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Abstract. For a group G and a subsemigroup S of the full transformation semigroup
Tr, the wreath product G S is defined to be the semidirect product G™ x S, with the
coordinatewise action of S on G™. The full wreath product G 7, is isomorphic to the
endomorphism monoid of the free G-act on n generators. Here, we are particularly
interested in the case that S = Sing, is the singular part of 72, consisting of all non-
invertible transformations. Our main result is a presentation for G ! Sing, in terms of
the idempotent generating set. It is also shown that the generating relations cannot
be reduced.
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1. Introduction

The study of idempotents have long played an important role in algebraic and
combinatorial semigroup theory. In 1966, Howie [15] showed that every semi-
group S embeds in an idempotent generated (singular transformation) semigroup
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that may be taken to be finite if S is finite. On the other hand, every idempotent
generated semigroup 7" is a homomorphic image of a free idempotent generated
semigroup that has the same biordered set of idempotents as T'. These kinds
of semigroups are defined by means of presentation, which consists of a set of
generators and a set of relations. A presentation for the symmetric group S,
were given in 1897 by Moore [19], and a presentation for the full transformation
semigroup 7, was discovered in 1958 by Aizenstat [1]. Presentations for other
semigroups (and other related objects) may be found in [4, 5, 7, 10, 12, 21]. In
numerous cases, these semigroups contain S,, as their group of units, and the
resulting presentations contain Moore’s presentation for S,,. When the group of
units is removed and one considers the singular subsemigroup, a new method is
needed. In 2010 a presentation for Sing,,, the singular part of the full transforma-
tion semigroup 7y, is given by East [5] in terms of the generating set consisting
of all idempotents of rank n — 1.

It has long been known that the endomorphism monoid of a free G-act of
finite rank n, or EndF,, (G), is isomorphic to a full wreath product G?7,; and the
maximal subgroup of EndF,,(G) containing a rank r idempotent is isomorphic
to G1S,. It is therefore very natural to study the structure of wreath products
G Ty, or more generally, G .S for an arbitrary subsemigroup S of 7,. A general
presentation for the endomorphism monoid End(A) of an arbitrary independence
algebra A is not currently known. But for a special subclass of such algebras, the
above-mentioned free G-acts of finite rank, such a presentation can be described
using results of Lavers [18] on general products of monoids, since (as noted
above) these endomorphism monoids are isomorphic to wreath products of the
form G1T,. In [9] a presentation for the singular part of the full wreath product
M T, was considered for arbitrary monoid M. In this article we are interested
in the problem of finding a presentation for the wreath products G S for an
arbitrary group G and an arbitrary subsemigroup S C 7T,, particularly in the
case that S = Sing,. This kind of problem can be quite difficult in the case that
S does not contain the identity transformation (as happens when S = Sing,,
for example), since many articles on presentations for semigroup constructions
(including wreath and semidirect products) focus on the case of monoids [11, 16,
18, 23]. Notable exceptions that are not restricted to monoids have concentrated
on constructions that do not capture the kind of wreath and semidirect products
that arise from endomorphisms of G-acts [3, 22].

The article is organized as follows. In Section 2, we establish and gather
some background results on (transformation) semigroups and presentations. In
Section 3, we state our main result by giving a presentation for a wreath product
GSing, of a group G and the singular part of 73. Finally, in Section 4, we further
remark that the generating relations of the presentation cannot be reduced. This
method is valid when we have a presentation for the singular part of the full
wreath product G172, where G is a group. Finding a reduction for the generating
relations of a presentation for the singular part of a full wreath product M 7,
is a matter for further study, which is not discussed in [9].
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2. Preliminaries

Let S be a semigroup, and write S* for the monoid obtained by adjoining an
identity 1 to .9, if necessary. Unless otherwise specified, we will generally write 1
for the identity element of any monoid. For any subset A C S, we write F(A) =
{a € Ala® = a} for the set of idempotents in A, (A) for the subsemigroup
of S generated by A and FG(A) for the free group generated by A. For more
background on semigroups, see [14].

