Chapter Three 2025-2026 Compact Spaces

Chapter Three : Compact Spaces

Definition : Cover & Finite Cover & Open (resp., Closed) Cover
Let {A.}qca be a family of subsets of the space (X, ). We called the family {A,}qca

cover of X iff X equal the union of elements of the family {A }oen -
(i.e., X = Uoer Ax)
If {A.}aca is finite and cover X, then {A.}.ca IS called a finite cover of X.
If each A, a€A, is open (resp., closed) in X and {A.}q.ca cover X, then {A }uca IS
called an open (resp., closed) cover of X.

Definition : Subcover
Let C = {A,}.ca be a cover of X and {Bi}icx be a sub family of C and cover X, then

{Bi}ica is called subcover from C.

Definition : Compact Space
A space X is called compact iff each open cover of X has a finite subcover for X.
le.,
Xiscompact & V C={Uy}tucr ; Uset Va A X=UJger Ug
= Joy, 0z, ..., o ; X= U, Ug,
Xisnotcompact << 3 C={U,}ecr ; Uset Vo A X=Uger Uy
= Ao, 0z, ... 0 ; X= UL, Ug,

Example : Take X =R and t = {R, ¢, Q, Irr}
The opensetintare R, ¢, Q, Irr.
Take, C; ={Q, Irr} is open cover for R (i.e., R = Q | Irr) and it’s a finite subcover
of R, so this cover satisfy the definition of compact space.
Now, we introduce all open cover for R as follow :

C={R, ¢, Q}, C3={R, ¢, Irr}, C, ={R, Q, Irr}, Cs = {0, Q, Irr},

Ce=1{R, ¢}, C;={R, Q}, Cg ={R, Irr}, Co={R, ¢, Q, Irr} =1

and every cover of them has a finite subcover, hence (R, t) is compact.

Remark : If we want to show that the space is not compact it's enough give one open
cover, but has not finite subcover. The following example show this :
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Example : Is (R, t,) compact space ???

Answer : No
Take the opencover C={(-n,n) ; neN}forR (i.e.,R = Uinzl(—n, n) ).
{ { { I ) ) ) R

-3 -2 -1 0 1 2 3
Notes that the open cover C has no finite subcover, because if we assumption there
exists a finite open interval cover R , then their union is the large interval, for

example (—m, m); m e N, this means R = (—m, m) , m # oo and this contradiction!!!

Example : Show that (N, tes) IS cOmpact space.
Solution : Let C = {U,}.cx be an open cover for N, then
N =Uoea Ug ; UgEteor VaeA
since U, € Tt , then N— U, if finite , for all U, € T¢of
take arbitrary set say U, _, then N—U,_ if finite,
let N— U, ={X1, ..., Xn1}; X1, ..., Xp1 €N
this means that U, _ contains all natural numbers excepts Xy, ..., X1
take another set contains x; say U, and set contains X, say U,, ....etc set contains
Xn.1 2y U, _ . So we have n set whichare U,_,......, U, suchthat N= Ui“: 1Ua;-
therefore, the open cover C = {U,}ca has a finite subcover {U,, }iL,, hence (N, tco) is
compact.

Definition : Compact Subspace

Let (X, 1) be a topological space and W be a subspace of X. We called a space W is

compact space iff every open cover from X cover W has a finite subcover. i.e.,
Wiiscompact < V {Uy}eer ;UgetT Va A W Uoen U

. n
= Jay, 0y, ...,0 WC Ui=1Uai'

Theorem : (Heine-Borel Theorem)
The subset A < X is compact iff A is closed and bounded.

