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Chapter Two: Analytic Functions

In this chapter, we consider function of a complex variable and study
continuity and differentiability of such functions, the main goal of this chapter is
to introduce analytic functions.

9-  Function of a complex variable
Definitions: Let S be a set of complex numbers. A function f defined on S is a
value that assigns to each z € S a single complex number w. In such case we
write w = f(2).
Remark:
a. If f is a function defined on S, then S is the domain of f.
b. If the domain is not given explicitly, then we agree that it's the largest
possible set.

Example(1): Let f be given by f(2) :ﬁ, then f is a function of complex
variables with domain S = C/{1}.

Example(2): Let f be given by f(z) = 1+1, then domain of f is S = C/{i, —i}.

ZZ
10- Real and Imaginary parts of function

Let w = f(z),z=x+ iy be a function and let w = u + iv then we have
u+iv=f(z+iy) both of the real numbers u and v depends on x and y
thusf (2) = u(x, y) + iv(x,y). Similarly, if z=71e® then f(2) = u(r,0) +
iv(r,9).

Example(1): Write f(z) = z? + 2z in the forms f(z) = u(x,y) + iv(x, y) and

f(2) =u(r,6)+iv(r,0)

2 .2
Solution: f(z) = (%) +1i (i’g;’) and

f(2) = (re®)” + 2(rei®) = r2ei26 4 2ret

r2cos20 + 2r cos@\  [r?sin20 + 2r sind
f(z) = i
u(r,0) v(r,6)
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Remark: If v(x,y) =0 for all z then f(z) =u(x,y) is called a real valued

function of a complex variable and the following example.

Example(1): f(z) = |z| = x?+ y? is a real valued function of a complex
variable.

11-

a.

Polynomial and rational functions
If n is non-negative integer, and if a,, a4, ..., a,, are complex number such
that a,, # 0 then the function f(z) = a, + a;z + -+ + a,z" is a polynomial

of degree n. The domain of a polynomial function is the entire z — plane.
p(2) .

b. If p(z) and Q(z) are polynomials, then f(z) = 0 5@ rational function,
the domain of a rational function f(z) = % isthe {z € C:Q(z) # 0}.
Examples:

a. f(z)=iz*— (1 +1i)z3+2z—5—i3is a polynomial of degree n, whose

b. f(2) =

domain is C.
2z%2+i3z+4

P(rnrz 02 rational function whose domain is C/{0,1, i}.

zZ+Z

c. Let f(2) =x%2+y%2+i2(x+y), use x=7,y=zi;zz_to write f(z) in

terms of z.
. _ (z+2\% | (z-2\* | . ((z+Z z-7
sotution: £(2) = (57) + () +2((59)+ (%)
1 < 1 _ ] _ _
=Z(z2 +222+zz)—z(z2 +2zz2+z))+i(z+2)+z—-2Z

=zz+z—zZ+i(z+ 2)

=1zP+(Q+idz—-(1-0z
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12- Multivalued function

A multivalued function is a rule that assigns more than value to a point z in the
domain of definition.

Example(1):f(2) = z? = w = z? (Sl V)= w2l =z w =22 =

C,

= +C, +re'
C.w,

z:rew:{

5 pll (e B2a) 5 LAA) 1) (multivalued function )sess J)sall (e & 5ill 138 @
(Branch) e 5 & 5 &l (s g )8 a5 Jisay(continuous) Al ¢ sSi G sllaall
Jslall aa) AU Al (6 s sl Sadatal usSaall @
Remark:

a. Multivalued function occurs in the theory of functions of a complex
variables just as. They do in the case of real variables. They are naturally
introduced as the inverse of single-valued function.

b. When, we study multivalued functions, we choose only one of the possible
values in a systematic manner, and we defined a continuous single valued
function.

. 1 .6
Example(2): Let z = re'?, z # 0 then zz = ++/re'z where
—1 < 0 = Arg(z) < m (does not continouse)

If we choose only one of these two values, say

1 9
z2=+\re2—n<0=Arg(2) <nm

) (e B slosall Cada 233 jalions AN (585 Aa rddaa Dl
Then f is a single valued function, whose domain is the entire complex plane

except for the ray 8 = m((the negative real axis)).
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13- Limits

Definition (Limit of a function): Let f is a function defined in some deleted
neighborhood of a point z, € C. We say that the limit of f(z) as z approaches z,
is a number L or lim,_,, f(z) = L.

If for each € there is § > 0 such that |f(z) — L| < e whenever 0 < |z — z:| < 4.

