xY ={(2, a), (2, b), (2, )}

{83xY ={(3, ), 3, b), (3, c)}

Clear that the intersection any two sets her is nonempty and

XxY = Uyex Xx{a} U {x3xY).

Definition : Component of x

Let (X, ) be a topology space and x € X. We say the set which is a union of every

connected sets that contains x is a component of x and denoted by C(x). i.e.,
CX)=U{A < X:xe A A Aisconnected}

This means that C(x) is the large connected set contains Xx.

Example : Let X = {1, 2, 3} and t = {X, ¢, {3}, {1, 2}}. Compute the component for
every element in the space (X, 1).

Solution :

C(1) ={1, 2}, since {1, 2} is a large connected set contains 1.
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Notes that {1, 3} contains 1 too, but it's not connected since the induce topology on
{1, 3} is w5 = {{1, 3}, ¢, {3}, {1}}, then {1, 3} = {1} U {8} this means it's not
connected.

On the other hand {1} is connected set (since every singleton set in any topology is
connected set) and its contains 1 but not largest set.

By similar way : C(2) = {1, 2} while C(3) = {3} since any set contains 3 except {3}
IS not connected.

Example : Let X = {a, b, c} and t = {X, ¢, {a}}. Compute the component for every
element in the space (X, 7).

Solution :

C(a) = C(b) = C(c) = X, since X is connected space and its large connected set
contains any element in this space.

Remark : (X, 1) is connected space iff C(x) = X for all x € X.

If X is connected, then X is large connected set for every element in X and C(x) = X.
On the other hand, if C(x) = X for every element x € X, then X is connected set since
C(x) is connected set (by definition).

Remarks :

[1] The space (R, 1) is connected space, then C(x) =R for all x € R.

[2] In the space (X, D), if X contains more than one element, then C(x) = {x} for all
X € X, since the only unique sets her is singleton sets.

[3] The space (X, I) is connected space, then C(x) = X for all x € X.

[4] The space (X, teop); X infinite set is connected space, then C(x)= X for all x € X.

Theorem : The component C(x) for every element x is closed set.
Proof :

C(x) cC(x) (since A c A)

-+ C(x) is connected set = C(x) is connected set

(by theorem : If A— B — A and A connected, then B connected and so A connected)
-+ C(X) the large connected set that contains x and C(x) connected ; C(x) = C(x),

So C(x) = C(x) = C(x) is closed set (by theorem : A closed <> A = A)

Remark : C(x) = ¢ for all x € X, since x € C(x).

Theorem : If C(x) () C(y) # ¢, then C(x) = C(y).
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Proof :

.+ C(X) N C(y) # ¢ and C(x), C(y) the connected sets = C(x) |J C(y) is connected set
(by theorem : Union of connected sets is connected if their intersection nonempty)
We get : C(x) | C(y) connected set ; C(x) < C(x) lJ C(y) and C(y) < C(x) U C(y)
Since C(x) and C(y) are the largest connected sets ; x € C(x) and y € C(y)

= C(x) U C(y) = C(x) = C(y).

Remark : Family of components elements in the space (X, t) being a partition for X.
(1) CxX)=¢ VxeX
(2) 1f C(x) = C(y), then C(X) () C(y) = ¢ (by previous theorem)
(3) X =Ukex C(X) i.e., Uxex C(X) = X and X < Uxex C(X)

since C(X)c X VX = Uxex C(X) = X

since VxeX = xeC(x)

= X € Uxex C(X)
S0, X < Ukex C(X)

Example : Let X ={1, 2, 3} and T = {X, ¢, {1}, {2, 3}}.

Her C(1) = {1} and C(2) = C(3) = {2, 3}

Notes that C(1) = ¢, C(2) = ¢ and C(3) # ¢

Also,C(1)#C(2)=C(1)NC@)=¢

and C(1)=C(3)=C(1)NCRB)=¢

on the other hand, the union of components equal X i.e., X = C(1) I C(2) lJ C(3) and
this clear since C(1) = {1} and C(2) = C(3) = {2, 3}, then X = {1} U {2, 3}.

Definition : Locally Connected
The space (X, 1) is locally connected at a point x € X iff there exists an open
connected of a point x. If (X, 1) is locally connected at each point x € X, then X is
called a locally connected space. i.e.,

X is locally connected < Vxe X3 Ue1;xeUandU is connected.

Remark : There is no relation between the concepts connected and locally connected
I.e., connected and locally connected are independent concepts and we show that by
the following example :

Example : (A space that is locally connected but not connected)
Let X=(-3,00J(3,8)
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X is a subspace of (R, t,) : Clear that X is not connected since it’s a union of
nonempty disjoint open intervals. On the other hand X is locally connected space
since every element in X either in (- 3, 0) and its connected intervals and it’s a
connected open neighhood for every element in (— 3, 0) and by similar way if the
element contain in (3, 8).