Remarks : The previous theorem is one of theorems which study in mathematical
analysis which is specific to subsets of Euclidean space R with usual topology and

special case in (R, 1,). S0, every subset of R is compact iff its closed and bounded.
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Example : In (R, 1,) show that any set from the following sets is compact by using
Heine-Borel Theorem.
A=(2,3), ,B=[57], C=[-2,1), D=N, ,E={2,3,4}, F=Q
Solution :
A not closed and bounded = not compact.
B closed and bounded = compact.
C not closed and bounded = not compact.
D closed and not bounded = not compact.
E closed and bounded = compact.
F not closed and not bounded = not compact.
In general in usual topology (R, 1),
every closed intervals is compact sets.
every half closed (open) interval and open intervals is not compact sets.
every finite sets of points is compact sets.
Q and Irr not compact.

Definition : Hereditary Property

We call a property "P" of a space (X, t) hereditary property iff every subspace of a
space X with the property must have the property.

Notes that if there exists at least one subspace not satisfy this property, then this
property not hereditary property.

Remark : Compactness is not hereditary property. For example :

Example : Take X = [0,1] with induce topology from (R, t,) and take W = (0, 1).
Clear that W < X and X is compact space, but W is not compact.

Theorem : If A and B are compact sets in a space (X, 1), then A |J B is compact set.
Proof : LetC={U,}ocr ; U, et VYV a opencover of AJB.
To prove C has a finite subcover
w AUBcUuer U = A Uoer Us A B S Uuer Us
(sihceAcAUB,BcAUUB)
.. C cover of A and B, but A and B are compact
=30y, ..., ;AcU_, Uy, and Joy,...,on ;Bc U].ILUG].
= AUBcUp Uy,
.. C has finite subcovetfor A|lJB = A||JB compact set.
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Remark : If A and B are compact sets in a space (X, t), then A () B is not necessary
compact set.

Example : Let X =N[J{o, -1}, 1={Uc X:-1,0 € U A U finite} |y P(N)
A={0}UN, B={-1}UN

Notice that A and B are compact subsets of X, but A () B is not compact, since there
exists G = {{n} : n € N} is an open cover of A () B, but it has no finite subcover.

Remarks :

[1] If s finite set, then (X, t) is compact space, since every open cover heir being
finite, so every open cover has a finite subcover.
Special case : (X, I) is compact space for any X (finite or infinite), for example
(R, 1) and (N, I) are compact spaces ... etc.
Another special case : if X is finite, then t is finite set and t < IP(X), therefore
(X, 1) is compact space.

[2] If X is infinite set, then (X, D) is not compact space, since the open cover C =
{{x} ; x € X} has no finite subcover. If X is finite, then (X, D) is compact space
(by Remark [1]).

Theorem : The continuous image of compact space is compact. i.e.,
If f: (X, ) > (Y, t') is continuous function and X is compact space, then f(X) is
compact.
Proof : Let f: (X, 1) - (Y, 1') be continuous and X compact space.
To prove, f(X) compactin Y
Let C={V.}.ca Open cover for f(X)
= f(X) cUsea Vo ; VoeT YVaeA
= fH(f(X)) < (Uoen Vo)
= X € Uaea (Vo) (since F(f(X)) = X and f*(Uuea Ac) = Unen FH(A) )
Since f is continuous = f (V) etV a e A
= {f (Vo) }oen is open cover for X
 Xiscompact = J oy, ..., o ; X< Ui, f1(Vy,)
= f(X) c (UL, f ' (Vo))
= = U?=1f(f_1(Vai)) (since f(A U B) =f(A) U f(B) )
= f(X) < UL, Ve, (since f(f *(A)) c A)
. f(X) compact set.
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Corollary : If the product space XxY is compact, then X and Y are compact spaces.
Proof : The projection function Py : XxY — X is continuous and onto
- XxY compact = Pyx(XxY) compact (by previous theorem)
* Px onto = Py(XxY)=X
= X compact
By the similar way we prove Y compact.
The projection function Py : XxY — Y is continuous and onto
- XxY compact = Py(XxY) compact (by previous theorem)
- Py onto = Py(XxY)=Y
= Y compact

Remark : If X and Y are compact spaces, , then XxY is compact spaces (i.e., the
converse of the above theorem is true in general), and it's theorem one of the
important theorem in topology called Tichonov theorem (without prove) and we will
introduce some examples to user of this theorem.