Example(1): Prove that lim,,, z = z,
Solution: Let f(z) =z, L = z,Givene > 0 andlet § = € then

0<|z—2z <d=¢€

<6d=>|f(z)-Ll=|z— 2z

Example(2): Show that lim,_,;(i3z + 2) = —1
Solution: f(z) =i3z+ 2,z =i,L = —1

Let e > 0 be givenand let § = g

Nowd < |[z—2z|<d=3|liz—i+i)+1|=>|f(z2) - L =]|i3z+2+ 1| =
3liz+ 1| =3li(z—1)| =3lil|lz—i| =3|z—i]| < 36 =e.

Remark:
a. The definition of limit requires f to be defined in some deleted of a pointz,.
Such a deleted neighborhood always exists when z, is an interior point of
the domain of f.
b. We can extend definition of f limit to the case in which z, is a boundary
point of the domain of f.

In this case we require |f(z) — L| < € only for z in both the domain of f and
0<|z—12z]|<éd

c. Iflim,,, z = L Exists, then its unique.

d. The symbol z = z, means that z is allowed to approach z, in arbitrary
manner, thus if the limit approach different values from different
directions, then the limit does not exist.
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Sl s Ces L OIS aal) 8 A0

Glaladl 3ae gy ax gy SN ) s Ll aa gy (g8l & )

ey g2l (8336 s0 e ) o) GV aaal) 8 et daa pladdul (Sae
Blga e pe Aglall UL dalise Glle aed i 5 cpaladl (o) 2Ab

Example(3): Show that lim,_,, 2Z_z does not exist

Solution:
. z . x 1
If z = x then hmz_mz = hmx_mz LIRS (1)
. : z . —i 1
If z =iy then llmz_mz =lim;,_,o Doy T g (2)

from (1)&(2) implies lim,_,, % does not exist.

14- Theorem on Limits

SUaada

A

We can expedite our statement of limits by establishing a connection

between limits of function of a complex variable and limits of real-valued

functions of two variables. Since limits of the later type are studied in calculus, we

use their definition and properties freely.
Theorem(1):If f(2z) = u(x,y) +iv(x,y),z=x+iy& z, = x, + iy.,
W, = U, + iv, , then lim,_, f(z) =w, ... (1) if and only if

ulx,y) = u.& : lim )v(x,y) =1, ..(2)

lim
()~ (%0,¥5) x,Y)~ (X0, Yo

Proof: We first assume that limits(2) hold and obtain limits(1)

from (2) we get Ve > 0 38,, 5, such that

lu —u,| < g whenever 0 < /(x —x,)2 + (¥ — ¥.)2 < 87 wer e (3)

and |u —u,| < %, whenever 0 < \/(x — %)+ (Y —9.)?2 < 6p ervun o (4)
Let § = min{d,,d, }then |f(2) —w.| = [(u + iv) — (u, + iv,)| =

€ €
|(u—u°)+i(v—vo)|S|u—u°|+|v—v°|<§+§=6
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whenever

0<l|z—z|=0c+iy) = (% +iy)l = (x —x) +i(y — vl
=y —x)+(-y)2 <8

That is limit(1) hold. Now, let start with (1) that limit hold, this means
Ve > 036 > 0suchthat

If(2) —w.| = |(u+iv) — (U, + iv.)] < €. (5) whenever

0<|z—z|=|(x+iy) — .+ V)] <8 e eeee (6)

But |u —u,| < |[(u—uw,) +i(v—v,)| = |(u+iv) = (u, +iv,)| < €
v—v| < |(u—u)+i(wv—v)|=|(u+iv) — (U, +iv.)| <€

and [(x +iy) — (%, +iy.)| = [(x — x.) + iy = y.)I

Hence, it follows from inequities (5) and (6) that

lu — u,| < eand |v — v,| < € whenever 0 < \/(x — X,)?>+ (y — y.)? < 6 this
establishes limits(2) and the proof of the theorem is complete.m

Example(1): Find by above theorem lim,_,,(z2 + iz)
Solution:
f(2)=z+iz=(x2—y)+i2(xy + 1), ulx,y) = x? — y?
v(x,y) =2(xy + 1)
z—-0,(x,y) — (0,0)=x — 0&y — 0

u,= lim u(xy)= lim &?-y%)=0
(x,y)—(0,0) ( }/) (x,y)—>(0,0)( }/)

v,= Ilim v(x,y)= lm 2kxy+1)=2
(x,y)~(0,0) (x,7) (x,y)~(0,0) (xy )

s lim(z2 + iz) = i2
z-0
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Theorem(2): Assume thatlim,_,, f(z) =L &lim,_,, g(z) = M, then

a. limz—>zo [f(Z) T g(z)] =Lt M

IOl Lm0
9(2) M

c. lim,,, [f(2).9(2)] =L.M

b. lim,,

Proof: Use the corresponding theorem for function of two real variables
Corollary(1):

a. If p(z) is a polynomial then lim,_,, p(z) = p(z.)

b. If p(z) & Q(z) are polynomial, Q(z) # 0 thenlim,_,, f(z)] = [@)

% Q(z.)

