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Example: Find ଵ

ଷି௜ସ
+

ଷି௜ଶ

଺ା௜଼
 

Sol: 

൬
1

3 − 𝑖4
×

3 + 𝑖4

3 + 𝑖4
൰ + ൬

3 − 𝑖2

6 + 𝑖8
×

6 − 𝑖8

6 − 𝑖8
൰ = ൬

3 + 𝑖4

9 + 16
൰ + ൬

18 − 𝑖24 − 𝑖12 − 16

36 + 64
൰

=
3 + 𝑖4

25
+

2 − 𝑖36

100
=

7

50
− 𝑖

10

50
 

Example: show that the hyperbola 𝑦ଶ − 𝑥ଶ = 1 can be written as 𝑧ଶ + 𝑧̅ଶ = 2 
where    𝑧 = 𝑥 + 𝑖𝑦 

Sol: 

Since    𝑥 = 𝑅𝑒(𝑧) =
௭ା௭̅

ଶ
 & 𝑦 = 𝐼𝑚(𝑧) =

௭ି௭̅

௜ଶ
 

⟹ 𝑦ଶ − 𝑥ଶ = 1 ⟹ ൬
𝑧 − 𝑧̅

𝑖2
൰

ଶ

− ൬
𝑧 + 𝑧̅

2
൰

ଶ

= 1 ⟹
−(𝑧 − 𝑧̅)ଶ

4
−

(𝑧 + 𝑧̅)ଶ

4
= 1 

−(𝑧ଶ − 2𝑧𝑧̅ + 𝑧̅ଶ)

4
−

(𝑧ଶ + 2𝑧𝑧̅ + 𝑧̅ଶ)

4
= 1 

−
1

2
𝑧ଶ −

1

2
𝑧̅ଶ = 1 ⟹ 𝑧ଶ + 𝑧̅ଶ = −2 

4- Triangle Inequality 

Proposition (Triangle Inequality): Let  𝑧ଵ and 𝑧ଶ be complex numbers then  

1) |𝑧ଵ + 𝑧ଶ| ≤ |𝑧ଵ| + |𝑧ଶ| 
Proof: |𝑧ଵ + 𝑧ଶ|ଶ = (𝑧ଵ + 𝑧ଶ)(𝑧ଵ + 𝑧ଶ)തതതതതതതതതതതത = (𝑧ଵ + 𝑧ଶ)(𝑧ଵഥ + 𝑧ଶഥ ) = 

𝑧ଵ𝑧ଵഥ + 𝑧ଵ𝑧ଶഥ + 𝑧ଶ𝑧ଵഥ + 𝑧ଶ𝑧ଶഥ = |𝑧ଵ|ଶ + 𝑧ଵ𝑧ଶഥ + 𝑧ଵ𝑧ଶഥതതതതതത + |𝑧ଶ|ଶ = 
|𝑧ଵ|ଶ + |𝑧ଶ|ଶ + 2𝑅𝑒(𝑧ଵ𝑧ଶഥ )  where  𝑤 + 𝑤ഥ = 2𝑅𝑒(𝑤), 𝑤 is complex 
⟹௕௬ ௔௕௦௢௟௨௧ ௩. |𝑧ଵ + 𝑧ଶ|ଶ ≤ |𝑧ଵ|ଶ + |𝑧ଶ|ଶ + 2|𝑧ଵ𝑧ଶഥ | ≤ |𝑧ଵ|ଶ + 2|𝑧ଵ||𝑧ଶഥ | + |𝑧ଶ|ଶ =

(|𝑧ଵ| + |𝑧ଶ|)ଶ   
⟹ |𝑧ଵ + 𝑧ଶ| ≤ |𝑧ଵ| + |𝑧ଶ| 
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2) |𝑧ଵ + 𝑧ଶ| ≥ ห|𝑧ଵ| − |𝑧ଶ|ห ≥ |𝑧ଵ| − |𝑧ଶ|  
Proof: |𝑧ଵ| = |𝑧ଵ + 𝑧ଶ − 𝑧ଶ| ≤ |𝑧ଵ + 𝑧ଶ| + |−𝑧ଶ|  

⟹ |𝑧ଵ| − |𝑧ଶ| ≤ |𝑧ଵ + 𝑧ଶ|                                                                            (1) 
In the same way, we show that  
|𝑧ଶ| − |𝑧ଵ| ≤ |𝑧ଵ + 𝑧ଶ| 

⟹ |𝑧ଵ| − |𝑧ଶ| ≥ −|𝑧ଵ + 𝑧ଶ|                                                                            (2) 
∴ from   (1)& (2), we get  