(R, t,)x(N, teof) IS NOt compact space, since (R, t,) not compact.

(N, teop)x(N, Teof) IS cOMpact space, since (N, 1) compact.

(N, teopx(R, 1) is compact space, since (N, t) compact and (R, 1) compact.

(R, D)x(R, 1) is not compact space, since (R, D) not compact.

({1, 2, 3}, 1)x(X, 1) is compact space for any t and for any X, since {1, 2, 3} is finite
set and (X, I) compact for any X.

Definition : Topological Property

A property "P" of a topological space (X, ) is called a topological property iff every
topological space (Y, t') homeomorphic to (X, t) also has the same property. i.e.,

iIf (X, 1) = (Y, 1) and (X, 1) has a property "P", then (Y, t') has the same property and
vise versa.

Theorem : Compactness is a topological property.
Proof : Let (X, t) and (Y, t') be topological space ; Xz=Y
Suppose that X is compact, To prove Y is compact

*Xz2Y = 3f: (X, 1) > (Y, 1) ;f 1-1, fonto, f continuous, f* continuous
- f continuous, onto and X compact = f(X) =Y compact

(by theorem : The continuous image of compact space is compact)

Now, suppose that Y is compact, To prove X is compact
-+ £ continuous, onto and Y compact = f™(Y) =X compact
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(by same theorem : The continuous image of compact space is compact)

Remark : By using compactness as a topological property, we can decided the
known space is equivalent another known space or not. Also, we can decided the
space unknown (compact or not compact) if its equivalent another known space
compact or not compact. For example :

(R, I) # (R, 1y) since (R, I) is compact, but (R, t,) not compact. Also,

If (N, 1) = (Y, 1) and since (N, tf) IS compact, then (Y, t) is compact (since
compactness is topological property).

Remark : Compactness is not hereditary property (remark p.67), but if we add a
condition for the subset from compact space become a compact set and the following
theorem show that :

Theorem : A closed subset of a compact space is compact.
Proof :

Let (X, ) compact space and F closed set in X

To prove, F compact set

Let C={U.}.car Open cover of F

= F cUwerUy ;Uget YVaeA
X=FUF = X=UwaUUF° (since F < UJoeaUo)
" Uget VaeA A Flen (since F closed set)
= {Uq}aen U {F} open cover of X
X compact =3 o, ..., 0 ; X= (UL, Uy) UF
But, FcX =Fc(UL,U,)UF
Since FNF'=¢= Fc U_, Uy
. F compact set.

Notes that the condition being F closed is very important and the theorem is
not true if the condition deleted.

Definition : Finite Intersection Property
Let {A.}qca De a family of sets. We call this family satisfy the finite intersection
property and denoted by (f.i.p) if the intersection of any finite number of elements of
this family is nonempty. i.e.,

{Ac}oen hasfip. & NL; Az 9V N
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Example : Let A, = (—%,%) ;neN
Notes that, the intersection of any finite numbers of elements of this family is
nonempty, so its satisfy (f.i.p).

Remark : If the family {A.}.ca satisfy (f.i.p), then it is not necessarily that the
intersection every elements of the family is nonempty. i.e., not necessarily Ny ep A #

d.

