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Example: show that the hyperbola y? — x? = 1 can be written as z% + z%2 = 2
where z =x+1iy

Sol:

Since x = Re(z) = %Z_&y =Im(z) = Zl;zz_

Z—Z_)2_<Z+Z_>2=1:>—(Z—Z_)2_(Z+Z_)2=1

2 _ .2 _
=y 1:><i2 2 4 4

—(2? =222+ 2%) (z2°+222+7°) _
4 4 B

——z?——72=1=27%?+4+72=-2

4- Triangle Inequality
Proposition (Triangle Inequality): Let z; and z, be complex numbers then

1) |z1 + 25| < |z1] + |2;]
Proof: [z, + 2,|* = (z: + 2,) (2, + 2,) = (2, + 2,)(Z + Z3) =
2121 + 2125 + 2,70 + 2,7, = |24 |* + 212, + 2125 + | 2,]° =
|z,|? + |2,|%> + 2Re(z,Z;) where w + w = 2Re(w), w is complex
= by absolut v. 121 T 231? < |z1|* + |2,1% + 2|2123| < |241* + 2|z || 5] + |25]? =
(Iz1] + 12,1)?
= |21 + 25| < |2z1] + |2,]
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2) |z1+ 23] = ||Z1| - |Zz|| = |z4| = |z;]
Proof: |z,| = |z, + 2z, — 2,| < |z + z,| + |—2,]
= |z4| = |z3| < |z + 7,| (D
In the same way, we show that
1Z2| — |z1] < |21 + 2,

= |z1| = |z2| = =z, + z,] (2)
~from (1)& (2), we get
||Z1| - |Zz|| <lz3 +2z;| or |z; +z;| = ||Z1| o |Zzll

Example: show that |z; — z,| = ||le — |Zz||
Sol: |z; —z;| = |z, + (—2,)| = ||Z1| — |Zz||

Example: If z lies on the circle |z| = 2 thenshow that3 < |z2—1]| <5
Sol: [z2 —1| < |z?+|-1|=|z?+1=4+1=5

|z2 = 1] = [|lz)* = |1l| = |4 - 1] =3
3<|z2-1|<5

Example: Use the inequality ||21| — IZZH < |z; — z,|, show that if z lies on the
circle |z| = 3then |z2 —3z+ 2| > 2
Sol:|z2 —3z+2|=|(z=2)(z— 1| = |z—2||z - 1]
Since |[z—2| = ||z| =2|=1 & |z— 1| = ||z| - 1| =2
= |z2-3z+2|>2

Exercise: HW
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5- polar coordinates and Euler formula

Let r and @ be the polar coordinates of the point (x, y) that corresponding
to the nonzero complex number z = x + iy since x = rcosf@ and y =rsinf , z

Can be written in polar form as z = r(cos@ + isinf).
Remark:

1) If z = 0 then 8 is not defined and hence we cannot write z = 0 in polar
form.

2) In complex analysis we assumer = 0 and r = /x? + y?

3) The real number 6 represent the angle, measured in radius that z makes
with the positive real axis.

4) 6 has infinite number of values, both positive and negative, that differ by
integer multiplication 2.

5) The value of 8 can be determined by specifying the quadrant containing
z = x + iy and by using one of the following three equation

X
tan@z% & cosf = — & sinezl

|z| |z|

Example: write z = 1 — i in polar form

Sol: v =|z| =v1+ =\/§&tan9:;:

= z =r(cosf +isinf) = ( ( )+lsm( Z))

=—-1=0=-=
4
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Definition: Let z be nonzero complex number

1) Eachvalue of 8 suchthat z = x + iy = r(cos @ + isin0) is called an
argument of z

2) The set of all argument of z is denoted by arg z

3) The principle value of arg z is the unique value 8 suchthat —m < 6 <&
and is denoted by Arg z.

argz ={0:z =r(cos® +isin@)}, Argz € (—m, r]
argz = {Argz + 2nm:n € z}

Example: Find Arg(5), Arg(—5),Arg(i2) and Arg(—i3)
Sol: Arg(5) = tan™?! (x) =tan"1(0) =0
Arg(=5) =m +tan™1(0) ==
T s
Arg(i2) = 5 & Arg(—i3) = —3
Example: Find arg(z),ifz=1+1i
Sol: arg(z) = Arg(z) + 2nm,n € z

= Arg(z) = tan™? (g) = tan~1(1) =%

s
~arg(z) = 7 +2nm,n € z

Example: Find Arg(z),if z = 1+i\/\/;
Sol: 7z = 1+i\/§>< 1+iV3 _ 1-3+i2V3 _ -1+4iV3
OZ=103"1+v3 4 2
Yy V3/2
_ 1(2)\ — _ 1
Arg(z) = m+ tan (x) T+ tan” ( 1/2> T+ tan” ( \/_)
T 27

— -1 e
=m—tan (\/g) T 3 3
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Euler formula: For any real number 6, we will use the notation

e® = cos6 +isind
= z =r(cos @ +isinf) = re'? = rexp(ih)

Proposition(without proof): Let z; = rye'%1 and z, = r,e'%2 then z; = z, if
andonlyifry =r,and 8, = 6, + 2nm,n € z.

Remark: z = z, + Re'?,0 < 0 < 2m is a parametric representation of the circle

|z —z.| =R.
Example: Write z; = —1,z, = 1 + i in polar form
Sol: rn = |le = |_1| = 1,91 = AT‘g(Zl) =T = Z1 = eiT[

T /3
r, =|z,| = |\/§| = \/5,02 =Arg(z,) = Z: zZ, = V2e's

Example: Express z = 3e’s intheform a+ib

Sol: z = Beig =3 [cos§+isin§] =3 E+ L?]

Remark: z = z, + Re'?,0 < 0 < 2m is a parametric representation of the circle.

ie. |z—2z,|=R=z=2z +Re'.
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