The rank of a semigroup, denoted rank(S), is the smallest size of a generating
set for S, see [14]. Let X be an alphabet (a set whose elements are called letters),
and denote by X the free semigroup on X. We denote the empty word (over
any alphabet) by 1. If R is a binary relation on X, we denote by R? the smallest
congruence on X1 generated by R. To say that a semigroup S has semigroup
presentation (X | R) is to say that S = X*/R¥ or equivalently, if there is an
epimorphism ¢ : XT — S with kerp=R*. If such an epimorphism exists, then
S has presentation (X | R) via ¢. If we replace AT by A*, we obtain a monoid
presentation for a semigroup S. The elements of R are generally referred to as
relations, and a relation (wy,ws2) € R will usually be displayed as an equation
w1 = Wa.

It is well-known that a group presentation for a group G is usually defined
to be a pair (X | R), where X is the set of generators of a free group FG(X),
and R = {u;v; ' :i € I} C FG(X). In the case that G has a group presentation
(X | R) then G has a monoid presentation (XUX ' | R'), where X! = {z7!| €
X} is a set in one-one correspondence with X, R =RU {za7t=e=a"tz|z €
X} and € is the empty word in FG(X).

Proposition 2.1. If G is a group which has a monoid presentation (K |W) then
G™ has a monoid presentation (H|R), where H={71,4]1<i<mn, g€ K} and
R={m1=1, TigTjn = TjnTi,g, TigTi,h = Tigh | 1 < i,j <mn, i # j, g,h €
K, Ti,g) Tj,h € W}

Proof. Define a homomorphism from FG(H) to G™ induced by ¢: H — G",
Tig > (1,...,1,9,1,...,1). Denote R! by p. Notice that

(Ti,gTin) e = (Tig ) (Tinp) = (- - G ) by 2
=(...,§L,...,g,. )
:(,}jl,)( ,g, ) = (Tj,hTig)Ps

and that
(TigTin) o = (TigP)(Ting) = (i 05 ) (s hy)

= (s ghe ) = Tighp.
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We see that p C ker(p). Furthermore, for all (g1,...,9,) € G™, we have

(g1,---,9n) = (91,1,...,1)(1,g2,1,...,1) ... (1,...,1,gn)

= (T1,0: 72,92 « - - Togn )P

Therefore there is a well-defined epimorphism @: FG(H)/p — G", Tiqp —
(1,...,1,9,1,...,1). To get that G" and FG(H)/p are isomorphic, it suffices to

show that @ is also one-one.

For all (7iy,g:Tin,gs - - - Tirg)p € FG(H)/p, rearranging the order of 7; ¢s
by using (75,¢p)(Tj,np) = (75,np)(Ti,gp) and combining ‘like terms’ by us-
ing (7i,9p)(Ti,np) = Tighp, we get a ‘normal form’ (714,72, .. Tnh,)p for
(Ti1;g17—i2792 e 'Tiz,gl,)p' If [(Tihgl Tiz,gz - - 'Tihgz)p]@ = (]-a 1. 1)7 or equivalently,
(TR T2 ks - - Tk )Ple = (1,1,...,1), then (hi,ho,...,h,) = (1,1,...,1),
which gives hqy = 1, ho = 1, ..., h, = 1. Therefore, (Ti, g1 Tis.go - - - Ti,q )P =
(1,1,...,1)p = lpg(m),, whence P is one-one. ]

The (full) transformation semigroup on a set X is the semigroup Tx of all
transformation on X (i.e. all functions from X to itself) under the operation
of composition [17]. Transformation semigroups are ubiquitous in semigroup
theory because of Cayley’s Theorem which states that every semigroup S embeds
in some transformation semigroup Tx. If S is a group, the Cayley representation
maps S into the symmetric group Sx C Tx, which is the group of units of Tx,
and consists of all permutations of X, that is, S,, = {« € 7, | rank (o) = n}. If
S does not possess an identity element, the Cayley representation maps S into
Tx \ Sx, the set of all non-invertible (i.e. singular) transformations on X. The
set Tx \ Sx is a subsemigroup (the so called singular subsemigroup) of Tx if and
only if X is finite.

