Chapter one: Complex numbers Dr. Ali Musaddak Delphi

6- Product and quotient in exponential form

Proposition: Let z;, = rye'1 and z, = r,e'%2, then

1) 2,2, = ryryet(01162)

2) o= et
Proof: 1) z;, = 1,e'%1 = r,(cos 6, + isin,) &z, = 1,e'%2 = r,(cos O, + i sin ;)
Z,2, =1 1y(cos 0, + isinB,)(cos B, + isinb,)
= 1,1, (cos 6, cos B, + i cos B, sinB, + isin B, cos B, — sin B, cosH, )

= r;1,(cos 6, cos 8, — sin 6, cos 8, + i(cos B, sin B, + sin B, cosb,) )

= r115(cos(6; + 0,) + isin(6; + 0,) ) = ryryet®1t62),
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Example: If z;, = —1—i & z, =+/3 —i find the exponential form of z,z, &2
Z2
Sol: r; = |z| = \/7.91 = Arg (z;) = —m + tan™! (%) = —7T+%: —%ﬂ
.31
=z, =V2e "%

1 T
r, = |zl =V4 =2,0, = Arg (z;) = tan™* (——) = ——

=z, = 2e Y%

11

. .117T i91 .
— i(01+62) — —t Za_ne’t _nLi(0,-6y) — L i
Z1Zy =T 1€ = 2V2e "12 &Z2 = e®: 1, e =€

Proposition: | f z = re'? then z™ = r"e™® foranyn € z
Proof: by mathematical induction

1) Whenn=0=2z°=1%"=1

2) Whenn=1= z =re'?
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3) Assume it is true for k, this mean z¥ = rketk® then zk*1 = zkz =

(r*ei0)(rei®) = rk+1it+1
Therefore z™ = r"e™ jisthe true foralln = 0

For n <0

z" = G)_n = (%e‘ie)_n =>n<0=>-n>0=z"= (%)_n e {b =

n,iné

r-e

Remark: If r = 1 the above formula becomes (eig)n = e, this gives the useful
de Moivers formula:

(cos@ +isinf)™ = cosnb + isinnb

5
Example: write (\/§ + i) in the form x + iy

Sol: since r = /(\/§)2+1=\/3+ =4 =2

0 =Arg(\3+i) =tan™! (%) = %

] T
= V3 +i=re? =2

T\ 5 . 5 5
(\/§+ i)5 = (Zel%) = 326157” =32 (cos% + isin?n)

= 32 (cos%ﬂ + isins?n) = 32 (cos (n — %) + i sin (n — E)) = —16(\/§ — i).

6
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Example: Use de Moivers formula to derive the trigonometric identities
cos(260) = cos? @ — sin? O & sin(28) = 2sin 6 cos O
Sol: since (cos @ + i sin8)? = cos(20) + i sin(20) =
cos? 0 —sin? O + i2sin 6 cos O = cos(26) +isin(20)
= cos(20) = cos? 0 —sin?0 & sin(20) = 2sin 6 cos 6
Proposition: Let z; and z, be two complex numbers then
1) arg(z,2z;) = arg(z,) + arg(z;)
2) arg (2) = arg(z,) - arg(z,)
Proof: 1) arg(z,) = Arg(z,) + 2n,m & arg(z,) = Arg(z,) + 2n,m
= 7,7, = 141y ol(Arg(z1)+Arg(zy))
Then we have
2,2y = |2,2,| piATg(2122) — T ei(Arg(z1)+Arg(z2)) =11y piATg(2122)

= Arg(z,z,) = Arg(z,) + Arg(z,) + 2nm + 2kn
But Arg(z,) = arg(z,) — 2n,mt & Arg(z,) = arg(z,) — 2n,m
= arg(z,z,) = arg(z,) — 2nym + arg(z,) — 2n,m + 2nmw + 2km
= arg(z,z,) = arg(z,) + arg(z,) + 2n(k + n—n; —n,) zero

- arg(z,z;) = arg(z;) + arg(z,)
Remark:

1) The equation in the above proposition means that if particular values are
assigned to any two of the three terms, then there is a value of the third
term, so the equality hold.