I.e., Locally Connected 4 Connected.

Example : Comb Space (A space that is connected but not locally connected)
X=AUB ; A={(x,y)eR* : 0<y<1,x=0 or x==,neN}
B={(x,0)eR® : 0<x<1}

The following figure show the comb space :

/\[R

0, 1)

N
Cd

N

v (1/3,0) (1/2, 0) (1,0)

Comb Space : This space is a subspace of (R?, 1)
Notes that this space consist of infinite sets of line segment length every one 1 and
when converge to y-axis , then this line segment is adherent to each other i.e., the
distant between them is reduced when they converge from Y.
Notes that the shape this space similarity the comb such that the line segment on x-
axis represented the base of the comb while the vertical line represented teeth comb.
We know this space is connected space since its consist of one piece, but it's not
locally connected and in true its not locally connected only on every point on y-axis
since every neighhood for any point (0, y) on y-axis consist of sets of disjoint line
segment to each other, so that the open neighhood is not connected i.e., we cannot
find connected open neighhood for any point from type (0,y) ;y#0and0<y <1
and this show by the following figure which is intersection open ball in R? with the
space X.

R
A

N
(0, y) ddaail) BIEES
(2 y)f

/f
< s R

~ 7

(0,1)"Comb Space : This space is a subspace of (R?, 1,)
Connected # Locally Connected
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Remark : The property of being a locally connected space is not a hereditary
property and the following example show that :

Example : In the above example, (R?, 1,) is locally connected space while the comb
space W is a sub space of (R?, t,) which is not locally connected space.

Example : the space (X, D) is locally connected space since every element x in X,
then {x} is a connected open neighhood.

Remark : continuous image of locally connected space is not necessary locally
connected and the following example show that :

Example : Take comb space W in previous example and take difference topologies
one of them discrete topology D and the other is the induce topology Ty from (R? t,)
and define the function f as follows :

f:(W,D)—> (W, 1) ; f{(X)=x V xeW
clear that f is continuous since its domain D and its onto since its identity function.
Also, we know (W, D) is locally connected space while (W, ty) is not locally
connected space (we clear that in illustrate previous).

Example : the space (X, 1) is locally connected space since the only unique for every
element x in X is itself X and X her is a connected set.

Example : (R? 1) is locally connected space since there is always open internals
corresponding every real number contains it and since every open interval is
connected and it’s aa open neighthood for a point, then (R?, ) is locally connected
space.

Example : (X, 1) is locally connected space since every open set in this space is
connected set, therefore there is an open neighthood for every element contains it.

Example : Let X ={1, 2, 3} and t = {X, ¢, {1}, {2, 3}} such that t is a topology on
X. Is (X, 1) connected space ?? locally connected space ??

Solution :

(X, 1) is not connected (disconnected) space since X = {1} U {2, 3} such that {1},
{2, 3} are nonempty disjoint open sets.

VORI I Gy W EPPETETIR TS VPR 124




Chapter Five 2025-2026 Connected Spaces

(X, 1) is locally connected space since every element have connected open
neighthood ; 1 € {1} € tand {1} is connected set, also 2, 3 € {2, 3} € tand {2, 3}
IS connected set.

Theorem : If f f: (X, t) — (Y, 1) is onto, continuous and open function and X is
locally connected, then Y is locally connected.
Proof :
LetyeY = 3IxeX ; f(x)=y (since fis onto)

- Xis locally connected = 3 connected open nbd for x
e, 3Uet ; xeU A Uisconnected
-+ Fis continuous = f(U) is connected

(by theorem : continuous image of connected space is connected)

.~ fisopen = f(U) isopen i.e., f(U) et alsoy e f(U)
We get, f(U) is connected open nbd fory = Y is locally connected.

Corollary : The property of being a locally connected space is a topological
property.

Proof :

Let (X, t) and (Y, t') be topological spaces ; X=Y

o Xz2Y = 3f: (X, 1) > (Y, 1) ;f 1-1, fonto, f continuous, f* continuous
Suppose that X is locally connected, to prove Y is locally connected

- f onto, continuous, open and X locally connected = f(X) =Y locally connected

(by previous theorem)
Now, suppose that Y is locally connected, to prove X is locally connected

-+ £ onto, continuous, open and Y locally connected = f*(Y) = X locally connected
(by previous theorem)

Remark : Let (X, t) and (Y, t') be a topological spaces. If the product space XxY is
locally connected space then each X and Y is locally connected space.
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