For an integer n > 0, we write n = {1,...,n} and 7, for the full transfor-
mation semigroup of degree n, which consists of all transformations of n (i.e. all
maps n — n) under composition. (When n =0, n = ) and 7T consists only of
the empty function ) — 0.) For a € T, and ¢ € n, we write i« for the image of ¢
under «, so that transformations are composed left-to-right. For o € T, define

im (a) = {ia|i € n}, ker (o) = {(4,7) € n x n|ia = ja},

rank (o) = | im (a)].
Recall that Green’s relations are defined by

alfB < Sta=S", aRp < aS'=0bS",
aJp = StaSt =SS!,

where S! denotes S with an identity element adjoined (unless S already has
one); hence, these three relations record when two elements of S generate the
same right, left, and two-sided principal ideals, respectively. Furthermore, we let
H=RNL, while D ="RoL = LoR is the join of the equivalences R and L. As
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is well known, for finite semigroups we always have D = J, while in general the
inclusions X C R, L C D C J hold. It is well known (see [14, Exercise 2.6.16])
that, for o, 8 € Ty,

alf < im(a) =im (), aR B <= ker(a) = ker(p),
aDp <= rank(«) =rank (8).

Among all the D-classes, D,,_1, the D-class whose elements are all of rank n—1,
plays a key role, as explained in Theorem 2.2.

A famous result of Howie [15] states that Sing,, is generated by its idempo-
tents: in fact, by its idempotents of rank n — 1. The latter are precisely the
maps €;; (for ¢,7 € n with ¢ # j) defined by

k if k+#j
keij =1 . 1 7&]’
i if k=j.

We will write X = {g;;]i, 7 € n,i # j} for the set of all rank (n — 1)
idempotents from 7,,. It is easy to check that for all 4, j, k,] € n with i # j and
k#1,

Eijﬁﬁkl < jzl and EinEkl < {i,j}Z{k,l}.

The next result, as shown in [15, Theorem I], states the fact that Sing,, = (X)
ifn>2.

Theorem 2.2. Every element of Sing,, is a product of idempotents whose rank is
n—1.

Note that Sing,, = 0 if n < 1. Note also that Sing, = {e12,£21} is a right-zero
semigroup.

A presentation for Sing,, was given in [6], in terms of the idempotent gener-
ating set. Define an alphabet

X:{eij|i7j€nv Z#J}a

an epimorphism
¢Z X+ — Singn 1€ > Ei,

and let R be the set of relations

@?j = eij = €ji€ij for distinct 4, j
€€kl = €kIEij for distinct 4, 7, k, [
€ikejk = €ik for distinct ¢, j, k
€ij€ik = €ik€ij = €jkCij for distinct ¢, j, k
€ki€ij€jk = €ik€k;jCjiCik for distinct 4, j, k

€kiCij€jkEEl = €ikCICIiCi; €51 for distinct ni, j, k, [
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The next result is [6, Theorem 6].
Theorem 2.3. Forn > 2, the semigroup Sing,, has presentation (X | R) via ¢.

Let S be a semigroup and M a monoid with identity 1. Suppose that S has a
left action on M by monoid endomorphisms; that is, there is a homomorphism ¢:
S — End* (M), s — s, where End* (M) denotes the monoid of endomorphisms
of M with right-to-left composition. For s € S and a € M, we write s-a = ¢4(a).
So

s:1=1, s-(t-a) =(st)-a, s-(ab)=(s-a)(s-b) foralls,teS anda,be M.

The semidirect product M xS = M x, S has underlying set M xS = {(a,s) |a €
M, s € S}, and product defined by

(a,s)(b,t) = (a(s-b),st) forall s,t €S anda,be M.

The fact that S acts by monoid endomorphisms ensures that S may be identi-
fied with the subsemigroup {(1,s)|s € S} of M x S. If S is a monoid acting
monoidally on M (i.e. 1-a = a for all @ € M), then {(a,1)|a € M} is an
isomorphic copy of M inside M x S. However, this article is mostly concerned
with the case that S is not a monoid, in which case M x S does not contain such
a canonical copy of M. A motivating example of the semidirect product are the
wreath products.

