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6- Product and quotient in exponential form  

Proposition: Let 𝑧ଵ = 𝑟ଵ𝑒௜ఏభ and   𝑧ଶ = 𝑟ଶ𝑒௜ఏమ, then  

1) 𝑧ଵ𝑧ଶ = 𝑟ଵ𝑟ଶ𝑒௜(ఏభାఏమ) 

2) ଵ

௭భ
=

ଵ

௥భ
𝑒ି௜ఏభ 

Proof: 1) 𝑧ଵ = 𝑟ଵ𝑒௜ఏభ = 𝑟ଵ(cos 𝜃ଵ + 𝑖 sin 𝜃ଵ) &𝑧ଶ = 𝑟ଶ𝑒௜ఏమ = 𝑟ଶ(cos 𝜃ଶ + 𝑖 sin 𝜃ଶ) 

𝑧ଵ𝑧ଶ = 𝑟ଵ𝑟ଶ(cos 𝜃ଵ + 𝑖 sin 𝜃ଵ)(cos 𝜃ଶ + 𝑖 sin 𝜃ଶ) 

= 𝑟ଵ𝑟ଶ(cos 𝜃ଵ cos 𝜃ଶ + 𝑖 cos 𝜃ଵ sin 𝜃ଶ + 𝑖 sin 𝜃ଵ cos 𝜃ଶ − sin 𝜃ଵ cos 𝜃ଶ ) 

= 𝑟ଵ𝑟ଶ(cos 𝜃ଵ cos 𝜃ଶ − sin 𝜃ଵ cos 𝜃ଶ + 𝑖(cos 𝜃ଵ sin 𝜃ଶ + sin 𝜃ଵ cos 𝜃ଶ) )  

= 𝑟ଵ𝑟ଶ(cos(𝜃ଵ + 𝜃ଶ) + 𝑖 sin(𝜃ଵ + 𝜃ଶ) ) = 𝑟ଵ𝑟ଶ𝑒௜(ఏభାఏమ). 

2) ଵ

௭భ
=

ଵ

௥భ௘೔ഇభ

௘ష೔ഇభ

௘ష೔ഇభ
=

ଵ

௥భ
𝑒ି௜ఏభ 

Example: If   𝑧ଵ = −1 − 𝑖  &  𝑧ଶ = √3 − 𝑖   find the exponential form of  𝑧ଵ𝑧ଶ &௭భ

௭మ
 

Sol: 𝑟ଵ = |𝑧ଵ| = √2, 𝜃ଵ = 𝐴𝑟𝑔 (𝑧ଵ) = −𝜋 + 𝑡𝑎𝑛ିଵ ቀ
௬

௫
ቁ = −𝜋 +

గ

ସ
= −

ଷగ

ସ
  

⟹ 𝑧ଵ = √2𝑒ି௜
ଷగ
ସ  

𝑟ଶ = |𝑧ଶ| = √4 = 2, 𝜃ଶ = 𝐴𝑟𝑔 (𝑧ଶ) = 𝑡𝑎𝑛ିଵ ൬−
1

√3
൰ = −

𝜋

6
  

⟹ 𝑧ଶ = 2𝑒ି௜
ഏ

ల   

𝑧ଵ𝑧ଶ = 𝑟ଵ𝑟ଶ𝑒௜(ఏభାఏమ) = 2√2𝑒ି௜
భభഏ

భమ  & ௭భ

௭మ
=

௥భ௘೔ഇభ

௥మ௘೔ഇమ
=

௥భ

௥మ
𝑒௜(ఏభିఏమ) =

ଵ

√ଶ
𝑒ି௜

ళഏ

భమ  

Proposition: I f 𝑧 = 𝑟𝑒௜ఏ then 𝑧௡ = 𝑟௡𝑒௜௡ఏ for any 𝑛 ∈ 𝕫 

Proof:  by mathematical induction   

1) When 𝑛 = 0 ⟹ 𝑧଴ = 𝑟଴𝑒଴ = 1 
2) When 𝑛 = 1 ⟹ 𝑧 = 𝑟𝑒௜ఏ 
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3) Assume it is true for 𝑘, this mean 𝑧௞ = 𝑟௞𝑒௜௞ఏ then 𝑧௞ାଵ = 𝑧௞𝑧 =

൫𝑟௞𝑒௜௞ఏ൯൫𝑟𝑒௜ఏ൯ = 𝑟௞ାଵ𝑒௜(௞ାଵ)ఏ 

Therefore   𝑧௡ = 𝑟௡𝑒௜௡ఏ  is the true for all 𝑛 ≥ 0 

For   𝑛 < 0 

𝑧௡ = ቀ
ଵ

௭
ቁ

ି௡
= ቀ

ଵ

௥
𝑒ି௜ఏቁ

ି௡
⟹ 𝑛 < 0 ⟹ −𝑛 > 0 ⟹ 𝑧௡ = ቀ

ଵ

௥
ቁ

ି௡
𝑒ି௜(ି௡)ఏ =

𝑟௡𝑒௜௡ఏ. 

