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Example: Find the 3-rd roots of z, = 1
Sol:
1z|=71=1=0,=Arg(z.)=0=2,=¢e =1
The third root of z, = 1 are
O+2kn

Ck—\/_e "3 Jk=012

2k
Cp = \/Tel(Tn),k =0,1,2

CO =ei(0) — 1,C1 =ei(2?n) = —%-I— \/2§ CZ =e (47T) = —

1 3
2 '

Remark:
1

1) For any complex number z, # 0,z" = {z:z" = z,}.
1

2) If r, is the positive real number, then rf denotes the set of all n — th roots
1

of r,,r* = {z: z™ = r,} but /7, denote the unique positive real n — th
root of 1.

3) If 6, = Arg(z,) then C, = \/1,e" ( ) is called the principle root of z..

The n — th roots of unity:

The n — th roots of 1 are given by

.(2KkT

C, = el ),k =01,..,n—1

i(Z(n—l)TE

letw, =C; =e () thenC, = e () = w2, ..,Choq = ) = w1

(2T
Therefore, the n — th roots of unity are 1, w,,, W,%, ...,W,’l“1 , Where w,, = 81(7)

1 (aratz)s2n)
"=1= )n=z=2=1,C = |z,le n k=01,..,n—1

(&
|z,| =1,Arg(z,) = 0,C;, = e\ n

i 2(n—1)n>
= Wn

(2T
. - |—
Therefore the n — th roots of units are 1,w,, w2, ..., w1, where w,, = e (n)
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The n — th roots of z.:

Let 8, = Arg(z,) then the n — th roots of z, = r,e'%

Ck—\/—e<

They can be written as:

are given by:

0, +2k7'[> _ 0 1 1

Ck_fe() (5 = Cwkk=01,..,n—1

Note:

l.(Arg(zo)+2kn)
Z, = 0,C, = Y/|z.|e n k=01,...,n—1

, an)

@
=>Ck="|z|e"el(T=CW,’f,k=01 n—1

27
where C, = ¥r.e' ( ) is the principle root of z, and w,, = e ( )
Example: Find the 2-nd roots of i
Sol:

.(Arg (D) (2
Ck = CoWr’f,k = 0,1 == Co = \/mel( 2 )JWZ = el(Tn) ==

V[
iz> (14 .
C, = |i|e<2 =@ = &w, = e!™® = —1
V2

= The roots of z2 = i are:
L S )
o \/i , L1 01 2 o \/i
Example: Find all values of (2 + i2v/3)*
Sol:
z, = 2 +i2+/3, therootare C,, = C.w), k = 0,1,2,3

Arg(z.)

) ) @

=C =" |z°|el(
= The roots are:
Co; iCo; _Co; _iCo
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1
Example: Find all values of (—4+/3 + i4)?
Sol:

Z, = —4/3 + i4, the rootare C;, = C,wX, k = 0,1,2
Arg(z.)

Dr. Ali Musaddak Delphi

. 5
Co=3{/7°€l( 3 )=>ro=|Z°|=\/48+1 =\/a=8:>147”9(zo)=?

= = Y8R = 26D g w, = o) = #

= The roots are:
C,, C; = C,ws, Cy = C, wa

1 _1

Note: Ifz"=zo&n<0=>zj}=(_) n
1
e

Example: (2)_% = (5)2

Exercise: HW

8- Regions in complex plane

In this section, we will study sets of points in complex z — plane.

Definition:

1) An € — neighborhood of a point z, is the set

N.(z,)={z€C:|z—z]| <¢€}

consisting of all points lying inside the circle |z — z,| < €

2) A deleted € —neighborhood of a point z, is an € —neighborhood of z,

except z, itself is an € —neighborhood of z, itself. That is, it is the set

{zeC:0< |z—2z]| <€}

3) A point z, is said to be interior point of a set S of complex numbers if there
is an € —neighborhood N_(z,) of z, such that N.(z,) c S.
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4) A point z, is an exterior point of a set S of complex numbers if there is an
¢ —neighborhood N.(z,) of z, such that N.(z,) N S = Q.

5) A point z, is a boundary point of a set S if it is neither an interior point nor
an exterior point.

6) The set of all boundary points of a set S is called the boundary of S.

Example: Let S = {z € C:|z| < 1} then the boundary of S is theset S =
{zeC|z|=1},2, = % is an interior point of S but z, = 1 + i is an exterior

point.
Definition: Let S be a set of complex numbers

1) S is open if it contains none of the boundary points

2) S isclosed if it its boundary points

3) The closure of S is the closed set consisting of all points in S together
with the boundary of S.

Example: Let S = {z € C:Im z < 1} then S is open. The closure of S is the set
{zeCImz<1}.
Definitions:

1) Anopen set is said to be connected if each pair of points z; & z, in S can
be joined by a polygonal line, consisting of a finite number of line segments
jointed end to end, that lies entirely in S.

2) Aset Sis called a domain if it is open and connected.

3) Aregion is a domain together with some, none, or all of its boundary.
Example: Sketch S = {z € C: |z + 3| > 2} and determine whether it is a domain
or not.
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Definitions:

1) Aset S is said to be bounded if there is a real number R > 0 such that
|zZ| <R,V zE€ES.

2) A point z, is called an accumulation point of a set S if each deleted
neighborhood z, contains at least one point of S.i.e. N.(z,)/{z.} NS # @

Example: Let S = {i;: n = 1,2,..}, find the accumulation points of S.

dhad (e LS 13 Y ) de senall (e daaiy Hlsall o) da ¢ i zady () oy s o) 143k
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Exercise: HW
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