Let S be a subsemigroup of the full transformation semigroup 7, and let
G be an arbitrary group. Then S has a natural left action on G™ (the direct
product of n copies of G) given by

a-(ar,...,an) = (@1, ... 0na) for a € S and aq,...,a, € G.

The resulting semidirect product G™ x.S is the wreath product of G by S, denoted
by G S. Multiplication in G ¢ S obeys the rule

((a1,...,an), @)((b1,...,bn), B8) = ((a1b1ay - - .y anbna), af).

When S = 7, we obtain the full wreath product G?7,. When S = Sing,, =
T2 \Sn, we obtain the singular wreath product G Sing,. If G = {1}, then
G1S = S for any S. On the other hand, if S = {1}, where 1 € 7, denotes
the identity map, then G S = G™. The remainder of the article concerns only
singular wreath products G Sing,,. Because Sing,, is empty for n < 1, we will
assume that n > 2 whenever we make a statement about Sing,,.

Our main result is a presentation for G @ Sing,, in terms of the idempotent
generating set. Omne natural idea is gluing Proposition 2.1 and Theorem 2.3.
However, that Sing,, does not contain the identity transformation pulls back the
possibility.

The remaining part of this section is to recall the definitions of reduction
system and its properties. As far as possible we follow the standard notation
and terminology, as may be found in [2].
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Let A be a set of objects and — a binary relation on A. We call the structure
(A, —) a reduction system and the relation — a reduction relation. The reflex-
ive, transitive closure of — is denoted by —, while <~ denotes the smallest
equivalence relation on A which contains —. We denote the equivalence class of
an element x € A by [z]. An element z € A is said to be irreducible if there is
no y € A such that & — y; otherwise, x is reducible. For any z,y € A, if t — y
and y is irreducible, then y is a normal form of x. A reduction system (A, —) is
noetherian if there is no infinite sequence xg, x1,- - € A such that for all i > 0,
T — Tjy1-

We say that a reduction system (A, —) is confluent if whenever w,x,y € A
are such that w —— x and w — y, then there is a z € A such that 2 — z and
y — z, as described by the figure on the left in Figure 1, and (A, —) is locally
confluent if whenever w,x,y € A are such that w — x and w — y, then there
is a z € A such that z — z and y — z, as described by figure on the right in

IS VAN
NN

Figure 1: confluence and local confluence

Proposition 2.4. [2] Let (A, —) be a reduction system. Then the following state-
ments hold:
(i) If (A, —) is noetherian and confluent, then for each x € A, [z] contains a
unique normal form.
(ii) If (A,—) is noetherian, then it is confluent if and only if it is locally
confluent.

Let E be a biordered set. Recall that the free idempotent generated semigroup
over E [24] is a free object IG(F) in the category of semigroups that are generated
by E, given by the presentation:

IG(E) = (E|ef =ef, e.f € B, {e, f} n{ef, fe} = 0),

where E = {€|e € E}. Recall also that we denote the free semigroup on E by
—+
E .

Proposition 2.5. [24] Let E be a biordered set, and let R be the relation on B
defined by

R={(&f,ef)| (e, f) is a basic pair}.
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Then (F+, —) forms a noetherian reduction system, where — is defined by

u—v <= 3,1 ER)(EIx,yEEJr) u=zly and v = xry.

It is worth remarking that the smallest equivalence relation containing — on
E s exactly the congruence generated by R.

3. Presentation for G ! Sing,

In this section, we begin with a simple description for idempotents of G ¢ Sing,,,
and proceed to the main topic of the paper: finding a presentation for G¢Sing,.
Recall from Theorem 2.2 that Sing,, is generated by its idempotents of rank
n — 1, and from [9, Theorem 5.12] that G Sing,, is generated by idempotents
whose underlying (idempotent) transformation has rank n — 1. We first study
idempotents in G™ x D,,_1.
For i,j € n with 7 # j, and for g € G, we define

Eijig = ((1,...,1,9,1,...,1),6@) € G Sing,, .
As usual, we also identify €;; € Sing,, with €;;,1 € G Sing,,.