Example : Let Ay = {n,n+l, ...} ;neN
Ar=N A =N\{1}, As =N\ {1, 2}, ...
Notes that, intersection every finite numbers of the family is nonempty while
n=1 A= ¢ and this family satisfy (f.i.p). i.e., in general
LiAc# 0V NE Nuen Ac# §

Theorem : A space (X, t) is compact iff every family of closed subsets of X satisfy
(f.i.p) being intersection nonempty.
Proof : (=) Suppose that X is compact space and {F,}.c be a family of closed sets
satisfy (f.i.p.), to prove (Naea Fo # ¢.
Suppose (Noca Fou = ¢
= (Maea Fo)* = ¢°
= Uoer F& =X
Since F,isclosed Va = F§ etV a
= {F&}ocn 1S Open cover for X
Since X is compact = 3 ay, ...., oy ; X = UjL, Fg
= X°= (Uiz, Fg)°
=dé=NL,F,; CHI
Since this family satisfy (f.i.p), then NiL; F,; # ¢.
S0, (NoerFo # ¢.
(<) Suppose {F.}.ca be a family of closed sets satisfy (f.i.p.) and (eea Fo # ¢. ((for
any family of closed sets satisfy (f.i.p.) )), to prove X is compact.
Suppose that X is not compact = 3 open cover for X has not finite subcover

i.e., X= Uae/\ Ua AX# Uin=1 U(xi v n
= X°# (UL1 Up)® = ¢ = Nizy UG
Ug; € FsincelUgert
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we have, the family of closed sets {US }.ca Satisfy (f.i.p), but intersection this family
IS empty since
X = UoeaUa = X = (UueaUo)’
= ¢ = [NeeaU&  CH! (with hypothesis)
.. X compact space.

Definition : Lindel6f Space
A space (X, 1) is called Lindel6f space iff each open cover of X has a countable
subcover for X. i.e.,

XisLindelof < V C={Uy}ucr ; Uget Va A X=uer Uq

o0
= Jog, 02 . ; X=UiLy Uy

Question : Prove or disprove :
(1) Every compact space is Lindel6f space.
(2) Every Lindel6f space is compact space.
(3) Every finite space is Lindel6f space.
(4) Every countable space is Lindel6f space.
Solution :
(1) Yes, prove, i.e.,, Compact = Lindelof.
Let X be a compact space = every open cover of X has a finite subcover
. every finite set is countable set
= every open cover of X has a countable subcover
= X is Lindel6f space.
(2) No, disprove, i.e., Lindelof # Compact. For example :
(R, t,) is not compact space (see page 66), but its Lindel6f space :
Since every open cover of R contains of open intervals (by definition of t,) and
every open interval contains at least one rational number (since Q is dense set in
R), so we can use this rational numbers to numerical the open intervals, so this
cover became countable (since the rational numbers is countable).
" every set is subset of itself, so the countable open cover we search it is itself,
- (R, 1) is Lindelof.
(3) Yes, prove
Since every finite space is compact space and every compact space is Lindelf.
(4) Yes, prove
Since every open cover is countable, so it’s the subcover required.
Example : (N, 1) and (Q, 7) is Lindel6f for any topology r.
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Notes that, the Lindel6f space not nessarily countable (example : (R, 1) is
Lindel6f, but not countable)

Example : (X, I) is Lindelof, since its compact space and the only open sets are X, ¢.
For examples of this space (R, I), (C, I) and (Q, 1) are Lindel6f space (we can replace
X by any set).

Example : (X, D) is Lindel6f if X is countable and not Lindel6f if X is uncountable.
For examples of this space (N, D) and (Q, D) are Lindel6f space, but (R, D) and (C,
D) are not Lindelof space.

Example : (X, 1) IS Lindelof if X any infinite set since its compact space. For
example of this space (N, t¢of), (R, Teor) and (C, teof) ... etc.

Example : (X, 1) is Lindel6f if X any uncountable set since its compact space.

Remark : Lindel6fness is not hereditary property, but if we add a condition for the
subset from Lindel6f space become a Lindel6f set and the following theorem show
that :

Theorem : A closed subset of a Lindelof space is Lindelof.
Proof : Similarly of prove Compactness (see page 70).

Theorem : The continuous image of Lindelof space is Lindel6f. i.e.,

If f: (X, 1) > (Y, 1) is continuous function and X is Lindel6f space, then f(X) is
Lindelof.

Proof : Similarly of prove Compactness (see page 68).