ห|𝑧ଵ| − |𝑧ଶ|ห ≤ |𝑧ଵ + 𝑧ଶ|  or  |𝑧ଵ + 𝑧ଶ| ≥ ห|𝑧ଵ| − |𝑧ଶ|ห 

Example: show that |𝑧ଵ − 𝑧ଶ| ≥ ห|𝑧ଵ| − |𝑧ଶ|ห  

Sol:  |𝑧ଵ − 𝑧ଶ| = |𝑧ଵ + (−𝑧ଶ)| ≥ ห|𝑧ଵ| − |𝑧ଶ|ห 

Example: If 𝑧 lies on the circle |𝑧| = 2  then show that 3 ≤ |𝑧ଶ − 1| ≤ 5 
Sol: |𝑧ଶ − 1| ≤ |𝑧|ଶ + |−1| = |𝑧|ଶ + 1 = 4 + 1 = 5 

|𝑧ଶ − 1| ≥ ห|𝑧|ଶ − |1|ห ≥ |4 − 1| = 3 

∴        3 ≤ |𝑧ଶ − 1| ≤ 5 

Example: Use the inequality   ห|𝑧ଵ| − |𝑧ଶ|ห ≤ |𝑧ଵ − 𝑧ଶ|, show that if 𝑧 lies on the 
circle |𝑧| = 3 then |𝑧ଶ − 3𝑧 + 2| ≥ 2 
Sol:|𝑧ଶ − 3𝑧 + 2| = |(𝑧 − 2)(𝑧 − 1)| = |𝑧 − 2||𝑧 − 1| 
Since |𝑧 − 2| ≥ ห|𝑧| − 2ห = 1  &  |𝑧 − 1| ≥ ห|𝑧| − 1ห = 2 

⟹ |𝑧ଶ − 3𝑧 + 2| ≥ 2 

Exercise: H.W  
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5- polar coordinates and Euler formula  

         Let 𝑟 and 𝜃 be the polar coordinates of the point (𝑥, 𝑦) that corresponding 
to the nonzero complex number 𝑧 = 𝑥 + 𝑖𝑦 since 𝑥 = 𝑟𝑐𝑜𝑠𝜃 and   𝑦 = 𝑟𝑠𝑖𝑛𝜃 , 𝑧 

Can be written in polar form as  𝑧 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃). 

Remark: 

1) If 𝑧 = 0 then 𝜃 is not defined and hence we cannot  write 𝑧 = 0  in polar 
form. 

2) In complex  analysis we assume 𝑟 ≥ 0 and 𝑟 = ඥ𝑥ଶ + 𝑦ଶ 
3) The real number 𝜃 represent the angle, measured in radius that 𝑧 makes 

with the positive real axis. 
4) 𝜃 has infinite number of values, both positive and negative, that differ by 

integer multiplication 2𝜋. 
5) The value of 𝜃 can be  determined by specifying the quadrant containing 

𝑧 = 𝑥 + 𝑖𝑦 and by using one of the following three equation  

𝑡𝑎𝑛𝜃 =
𝑦

𝑥
                  &       cos 𝜃 =

𝑥

|𝑧|
        &          sin 𝜃 =

𝑦

|𝑧|
       

Example: write 𝑧 = 1 − 𝑖 in polar form  

Sol: 𝑟 = |𝑧| = √1 + 1 = √2 &tan 𝜃 =
௬

௫
=

ିଵ

ଵ
= −1 ⟹ 𝜃 = −

గ

ସ
 

⟹ 𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) = √2 ቀcos ቀ−
𝜋

4
ቁ + 𝑖 sin ቀ−

𝜋

4
ቁቁ 
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Definition: Let  𝑧 be nonzero complex number  

1) Each value of 𝜃 such that 𝑧 = 𝑥 + 𝑖𝑦 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) is called an 
argument of 𝑧 

2) The set of all argument of 𝑧 is denoted by 𝑎𝑟𝑔 𝑧  
3) The principle value of 𝑎𝑟𝑔 𝑧 is the unique value 𝜃 such that −𝜋 < 𝜃 ≤ 𝜋 

and is denoted by 𝐴𝑟𝑔 𝑧. 

𝑎𝑟𝑔𝑧 = {𝜃: 𝑧 = 𝑟(cos θ + 𝑖 sin 𝜃)}, 𝐴𝑟𝑔𝑧 ∈ (−𝜋, 𝜋] 

𝑎𝑟𝑔𝑧 = {𝐴𝑟𝑔𝑧 + 2𝑛𝜋: 𝑛 ∈ 𝕫} 

Example: Find 𝐴𝑟𝑔(5), 𝐴𝑟𝑔(−5), 𝐴𝑟𝑔(𝑖2) and 𝐴𝑟𝑔(−𝑖3) 