Remark: If 𝑟 = 1 the above formula becomes ൫𝑒௜ఏ൯
௡

= 𝑒௜௡ఏ, this gives the useful 
de Moivers formula: 

(cos 𝜃 + 𝑖 sin 𝜃)௡ = cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 

Example: write  ൫√3 + 𝑖൯
ହ
 in the form 𝑥 + 𝑖𝑦 

Sol: since  𝑟 = ට൫√3൯
ଶ

+ 1 = √3 + 1 = √4 = 2 

𝜃 = 𝐴𝑟𝑔൫√3 + 𝑖൯ = 𝑡𝑎𝑛ିଵ ቀ
𝑦

𝑥
ቁ =

𝜋

6
 

⟹ √3 + 𝑖 = 𝑟𝑒௜ఏ = 2𝑒௜
గ
଺  

∴   ൫√3 + 𝑖൯
ହ

=   ቀ2𝑒௜
గ
଺ቁ

ହ

= 32𝑒௜
ହగ
଺ = 32 ൬cos

5𝜋

6
+ 𝑖 sin

5𝜋

6
൰ 

= 32 ቀcos
ହగ

଺
+ 𝑖 sin

ହగ

଺
ቁ = 32 ቀcos ቀ𝜋 −

గ

଺
ቁ + 𝑖 sin ቀ𝜋 −

గ

଺
ቁቁ = −16൫√3 − 𝑖൯. 
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Example: Use de Moivers formula to derive the trigonometric identities  

cos(2𝜃) = cosଶ 𝜃 − sinଶ 𝜃 & sin(2𝜃) = 2 sin 𝜃 cos 𝜃 

Sol: since (cos 𝜃 + 𝑖 sin 𝜃)ଶ = cos(2𝜃) + 𝑖 sin(2𝜃) ⟹ 

cosଶ 𝜃 − sinଶ 𝜃 + 𝑖2 sin 𝜃 cos 𝜃 = cos(2𝜃) + 𝑖 sin(2𝜃) 

⟹ cos(2𝜃) = cosଶ 𝜃 − sinଶ 𝜃       &          sin(2𝜃) = 2 sin 𝜃 cos 𝜃 

Proposition: Let 𝑧ଵ and 𝑧ଶ be two complex numbers then  

1) 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) 

2) 𝑎𝑟𝑔 ቀ
௭భ

௭మ
ቁ = 𝑎𝑟𝑔(𝑧ଵ) − 𝑎𝑟𝑔(𝑧ଶ) 

Proof: 1) 𝑎𝑟𝑔(𝑧ଵ) = 𝐴𝑟𝑔(𝑧ଵ) + 2𝑛ଵ𝜋  & 𝑎𝑟𝑔(𝑧ଶ) = 𝐴𝑟𝑔(𝑧ଶ) + 2𝑛ଶ𝜋   

⟹ 𝑧ଵ𝑧ଶ = 𝑟ଵ𝑟ଶ𝑒௜൫஺௥௚(௭భ)ା஺௥௚(௭మ)൯ 

Then we have   

𝑧ଵ𝑧ଶ = |𝑧ଵ𝑧ଶ|𝑒௜஺௥௚(௭భ௭మ) ⟹ 𝑟ଵ𝑟ଶ𝑒௜൫஺௥௚(௭భ)ା஺௥௚(௭మ)൯ = 𝑟ଵ𝑟ଶ𝑒௜஺௥௚(௭భ௭మ) 

⟹ 𝐴𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝐴𝑟𝑔(𝑧ଵ) + 𝐴𝑟𝑔(𝑧ଶ) + 2𝑛𝜋 + 2𝑘𝜋 
But             𝐴𝑟𝑔(𝑧ଵ) = 𝑎𝑟𝑔(𝑧ଵ) − 2𝑛ଵ𝜋   &   𝐴𝑟𝑔(𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଶ) − 2𝑛ଶ𝜋 
⟹ 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) − 2𝑛ଵ𝜋 + 𝑎𝑟𝑔(𝑧ଶ) − 2𝑛ଶ𝜋 + 2𝑛𝜋 + 2𝑘𝜋 
⟹ 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) + 2𝜋(𝑘 + 𝑛 − 𝑛ଵ − 𝑛ଶ) zero  
 

∴ 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) 
Remark: 

1) The equation in the above proposition means that if particular values are 
assigned to any two of the three terms, then there is a value of the third 
term, so the equality hold. 