2) The right and left hand sides of the equation in the above proposition
coincide as set.
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Example: Let z; = —1 and z, = i, show that:

arg(z,7,) = arg(s) + arg(z,) & arg (2) = arg(z,) - arg(z,)

. . o Z 1,
Sol:sincez; = —1&2z, =i = 2z, =—i & 71=—?=L
2

Arg(z,) = Arg(=1) =n = arg(z;) = m + 2nym,n,; € z

s T
Arg(z,) = Arg(i) = > = arg(z,) = > + 2n,m,n, €z

T T
Arg(z,z,) = Arg(—i) = -3 = arg(z,z,) = —3 + 2nm,n € z

A (Zl) Arg(i) = — (Zl) T2 €
J— — = —_- —_— = —
rg 7 rg(i) = 5 = grg ) =2 mm,m € z

Now T.P.arg(z,z,) = arg(z,) + arg(z,)

3 T T
B —§+ 21w = arg(z,z,) = arg(z,;) +arg(z,) = + 3=

Where, we choosen, =n, =0&n =1

NI

5 =arg () = arg(z) = arg(z) =m -7 =
S =arg p =arg(z) —arg(z) =mn -7 =

Where, we choose ny =n,=m=20

Example: given that z,z, # 0, use the exponential forms of z; &z,, prove

Im(z,z3) = |z4||2,| & arg(z,) —arg(z,) = % +2mn,me€ z

Sol:

2175 = |||z, |e ATz~ A9 (22)) gince
(71 = |21] /4987, = |7,|e Ar9(2))

Im(z,z;) = |z,]|2;| Sin(Arg(Z1) - Arg(zz)) ‘_’Sin(Arg(Z1) - Arg(zz)) =1
— Arg(z,) — Arg(z,) = g + 2nm,n € z

Arg(z,) = arg(z,) — 2n,m & Arg(z,) = arg(z,) — 2n,m

[

— Arg(z,) — Arg(z,) = arg(z,) — 2nym — (arg(z,) — 2n,m ) = 5 + 2nm
—arg(z,) —arg(z,) = % +2n(n+n; —n,) = % + 2mn,m = (n + n; —n,).
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Exercise: HW
7- Roots of complex number

In this section, we use the fact z" = |z|"e? 29 p € 7, to find the n — th
roots of any nonzero complex number.

Definition: Let z. be nonzero complex number. An n — th root of z- is a nonzero
complex number z such that z™ = z..

Dl oS8 Agadal) e ) (8 Jiaay ol daa gall lae DU 3l ) oS5 dusidal) dlae ) & ddaaDle
28l (e de gana dae VI a5 S5 daial) Alac YT (A Lal Lo Baa) g daad alac U

Remark: How can we find all the n — th root of z, # 0?

Since z- # 0 it has a polar form z, = r,e'%, similarity any n-th root z of z, is

nonzero and hence it has a polar form z = re'®

2, 0=z, =re = 72" =2.&2 # 0 = z = re'fc Jihd| |3

. . 0, + 2km
el — yelbe — N =N =0, + 2knk€Z = r = T\L/Z,H = —
_ i<9°+2kn>
=z=re? =>z="%re\ =
i(90+2kn’)
Therefore any n-th root of z, has the form z = }/r.e n ) kEz

Note that |z| = 3/r, for any n-th root z of z,. This means that the roots lie on the
. 2 .
circle |z| = %/r,. Moreover they are equally spaced every f radians. Thus there

are only n distinct roots.
module J) s pd O35S (L) Jsls en -alaaMa

These distinct roots can be obtained when k = 0,1, ...,n — 1 and they denoted
by C,, therefore the n-th roots of z, = r,e*?

.(0.+2km
C = %el( n ),k =01,..,n—1

° are given by
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