Sol: 𝐴𝑟𝑔(5) = 𝑡𝑎𝑛ିଵ ቀ
௬

௫
ቁ = 𝑡𝑎𝑛ିଵ(0) = 0 

𝐴𝑟𝑔(−5) = 𝜋 + 𝑡𝑎𝑛ିଵ(0) = 𝜋 

𝐴𝑟𝑔(𝑖2) =
𝜋

2
   &   𝐴𝑟𝑔(−𝑖3) = −

𝜋

2
 

Example: Find 𝑎𝑟𝑔(𝑧), if 𝑧 = 1 + 𝑖 

Sol: 𝑎𝑟𝑔(𝑧) = 𝐴𝑟𝑔(𝑧) + 2𝑛𝜋, 𝑛 ∈ 𝕫 

⟹ 𝐴𝑟𝑔(𝑧) = 𝑡𝑎𝑛ିଵ ቀ
𝑦

𝑥
ቁ = 𝑡𝑎𝑛ିଵ(1) =

𝜋

4
 

∴ 𝑎𝑟𝑔(𝑧) =
𝜋

4
+ 2𝑛𝜋, 𝑛 ∈ 𝕫 

Example: Find 𝐴𝑟𝑔(𝑧), if 𝑧 =
ଵା௜√ଷ

ଵି௜√ଷ
 

Sol: 𝑧 =
ଵା௜√ଷ

ଵି௜√ଷ
×

ଵା௜√ଷ

ଵା௜√ଷ
=

ଵିଷା௜ଶ√ଷ

ସ
=

ିଵା௜√ଷ

ଶ
 

𝐴𝑟𝑔(𝑧) = 𝜋 + 𝑡𝑎𝑛ିଵ ቀ
𝑦

𝑥
ቁ = 𝜋 + 𝑡𝑎𝑛ିଵ ቆ

√3 2⁄

−1 2⁄
ቇ = 𝜋 + 𝑡𝑎𝑛ିଵ൫−√3൯

= 𝜋 − 𝑡𝑎𝑛ିଵ൫√3൯ = 𝜋 −
𝜋

3
=

2𝜋

3
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𝑧: اذا كان ملاحظة = 𝜃غير معروفة لان  𝜃فان   0 = 𝑡𝑎𝑛ିଵ ቀ
௬

௫
ቁ =

଴

଴
و هذا مقدار غير معروف و   

𝑧عليه لا يمكن تمثيل  =  8 بالاحداثيات القطبية. 0

Euler formula: For any real number 𝜃, we will use the notation  

𝑒௜ఏ = cos 𝜃 + 𝑖 sin 𝜃 

⟹ 𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) = 𝑟𝑒௜ఏ = 𝑟 exp(𝑖𝜃) 

Proposition(𝒘𝒊𝒕𝒉𝒐𝒖𝒕 𝒑𝒓𝒐𝒐𝒇): Let 𝑧ଵ = 𝑟ଵ𝑒௜ఏభ  and 𝑧ଶ = 𝑟ଶ𝑒௜ఏమ then 𝑧ଵ = 𝑧ଶ if 
and only if 𝑟ଵ = 𝑟ଶ and 𝜃ଵ = 𝜃ଶ + 2𝑛𝜋, 𝑛 ∈ 𝕫. 

Remark: 𝑧 = 𝑧∘ + 𝑅𝑒௜ఏ , 0 ≤ 𝜃 ≤ 2𝜋 is a parametric representation of the circle 
|𝑧 − 𝑧∘| = 𝑅. 

Example: Write 𝑧ଵ = −1, 𝑧ଶ = 1 + 𝑖 in polar form 

Sol: 𝑟ଵ = |𝑧ଵ| = |−1| = 1, 𝜃ଵ = 𝐴𝑟𝑔(𝑧ଵ) = 𝜋 ⟹ 𝑧ଵ = 𝑒௜గ 

𝑟ଶ = |𝑧ଶ| = ห√2ห = √2, 𝜃ଶ = 𝐴𝑟𝑔(𝑧ଶ) =
𝜋

4
⟹ 𝑧ଶ = √2𝑒௜

గ
ସ  

Example: Express   𝑧 = 3𝑒௜
ഏ

య   in the form    𝑎 + 𝑖𝑏 

Sol: 𝑧 = 3𝑒௜
ഏ

య = 3 ቂcos
గ

ଷ
+𝑖 sin

గ

ଷ
 ቃ = 3 ቂ

ଵ

ଶ
+ 𝑖

√ଷ

ଶ
ቃ  

Remark: 𝑧 = 𝑧∘ + 𝑅𝑒௜ఏ , 0 ≤ 𝜃 ≤ 2𝜋 is a parametric representation of the circle. 

i.e.  |𝑧 − 𝑧∘| = 𝑅 ≡ 𝑧 = 𝑧∘ + 𝑅𝑒௜ఏ . 

 

 

 

 

 