2)  The right and left hand sides of the equation in the above proposition 
coincide as set.   
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Example:  Let 𝑧ଵ = −1 and  𝑧ଶ = 𝑖, show that: 

 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) & 𝑎𝑟𝑔 ቀ
௭భ

௭మ
ቁ = 𝑎𝑟𝑔(𝑧ଵ) − 𝑎𝑟𝑔(𝑧ଶ) 

Sol: since 𝑧ଵ = −1 & 𝑧ଶ = 𝑖 ⟹ 𝑧ଵ𝑧ଶ = −𝑖 &  
௭భ

 ௭మ
= −

ଵ

௜
= 𝑖 

𝐴𝑟𝑔(𝑧ଵ) = 𝐴𝑟𝑔(−1) = 𝜋 ⟹ 𝑎𝑟𝑔(𝑧ଵ) = 𝜋 + 2𝑛ଵ𝜋, 𝑛ଵ ∈ 𝕫 

𝐴𝑟𝑔(𝑧ଶ) = 𝐴𝑟𝑔(𝑖) =
𝜋

2
⟹ 𝑎𝑟𝑔(𝑧ଶ) =

𝜋

2
+ 2𝑛ଶ𝜋, 𝑛ଶ ∈ 𝕫 

𝐴𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝐴𝑟𝑔(−𝑖) = −
𝜋

2
⟹ 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = −

𝜋

2
+ 2𝑛𝜋, 𝑛 ∈ 𝕫 

𝐴𝑟𝑔 ൬
𝑧ଵ

𝑧ଶ
൰ = 𝐴𝑟𝑔(𝑖) =

𝜋

2
⟹ 𝑎𝑟𝑔 ൬

𝑧ଵ

𝑧ଶ
൰ =

𝜋

2
+ 2𝑚𝜋, 𝑚 ∈ 𝕫 

Now  T.P. 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) 

3𝜋

2
= −

𝜋

2
+ 2𝜋 = 𝑎𝑟𝑔(𝑧ଵ𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) + 𝑎𝑟𝑔(𝑧ଶ) = 𝜋 +

𝜋

2
=

3𝜋

2
 

Where, we choose 𝑛ଵ = 𝑛ଶ = 0 & 𝑛 = 1 
𝜋

2
= 𝑎𝑟𝑔 ൬

𝑧ଵ

𝑧ଶ
൰ = 𝑎𝑟𝑔(𝑧ଵ) − 𝑎𝑟𝑔(𝑧ଶ) = 𝜋 −

𝜋

2
=

𝜋

2
` 

Where, we choose    𝑛ଵ = 𝑛ଶ = 𝑚 = 0   

Example:  given that 𝑧ଵ𝑧ଶ ≠ 0, use the exponential forms of 𝑧ଵ &𝑧ଶ,   prove  
𝐼𝑚(𝑧ଵ𝑧ଶഥ ) = |𝑧ଵ||𝑧ଶ| ⟷ 𝑎𝑟𝑔(𝑧ଵ) − 𝑎𝑟𝑔(𝑧ଶ) =

గ

ଶ
+ 2𝑚𝜋, 𝑚 ∈ 𝕫 

Sol: 

𝑧ଵ𝑧ଶഥ = |𝑧ଵ||𝑧ଶ|𝑒௜൫஺௥௚(௭భ)ି஺௥௚(௭మ)൯ since      

൫𝑧ଵ = |𝑧ଵ|𝑒௜൫஺௥௚(௭భ)൯&𝑧ଶഥ = |𝑧ଶ|𝑒ି௜൫஺௥௚(௭మ)൯൯ 

𝐼𝑚(𝑧ଵ𝑧ଶഥ ) = |𝑧ଵ||𝑧ଶ| sin൫𝐴𝑟𝑔(𝑧ଵ) − 𝐴𝑟𝑔(𝑧ଶ)൯ ⟷ sin൫𝐴𝑟𝑔(𝑧ଵ) − 𝐴𝑟𝑔(𝑧ଶ)൯ = 1 

 ⟷ 𝐴𝑟𝑔(𝑧ଵ) − 𝐴𝑟𝑔(𝑧ଶ) =
గ

ଶ
+ 2𝑛𝜋, 𝑛 ∈ 𝕫  

𝐴𝑟𝑔(𝑧ଵ) = 𝑎𝑟𝑔(𝑧ଵ) − 2𝑛ଵ𝜋  & 𝐴𝑟𝑔(𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଶ) − 2𝑛ଶ𝜋  