Example(2): Find by above theorem lim,_,,,;(2z3 + iz + 1)
Solution:

lim 2z3+iz+1)=2Q+)3+iR+i)+1=2Q+i11)+i2—-1+1

Z-o2+1
=2Q+i11)+i2 =4+i22+i2 = 4 + i24
Proposition(1): If lim,_,, f(z) = Lthenlim,_, |f(z)| = |L|

Proof: Assume lim,_,, f(z) =L, lete > 0begivenandlet§ =4J;, 36; >0
suchthat 0< |z—2z| <6, =2 |f(z2) —L| <€

Assume 0 < |z —z,| < § = §, and so ||f(z)| — |L|| <|f(z)— Ll <e.m
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15- Theorem involving the point at infinity

It is often useful to include the point at infinity, denoted by oo, with the
complex plane.

Definition(Extended complex plane): The extended complex plane is the
extended complex plane together with the point at infinity (o).

(00)d) Canzai Ladie (S 5 s sae Cual(00) oY (00)de (s sing ¥ (aiall (s sinall 1ABaNa
. (Extended complex plane) <

Note: To visualize the point at infinity, one can use stereographic projection. We
construct a (one-one) corresponding between the extended complex plane and
the unit sphere.

§2 = {(xy,%x5,%3): x% + x5 + x2 = 1}, 9: 5% - CU{o0},

X1+ ix ..
—— 2 9(0,0,1) = 00(dme )

@(x1, %2, x3) = 1——963

Remark: The sphere S? is known as the Riemann sphere.

Definition(€ — Neighborhood of (0)): The point closed to () in the
extended complex plane correspond to points close to the North pole (N). That is

{z € C:|z| > é} Corresponds to {(x{, X,,x3) € S%:§ < x5 < 1}.
«SUaadla

3 aomS OS5 ) Ll daadll ol g [z] Adlhaall Aadll IR ez Aed Moat (Sae alad a8 (]
2291 ¥y (00) (e Adadill 034 93 508 [z]| O S 1z > 00 Js8 Ledie UL 5 ya
all gl 21l daid jral Y Aasall dlae V) A (—00)

Qe |2] > = na 138 1an 5,0 [ 2] O oy 5 e i 4 (i s 2 (€) O b2

Ll

fe = 0.001 = — = |z| > — = |z| > 1000
1000 —

1000
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Definition(infinite limits):

a. Wesaythat lim,,, f(z) = oo, if for each € > 0 there exist § > 0 such that
0<|z—z]<8=If(D)]>-

b. Wesaythat lim,_ f(z) = L, if for each for each € > 0 there exist § > 0
such that |z| >~ = |f(2) - L| <e.

c. Wesaythat lim, . f(z) = oo, if for each for each € > 0 there exist § > 0
such that |z| >~ = |f(2)] > =.

Theorem(1): If z, and L are points in the z —plane and w —plane respectively
then

1 —
f2)
=L

0

a. lim,_,, f(z) = 0 & lim,,,

N——"

b. limseof (2) = L © lim, of
c. lim,,f(z) =00 & limzﬁowg) =0
= cilaaMa
il (M cady e slia O ey 138 00 s f(Z) <l g
el a2 o) g 104 o0 a7 oS 2
Proof:

a. We start the proof by the first of limits (a) means that
Ve > 036 > 0 suchthat |f(2)] > iwhenever 0<]2=2] <8 erveveeerenn (1)

Let f(z) =w = w lies in € —neighborhood |w| >§ of oo, whenever z lies in

0<|z—2z]|<d , statement(l) can be written |%— 0| < € whenever
0<|z—2z]|<5$.

b. The first of limits (b) mean

Ve > 036 > 0 suchthat |f(z) — L| < e whenever |z — z,| < % U 07 |

Replace z byi in (5) we get |f G) — L| < € whenever |§| > % =0<|z—0| <8é.

9
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c. The first of limits (c) is to be interpreted as saying that

Ve > 036 > 0 suchthat |[f(2)]| > iwhenever |z| > % SRR ()

Replace z byi in (3) we get

%&)_ 0‘ < € whenever 0 < |z — 0] < 8. And this

Z

gives the second of limits (c).

Examples:

2
1- Show that lim,_,; % = 00

. , 1 . z—i 0 _
Solution: we have to show llmz_,i% =0=lim,; p. i 0
. Z+1
2- Show that lim,_, = 1

1 .

. . 1 . —+i . 1+iz
Solution: we have to show lim,_,f (;) = 1= lim,,, —f+1 = lim, 9 1tz 1
zZ

i2z3-2z

3- Show that lim,_,, PrrTari

Solution: we have to show

1\2 ,
. 1 . (;) +3-1 . z(1+(3-1)z%) _
lim, o ol Lm0~ 7= = limy0 =, 5~ =0
G 2z

10



