EXAMPLE:

1 4 1
Let / f(x) dx = 5, [ f(x)dx = =2, and / h(x)dx = 7.
Then: 7! J1 J-1

1 4
1. / flx) dx = —/ f(xX)dx = —(=2) =2
J4 I

1 1
2[ flx) dx + 3/ h(x) dx
J=1 J-1

2(5) + 3(7) = 31

4 'l 4
3. / f(x)dx = / flx) dx + [f[.\'}d.\' =5+(-2)=3
J-1 J= Ji

1
2. / [2f(x) + 3h(x)] dx
J-1

2.1 Integration by Substitution

THEOREM Substitution in Definite Integrals: If g' is continuous on the interval /a, b] and fis

continuous on the range of g(x) = u, then

b glb)
] flg(x))-g'(x)dx = / fu) du.
a gla)

1
EXAMPLE: Evaluate [ VAT Tax

SOL: 1 _ Let u x> + 1,au Ix“ dx.
- / 3_\'2 Vx® + 1dx When x —lLu=(—1) +1 0
J=1 When x 1, u (1 + 1 2
2
= Vu du
0
2 aip ]— : .
=" Evaluate the new definite integral.
3 5 te t te integ
— 2032 _q32] =2 _4V2
EXAMPL =5[22 - 0] =£[2Vv2] ==

)

(a) ] cot 0 csc?0 db
w4

0 Let u cot ¢, du cset 0 do,
f u~(—du) dit = csc 0 do
1 When @ /4, u cot(m/4

When #

I

|
:“"“7_

s

/4 -

" w/4
sin x
(b) f tan x dx = [ cos x X
/4 o =w/4




THEOREM:
Let f be continuous on the symmetric interval [ -a, a].

(a) If f is even, then /‘ flx)dx = 2/‘}‘(.\') dx.
J=a JO

(b) If fis odd, then f(x)dx = 0.

o —d

" . O . )
EXAMPLE: Evaluate _/__,_‘-‘ 4x” + 6) dx.

SOL: Since f(x) = x* — 4x? + 6 satisfies f{ -x) =f{x) , it is even on the symmetric interval [ - 2, 2]

, SO

/‘(.1‘4 —4x2 + 6)dx = 2/ L(.r“‘ — 4x2 + 6)dx
J=2 0

o)

_ (x4 .
2{5 3_\ +61L

_,(2_3 _232
--2(5 : uz) .22

DEFINITION: If y = f{x) is nonnegative and integrable over a closed interval /a, b/, then the area
under the curve y = f{x) over /a, b/ is the integral of ffrom a to b.

A= j bf(x) dx

If f(x) is negative then A= fab |f(x)|dx
EXAMPLE
Let f(x) = x? — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area between

¥

the graph and the x-axis over [-2,2]. \ i

R
, \|1~\ B
Solution: \ nl /,
(a) /_:J'(.\‘Jd.\' = [lT! - 4_\'}; = (; - S) - (—-% + H) = _:{_TE' \ Al /
(b) The area between the graph and the x-axis is I— “—3"' = % t_ % anssidlozug
|

EXAMPLE: Find the area between the graph f(x) = x3 — 2x% — x
SOL: f(x)=0 then (x* — 1)(x — 2) = 0 that is x=1, -1 and x=2

1 2
A=Ay + Az = [ If(0)ldx + [[1f (x)|dx

EXAMPLE: Let the function f{x) = sin x between x = 0 and x = 2m. Compute \ /
(a) the definite integral of f{x) over [0, 2m]. S =  Ara= ‘;,
(b) the area between the graph of fix) and the x-axis over [0, 27]. W
Solution T

(a) The definite integral for f(x) = sinx is given by

/ sinxdy = —cosx| = —[cos2w —cos0] = —[1 —1] = 0.
JO do

7



(b) To compute the area between the graph of f(x) and the x-axis over [0, 2] we should find the
points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x=m or x=27m
Now subdivide [0, 21| into two pieces: the interval [0, 7] and the interval [, 27].

/ sinx dx = —ms_\'} = —[cosT —cos0] = —[-1 — 1] =2
0 0
/ sinxdx = —cosx |

Area = |2| + |-2| = 4.
EXAMPLE:

= —[cos 27w — cosw] = —[1 — (—1)] = =2

Find the area of the region between the x-axis and the graph of
f(x) = x3 — x* — 2x,

-1 <x<2
Solution

Area % \ y=x3 = x2—2x
N |
1 ’/ .'Jlﬂ *
VAN
First find the zeros of f. f(x) = x3 — x2 — 2x =0 / \\ 8 J.-'i
\ /
x(x?2—x—-2)=0 \ 4
x(x+1Dx—-2)=0

4

x =0, -1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-1, 0], on which f= 0, and [0, 2],
integrals.

0
/ (x3 —x2 = 2¢)dx = [
J=

on which f<0. We integrate f over each subinterval and add the absolute values of the calculated

3 10
R NS I LD NP I ST e [
g 3 % |.=0 {4*3 '} 12
Wor-wa=|E-Lop2 = [s-8_4]-0--8
A X X x) dx 4 g ly 3 3
Total enclosed area = D t s8] e dl
¢ sEE e 12 3 12

EXAMPLE: Find [ |x — 1]dx

Since |x — 1| :{x—l

—-x+1 x<1
03

x=>1

then f_zllx —1ldx = f_ll(—x + 1)dx + flz(x —1)dx
Indefinite Integrals and the Substitution Method

Since any two antiderivatives of f differ by a constant, the indefinite integral notation means that
for any antiderivative F of f,

]f(x) dx = F(x) + C,
where C is any arbitrary constant.



THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then
/_f(g{.\‘))g'{.\'] dx = /f(n)du.

Substitution: Running the Chain Rule Backwards

If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

d { u""! du
— : = y"—
de \n + 1 dx
ntl

Thel'efore j”” ‘:;—": dx = U + (.

n+1

H.r.l"l

As well as / W= T 75 then du = %d_\-
EXAMPLE:

Find the integral ] (=* + x)’(3x* + 1) dx.

Sol: let ¥ = x* + x.then 4y = %u’_\' = (3x2 + 1) dx,

so that by substitution we have :

/'[J.‘3 + x)P°(Bx2 + 1) dx = /.u“dﬁ

[
= % + C Integrate with respect 1o 1

(x? + x)°

= f + ( Substitute

EXAMPLE:

Find the integral / V2x + 1dx.

SOL: let u=2x+1 and n=172,  du = % g = 2 ax
X

d
because of the constant factor 2 1s missing trrom tne integral. So we write

/VZ\'+ l-d_\' = %/ \/2.\'+ 1+2dx

= %/ul 2 du

3/2
l”._

232

+ C
- l[2\ + I]L: + C Substitute 2x + for
3 tu

EXAMPLE: Find [ sec? (5t + 1)-54dt.

SOL: Let u=5t+ 1 and du =5 dx. Then,
/‘ sect (5t + 1)-5dt = / sec® u du

=tanu + C

=tan(5¢t+ 1)+ C Substitute 5t + 1 fo



EXAMPLE: /cos (70 + 3) do.
SOL: Let u = 76+ 3 so that du = 7 df. The constant factor 7 is missing from the d6 term in the

integral. We can compensate for it by multiplying and dividing by 7. Then,

] cos (70 + 3)do = %] cos (70 + 3)+7do Place factor 1/7 in front of integral
1 - =
=3 /cns udu Letu = 70 + 3, du do
_ 1. .
7sm u+ C Integrate
= %sin (76 +3)+ C Substitute 76

EXAMPLE: /I.\‘z sin (x*) dx = fs{n (x?) - x? dx

" Letu v, i 3x* dx

- /sinn-%dn €1/ du = x* dx
_1[.

3‘/ sin u du
_ 1 . .

E(—cos u) + C Integrate
T 3 :

—3c0s (x*)+ € Replace u by x

EXAMPLE: Evaluate f ¥V2x + 1dx
N I I
SOL u= 2x + 1 to Obtain X = (u - 1)/2’ and find that V2 + 1ldy = 5(" _ l] 5 \/;df;,

The integration now becomes

/,1'\/2\' + ldx %/(u - I]\/:_fd‘rr = /(rr — Du'?du substiture

%/ [h"“'l — HI'::] du Multiply terms.

N

]

= l@- wh | _2zdz .. C Integrate
\"/::' +1
o 7 3 M2y ¢ AR
IU{Z'\ + 1) 6(2_\ + 1)7*%+ € Replacenby2c + 1, W

2zdz [ du Letu =22 + 1,
\‘:.f:: + 1 w'l? du = 2z d:
. /“—m du In the form [ dut

w3 .
= + niegrate
273 T ¢ i
= %u" 34+ C
3 2 2 g
- 5(:' <l b Replace u by 7
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Method 2: Substitute u = Vz> + 1 instead.

2zdz _ il du Let u V2 F I,
\"3 :2 + 1 a u i =+ 1,31 du 2z dz

3/:; du

g
=3 '% *+C Integrate.

_3 (_7 2/3 , ]
= E bl l)"' + € Replace u by (z* + 1)

Example: The Integrals of sin®x and cos *x

(a) [sin"'xcir = f]—"—gﬂdr sintx =1 ‘
= ':],:_/.(l = cos 2x) dx
iy %_1- _ %Sil':lzll‘ o e % _ sir;la; +C
(b) fcoszxdx = f—l—igo—s—?“x—dx = ~2V- kY %?—_‘ +C N . =

DEFINITION: If u is a differentiable function that is never zero, /%du =In|u| + C.
In general [ /'(x) .
/ 70 dx = In|f(x)] + C

EXAMPLE

2 -] -1

© du u=x*=5 du=2xdx,
/ 2 dx = T_ ll'llh‘l ‘1|| ] -J|‘1| \_|l
JOo X — 5 - —5 u > a2

=In|=1|]=In|=5| =Inl =In5 = ~In$§

The Integrals of tan X, cot X, sec X, and esc x

sinx -dﬂ u COS X ODonl(—m/2, m/2)
1- /tanxdr - /cos.\'d‘x "_'f u du = —sinx dx

= =In |u| + C = =In|cosx| + C
= In Toosa] ~ C = In|secx| + C. Reciprocal Rule
cos x dx du u = sinx,
2- [eotxdx= | ———= [ 5 b = cosx db
sSinx du cos x dx
=In|u| + C = In|sinx|] + C = —In|escx| + C.
(secx + tanx) sec’ x + secxtanx
3e Promaeio frppittrere 1) 5, )
sec x dx : 86CX Cecx T tany) dx g dx
du = u = secx + tanx
% = Injul + C=In|secx + tanx| + C A 2 i
du = (sec.xtan x sec” x) dx
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