⟷ 𝐴𝑟𝑔(𝑧ଵ) − 𝐴𝑟𝑔(𝑧ଶ) = 𝑎𝑟𝑔(𝑧ଵ) − 2𝑛ଵ𝜋 − (𝑎𝑟𝑔(𝑧ଶ) − 2𝑛ଶ𝜋 ) =
𝜋

2
+ 2𝑛𝜋 

⟷ 𝑎𝑟𝑔(𝑧ଵ) − 𝑎𝑟𝑔(𝑧ଶ) =
గ

ଶ
+ 2𝜋(𝑛 + 𝑛ଵ − 𝑛ଶ) =

గ

ଶ
+ 2𝑚𝜋, 𝑚 = (𝑛 + 𝑛ଵ − 𝑛ଶ). 
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Exercise: H.W  

7- Roots of complex number 

         In this section, we use the fact    𝑧௡ = |𝑧|௡𝑒௜௡ ௔௥௚(௭), 𝑛 ∈ 𝕫, to find the 𝑛 − 𝑡ℎ 
roots of any nonzero complex number. 

Definition: Let 𝑧° be nonzero complex number. An 𝑛 − 𝑡ℎ root of 𝑧° is a nonzero 
complex number 𝑧 such that 𝑧௡ = 𝑧∘. 

د الحقيقية تكون الجذور الاعدا في لجذور للاعداد الموجبة فقط، بمعنى ملاحظة : في الاعداد الحقيقية تكون ا
  للاعداد قيمة واحدة فقط اما في الاعداد العقدية تكون جذور الاعداد مجموعة من القيم.

Remark: How can we find all the 𝑛 − 𝑡ℎ root of  𝑧∘ ≠ 0? 
Since 𝑧° ≠ 0 it has a polar form 𝑧∘ = 𝑟∘𝑒௜ఏ∘ , similarity any n-th root  𝑧 of 𝑧∘ is 
nonzero and hence it has a polar form  𝑧 = 𝑟𝑒௜ఏ  

𝑧∘ ≠ 0 ⟹ 𝑧∘ = 𝑟∘𝑒௜ఏ∘ ⟹ 𝑧௡ = 𝑧∘&𝑧 ≠ 0 ⟹ 𝑧 = 𝑟𝑒௜ఏهذا المطلوب 

𝑟௡𝑒௜௡ఏ = 𝑟∘𝑒௜ఏ∘ ⟹ 𝑟௡ = 𝑟∘&𝑛𝜃 = 𝜃∘ + 2𝑘𝜋, 𝑘 ∈ 𝑍 ⟹ 𝑟 = ඥ𝑟∘
೙ , 𝜃 =

𝜃∘ + 2𝑘𝜋

𝑛
 

⟹ 𝑧 = 𝑟𝑒௜ఏ ⟹ 𝑧 = ඥ𝑟∘
೙ 𝑒

௜൬
ఏ∘ାଶ௞గ

௡
൰
 

Therefore any n-th root of 𝑧∘ has the form 𝑧 = √𝑟∘
೙ 𝑒

௜ቀ
ഇ∘శమೖഏ

೙
ቁ
, 𝑘 ∈ 𝕫 

Note that |𝑧| = √𝑟∘
೙  for any n-th root 𝑧 of 𝑧∘. This means that the roots lie on the 

circle |𝑧| = √𝑟∘
೙ . Moreover they are equally spaced every ଶగ

௡
 radians. Thus there 

are only 𝑛 distinct roots. 
module جميع حلول (الجذور) يكون لهم نفس ال  :ملاحظة     

  These distinct roots can be obtained when 𝑘 = 0,1, … , 𝑛 − 1 and they denoted 
by 𝐶௞, therefore the n-th roots of 𝑧∘ = 𝑟∘𝑒௜ఏ∘  are given by 

𝐶௞ = ඥ𝑟∘
೙ 𝑒

௜൬
ఏ∘ାଶ௞గ

௡
൰
, 𝑘 = 0,1, … , 𝑛 − 1 

 
 
 
 
 


