(cscx + cotx)

cscx + cotx

(cscx + cotx) esc’ x + cscxcotx
4- fcscxdr=/cscx —dx = dx

::3= ~In ]ul + C=~—In [csc.\' t cot,\-l +.C

H=C5CX + COlLX

dau = (—e¢scxcotx — CsC” x) ax

/tanxdx = In|secx| + C

/col.tdx = In|sinx| + C

Integrals of the tangent, cotangent, secant, and cosecant functions

/sec,rdx = In|secx + tanx| + C

/cscxdx = —In|cscx + cotx| + C

EXAMPLE:

w/6 w3 w3
tan 2x dx = tanu-du:i tan u du
0 0 2 2 )

w/3 1 1 ulm o
In !seca@ =5(n2=1Inl) =7In2 B
0

/e"du=e“+C

EXAMPLE :

In2
(a) _/ e dx
0

N —

/2 w2
(b) / esinxcosxdx _ esinxl
0

The integral of a*

N
fa"du =ftC
Ina

12

1 u=3x =du
k]

In8§ 3 L
u
eVoadn
_/,; 3 u(Iln2) = 31n2

Substitute ¥ = 2x,
dx = du/2,
ul0) = 0,

ulw/6) /3

dx, u(0) =0,

In2° In8

Antiderivative from Example 2¢




EXAMPLE :

(@) ﬁsx — 3*In3

(b) %3-* = 3*(In 3)%(—;-) =-3%In3

(c) 413““ 380 (1 3)%(sin x) = 3""*(In3) cos x

x g — 2
(d)dex 2o €

- ”
sinx = '] =
(e) jZ cos x dx f2 du —]n2+C

- zsin.t X
=2 tC
Example :
(a) lug, o(3x = 1) = I . (3»\‘ 1) = P —
dx ! 0 3x + ldx (In10)(3x + 1)
log, x dx = - Inx
(b) ] _2/ * = 2
= -/ u Inx, du %u"\
- u? | . i (Inx)? - (Inx)?
his ¥ Cepa—+t 22 T

Integration Formulas

du - (u) . 2 2
————=sin (7 ]|+ C (Valid for u~ < a”)
/ Va* - u’® &

du 1, 1 (u ;
2, _/m = ;tan™ ("a") +C (Valid for all u)
sec"l I + C  (Validfor |u| > a > 0)
LV H — ﬂ a 4
EXAMPLE
V32

d.'l' I \/5,’2 3L =9 ‘\/i sl =1 \/_
(a) _ ———==15in X =sin ' [—— | — sin —
V22 1 — x2 V2/2 2 2
(b) / dx - l/. du
\/3 — 4x? B Va2 — u?
_ 1 ra—l u
= Ebln a + C

i gt (A) + C

13



dufu

_ dx 4. WY

* /\/el"—é_ Vu? — a?
Z/diu

uVu* — a*

~ L8]+ 0

= ﬁsec" (\;‘g) + C

Example :

g e'dx , &
~ = > Multiply by (e*/e*) = 1.
e +e e*+ 1
5ia du Let u = &% " = ¥,
“2 + 1 du e* dx.

=tan'u+ C Integrate with respect to u.

= tan"'(e") + C Replace u by €.

Example

Vix — x? 4x* + 4x + 2

Solution
(a) we first rewrite 4x — x? by completing the square:

4 —xt = ~(x* —d4g) = —-(x*—4x +4) +4=4— (x = 2)%

dx _ dx
/V4x—x2 f\/4-(x—2)2
_ du . fu
_fif_z“—‘_z‘ 251n'(5)+C
a —u

(b) We complete the square on the binomial 4x> + 4x:

41'2+4x+2=4(x2+x)+2=4(.r2+x+%)+2—%

2
f dx :j dx :L/ du
4x% + 4x + 2 2+ 1) +1 2] u?+4*
= % . ita’m_1 (%) + C

= %tan'{(Zx +1)+C

T

P



4 HYPERBOLIC FUNCTIONS

The hyperbolic sine and hyperbolic cosine functions are defined by:

Hyperbolic sine: Hyperbolic cosine: Hyperbolic tangent:
X = X —~x
A e — e + : -
sinhy = ———— coshx = &% tanh x = sichx _ e" — e
2 2 ’ anoh v X + o~=%
Hyperbolic cotangent: Hyperbolic secant: Hyperbolic cosecant:
- 2
coshx e*+e™ U S 2 O 2
= - sechx = = — cschx = — —
cothx A coshx ef +e~* sinhx e*—e™

cosh?x — sinh®x = 1
sinh 2x = 2 sinh x coshx
cosh 2x = cosh®x + sinh®x

codhiZii= cosh2x + 1
: Z
inile & cosh2x — 1
i 2
tanh’x = 1 — sech®x (e*" + e_“')
coth’x = 1 + csch®x 2
eZ\' o e—?_r
N 2
= sinh 2x.

Derivatives and Integrals of Hyperbolic Functions

d , . . odu
£ (sinh u) = coshu g

%(cosh u) = sinh ”%
%(tanh u) = sech? H%
%(coth u) = —csch? u%
%(sech u) = —sech u tanh u%
%(csch u) = —csch u coth u%
proof :

1- d . _d (e —e™
dx(amhu) = d.r( 3 )

e"dufdx + e du/dx
2
= cosh ud—h:

dx

15



2 i(cschu) di(smlhu)

_ coshu du
sinh? i dx

1 coshu du

" sinhu sinhu dx

—csch u coth u %

Integrals
fsinhudu = coshu + C
/coshudu = sinhu + C
/.sf:ch2 udu = tanhu + C
-/.cschzud'u = —cothu + C
]scchutanhudu —sechu + C
/cechucothudu = —cschu + C

Example

(a) %(tanh Wit !2)

sech* V1 + fz-i(VI + 12)

dt

= t 24/ 2
— sech 1 +1¢
V1 + ¢

cosh 51 _ du u = sinh 5x,
(b) /coth Sxdx = / sinh 5x ¥ 5 u du = 5 cosh 5x dx

= gln lu] + C = g!n |sinh 5x| + C

1 1 o
(c) sinh®x dx = Ma& Table 7.6
0 0 2

1! 1 [sinh 2x :
—2-/_; (cosh2x — 1) dx —2[ > x]o

- sinh 2 <= l .~ Evaluate with
= 5 & 0.40672

In2 In2 R In2
(d) / 4e* sinhx dx = 4o ————dx = [ (2¢% — 2) dx
0 0 0

= [ez\. - 21][!‘!2 ( 2In2 _ 21n2) A (1 - 0)
=4—=2In2-1=1.6137 .

a calculator.
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Inverse Hyperbolic Functions

Derevatives
d(sinh™" u) _ 1 du
dx V1 + u? dx
d(cosh™ u) _ 1 du Ve
dx Vy? — 14’
ditanh™u) | qu
dx - ] - uz dx’ |u| <1
d(coth™ W) _ 1 du
dx 1 -u? dx’ Il 21
d(sech™ u) 1 du
= - 5 Q=g ]
dx wV1 = 2 @
d(csch™ u) _ 1 A
dx |« V1 + u? dx’
Integrals
du - oy
/-——-u——“\/m—smh (a)-!-C, a>0

du —y (u .
——————— = cosh =14+ C u>a>10
f Viu? — a? (a) ‘
%taﬂh_1 (L—‘) +C, i?< g

3. f zd“ s =
a u “C !h_] (H) 4 C,

=—;1,-csch-'|%|+c- u#0anda >0

du
/-ur\/a2 + u?
EXAMPLE : find the derivative of y
4 (1Y
a) y=cosh™2Vx + 1 b) ¥ = csch™ (5) ¢) y = sinh™ (tanx)

sol
(2]( )(x+ 1!

a) y=cosh™' 2y/x+ I = cosh™ (2(x+ N'/?) = L = e vﬁl\/ma = s
py=eeht () » g=-L20I0_ __moceg

" V-] e e
O y=sinh (anx) = = S = e ey el = oo

EXAMPLL Evaluate

/ b B dx . dx
2) V3 + 4x? ) [.rs V1 = 16x2 c)[ V1 + (Inx)?

Sol:
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