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Chapter One: Complex Numbers
1- Sums and product

Definition: We define complex number as ordered pairs (x,y) of real number
(two dimension number), which denoted by z,w, ... and the set of all complex
number denoted by C.

Definitions: Let z = (x, y) be a complex number, x is called the real part of z and
denoted by Re(z) and y is called imaginary part of z and denoted by Im(z), if
x = 0then z = (0, y) is called a pure imaginary part.

Example: let z = (—3,1) then Re(z) = —3 and Im(z) = 1.
Remark: NcZcQcRcC,forallx € R,x =(x,0) € Cthus R c C.
Definitions: Let z;, = (x;,y;) and z, = (x,,y,) be two complex number then

1- zy =z, © xy = xand y; = Y,
2- 79+ 2, = (X1 + X3, ¥1 + V2)

3- 21.23 = (X1X3 — Y1Y2,X1Y2 + X2)1)
Example:
(2,-3)(—21)=(-4—-(-3),2+6)=(—4+32+6)=(-1,8)
Definitions: We define the complex number i = (0,1)
Proposition: Let i = (0,1) then

1- i =-1
2- Every complex number z = (x, y) can be writtenas z = x + iy

Proof:

1- i =(0,1)(0,1) =(0—-1,01+1.0) = (-1,0) = -1
2- Letz = (x,y),sothisleadtox = (x,0)andy = (y,0),x,y € R
iy =(0,1)(,0) = (0,y)andsox +iy = (x,0) + (0,y) = (x,y) = z

Example: Find z; +z, and z;.2,,ifz; =2 —i3andz, = -2+
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Sol:zy =2—-i3=(2,-3)andz, =—-2+i—> 2z, +2,=0—i2
2.2, = (2—i3)(-2+i)=—4+i2+6i—i’3=—4+i2+i6+3 =
—1+1i8 = (—1,8).
2- Algebraic Properties
Proposition: Let z;, z, and z3 be complex numbers then

1- Zl+ZZ =Zz+ Zl & Zl'ZZ :ZZ'Zl

2- Z4 + (ZZ + Z3) = (Zl + Zz) + Z3 & Z1. (22.23) = (Zl.Zz).Z3
3- z,.(z,+ 23) =2y.2, + 2,. 23

4- 0+z=2z, l.z=2z

5- The additive inverseof z = x +iyis —z = —x — iy
_ T . . — . € -1 h X o y
6- The multiplicative inverseof 0 # z=x +iyis z Rl by
Proof:

1- Let z; = x4 + iy, and z, = x, + iy, then

Zy + 2; = (%1 +iy) + (g +iy) = (0 +x2) + i(yy +¥2)
= (%3 + x1) +i(y, + y1) = z, + z,(since(+)is commutative on R)

(2,3,4,5) H.W

6- TP z7l=—"— 2

x2+y2 x2+y2
X y
2.z v =(x+i ( —i )
( y) x2 + y2 x2 + yZ
2 2

X . Xy . Xy o Y —1
) 7 13 2+l 2 2 U3 2
x“+y xc+y x“+y xc+y

Example: Findz tifz =i

_ . 1 /—i —i .
Sol: z71 =i 1=—_(—_)=—_2=—l
l -1 -1

Example: Findz tifz =2 — i3
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41 2+i3 _ 243 243 _ 2 .3
Sol: 27" = 2-i3 X 24i3  4+i6-i6—i29 13 13 T 13
Example: Find —LHal
—3+4i
Sol:
—1+2i_(—1+2i) (—3—41’)_ 3+ 4i — 6i — 8i? _11-2i
—34+4i \-3+4i/)'\-3—-4i) 94+12i—12i—16i2 25
11 2
25 ‘25

3- Moduli and conjugate

Proposition: Let z; and z, be two complex numbers, if z,.z, = 0 then either

z,=00r z,=0

Proof: Assume z;.z, = 0and z; # 0 = zilexist= z71.2,.2, = z71.0=0
=2z712.2,=0=>1.2,=0=>2,=0

Example: Solve z%2 + 3iz—2 =0

Sol: 22 +3iz—2=0= (z+2i).(z+i) =0
eitherz+2i=0=>2z=-2iorz+i=0=>z=—i

Example: Show that z = —1 — i2 satisfy the equation z?> + 2z + 5 = 0

Sol:
z24+2z+5=(-1—-i2)?+2(-1—-i2)+5=14+i4—4—-2—-i4+5=0
~ z Solution for the equation

Example: Show that Im(iz) = Re(z)

Sol:

let z=x+iy=Re(z)=x&iz=ix—y=—-y+ix=1Im(iz) =x

~ Im(iz) = Re(z)
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Exercise: HW
Definitions: Modulus or absolute value of a complex number z=x +1iy is
|z] = /x2% + y2.

Example: If z =3 —id then |z| = V32 +42 =9+ 16 =25 =5

Properties of Modulus

1- For any complex number z, |z| € Rand |z| = 0

2-1z| =0iffz=0

3- Geometrically, |z| is the length of the vector representing z

4- z; < z, is meaningless unless both z; and z, are real numbers.

5- |z;| < |z,| Means that the point z; is closer to (0,0) than the point z,.

6- |z, — z,| gives the distance between the points z; and z,

|2, — z,| = \/(x1 —X2)% + (Y1 — ¥2)?
7- The equation of the circle with center z. and radius R is |z; — z,| = R

Example: |z— 2+ i3| =3 = |z — (2 —i3)| = 3 is circle with center at (2,—3)
and radius is 3(R = 3).

Proposition: Let z be a complex number, then
1- Re(z) < |Re(2)| < |z|

2-Im(z) < |[Im(2)| < |z|

Proof: |z| = \/x2 + y2or|z| = J(Re(z))z + (Im(z))2 =
2|2 = (Re(2))” + (Im(2))’

(Re(2))” < |z|? by sauareToot |Re(7)| < |z
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But Re(z) < |Re(z)| < |z|.

Definition: the conjugate of complex number z = x + iyisZ = x — iy
Example: If z =2 —i3thenz =2+ i3

Proposition: Let z be complex number then

1) z=2z
2) |
3) zy+z,=2; 7

4) Zl'ZZ = Z_]_'Z_Z

) (2)=2

6) Re(z) = %Z_

zZ—Z

7) Im(z) = 2_1
8) z.zZ=|z|?

9) |z1.23| = |z;].]2,]

[z1]
10) |2 ===
) Z2 |Z2]

Proof: 4) Let z; = x; +iy; and z, = x, + iy,
Z1Z; = (X1X3 — Y1Y2) T i(x1y; + y1x2) =
Z1Z; = (X1X3 — Y1¥2) — i(x1Y, + y1x3) (1)

Z1Z5 = (X1 = iyq1). (x3 — iy3)
= (X1 = y1Y2) — i(x1Y, + Y1%3) (2)

From (1) and (2) the proof is complete.

S)Q_Q §_zlz=> . _ (ﬂ)_(hZ)_ Z1Z; _ Z1Zp __
Z, 7, 73 |2, |2 by conjucate for twe sides 2, AL 12,2 7,75

SR

6) z=x+iy&zZ=x—-ly=>2z+72=2x&z—272 =12y

8)zZ = (x+iy)(x —iy) =x* —ixy +iyx + y*> = x> + y* = |z|?