Theorem : Lindel6fness is topological property.
Proof : Let (X, 1) and (Y, t') be topological spaces ; X=Y
Suppose that X is Lindel6f, to prove Y is Lindelof
Xz=Y = 3f: (X, 1) > (Y, 1) ;f 1-1, f onto, f continuous, f* continuous
f continuous, onto and X Lindel6f = f(X) =Y Lindel6f
(by theorem : The continuous image of Lindel6f space is Lindel6f)
Now, suppose that Y is Lindelof, To prove X is Lindel6f
f continuous, onto and Y Lindeléf = f™(Y) =X Lindelof
(by same theorem : The continuous image of Lindel6f space is Lindel6f)
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Examples of this theorems :

Example (1) : Let f: (R, 1) > (X, 1) be continuous onto function. What about the
space (X, 1) ??

Solution : Since (R, ) is Lindelof space, then (X, t) is Lindel6f (by theorem : The
continuous image of Lindel6f space is Lindel6f)

Example (2) : Let f: (R, D) —> (X, 1) be continuous onto function. What about the
space (X, 1) ??
Solution : Since (R, D) is not Lindelof space, then we cannot decided the space (X, 1)
Is not Lindel6f because theorem tell us : The continuous onto image of Lindelof
space is Lindel6f, but the domain is not Lindel6f, for example :

f:(R,D)— (R, ) such that f(x) = x
f is continuous onto and domain (R, D) is not Lindel6f, but codomain (X, 1) is
Lindelof.

f: (R, D) — (R, D) such that f(x) = x
f is continuous onto and domain (R, D) is not Lindel6f and codomain (X, D) is not
Lindelof.

Remark : Let f: (X, t) — (Y, t') be continuous onto function and Y is Lindel6f, but
not necessarily X is Lindel6f, for example :

Example : Letf: (R, D) - (R, 1) ; f(x) = X, be continuous onto function and (R, t,)
is Lindel6f, but (R, D) X is not Lindel6f

Corollary : If the product space XxY is Lindel6f, then X and Y are Lindelof spaces.
Proof : The projection function Py : XxY — X is continuous and onto
- XxY Lindelof = Px(XxY) Lindelof
(by theorem : The continuous image of Lindel6f space is Lindel6f)
* Px onto = Px(XxY)=X
— X Lindelof
By the similar way we prove Y Lindel6f.
The projection function Py : XxY — Y is continuous and onto
- XxY Lindel6f = Py(XxY) Lindelof
(by same theorem : The continuous image of Lindel6f space is Lindel6f)
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- Py onto = Py(XxY)=Y
=Y Lindelof

Remark : If X and Y are Lindel6f spaces, then XxY is Lindelof space (i.e., the
converse of the above corollary is true in general), i.e.,

Xand Y are Lindelo6f < XxY is Lindelof
and we will introduce some user of this theorem.

(R, ©)x(R, D) is not Lindel6f space, since (R, D) not Lindel6f,
(N, D)x(N, tcof) is Lindelof space, since (N, D) Lindel6f and (N, t¢of) Lindelof.

Example : If (R, 1)x(R, ) is Lindel6f space, what about the space (R, 1) ??
Solution : The space (R, t) must be Lindelof.

Corollary : Every quotient space from a Lindel6f space is Lindel6f.
Proof : let (X, t) be a Lindel6f space and ~ be equivalent relation on X, then the
quotient space is (X/~, 1p) such that p : X — X/~ ; p(x) = [X].
clear that p is continuous onto (see quotient space)
since X is Lindel6f = X/~ is Lindelof
(by theorem : The continuous image of Lindelof space is Lindelof)

Examples :
Every quotient space from (X, 1) is Lindel6f space.

Every quotient space from (R, t,) is Lindelof space.

Every quotient space from (X, t.s) is Lindelof space.
Every quotient space from (R, D) is not necessarily Lindel6f space.
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