Proposition 3.1. Idempotents in G™ x D,,_1 must be of the form e;j.q.
Proof. Suppose that ((g1,...,9n),€) € G™ x D,_1. It is obvious that

((g1,-- - gn).)* = ((91,- - 9n) )
=2 =¢, and ¢;g;c = g; for i €n
<:>€2=E, and g;c =1 fori €n
% =¢, and g; =1 for j € im (e).
Since rank (¢) = |im(e)] = n — 1, we must have at least n — 1 places in

(91,-..,9n) with g; = 1. This together with the fact that idempotents in D,,_;
are of the form e; gives that idempotents in G™ x D,,_; must be of the form

((1,...,1,g,1,...,1),8kl).

Furtheﬁnore, we have
((1,...,1,?,1,...,1),ekl)2
(1., 1,6% 0,0, 1),6m) if @£k,
= ((1,...,1,;2,1,...,1,€,1,...,1),Ekl) if =k,

((1,...,l,g,l,...,l),&‘kl) if i=1.
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It follows directly that
((1,...,1,9,1,...,1),en) € E(G" X Dyp1) < i=lorg=1

If ¢ = I, then ((1,...,l,g,l,...,l),ekl) = Euiyg; if g = 1, then

((1,...,1,g,1,...,1),ep) is in fact exg.1. m

We are now ready to state our main result. Define an alphabet

Z ={eijigli,j€mn, i#j, g€ G},

in one-one correspondence with the generating set of G1Sing, from [9, Thm. 5.12]
and Proposition 3.1. Let P be the set of relations

€ijigCijsh = Cijig = €jirg—1Cijig for g,h € G and distinct 7,5 (1)

€ij;1€i:g€ij;h = €jii1Cijigh for g,h € G and distinct i,5. (2)
By [9, Remark 4.8] and Proposition 3.1, we may define an epimorphism
@ ZT - G SingQ, €Cijig T Eijig-

The main goal of this paper is to provide a proof of the following result.
Theorem 3.2. The semigroup G Sing, has presentation (Z | P) via ¢.

We now collect the needed parts to deduce the principal result of this paper.
Let ~ be the congruence on Z+ generated by P.

Lemma 3.3. We have the inclusion ~ C ker (¢).

Proof. This follows by a simple check that each relation from P holds as an
equation in G ! Sing, when the letters e;;,, are replaced by the maps e;5., as
appropriate. n

Corollary 3.4. Every (€j,i,:91Cjninigs - * * €jrin:ge )P has a simplified preimage in one
of the following forms:

(1) €jizgi€ijigs *** €jizgansas
(i) €jisgr€ijigs """ €igigan-

Proof. This follows directly from the fact that (eji;g€ji:n)® = €jisqp- [

The following lemma tells us how the product of e;q4.qs behaves under ¢.
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Lemma 3.5. We have

(€jisgr €ijige * " €jisgn ) = (9192 Gns G2~ Gn): €ji), (3)
i J

(€jisgr €ijiga * " €ijign )P = ((9192 " Gn, 92 "'gn)a €ij)- (4)
i J

Proof. The assertions can be checked using proof by mathematical induction.
First, that they are true for n = 2 and n = 3 may be easily checked. We then
assume that they are true for n = k. Forn =k + 1,

(€jisg1 €ijiga " €jisgn Cissgnin )P = (€jisgr €ijiga " " €jisgn ) P(€ifign 1 P)
= (9192 9% 92 - 9k), €50) (1, gh41), €45)
T J J

= ((9192* 9kGr+1,92 -~ GrGh+1): €5),
g J
(€jisgr €ijigs * * * Cigsgn Eiisgnsn )P = (€jisgr Cijsgn * " €ijign )P (Ejisgnsr P)
= (91929192 gi)s i) ((gr+1, 1), €50)
i J i

= (9192 "9kGk+1,92 gk9k+1)75j¢)7
4 J

which implies that they are also true. It follows that equations (3) and (4) are
true for all n € n. |

The next proposition plays a key role in the proof of Theorem 3.2.

Proposition 3.6. We have kerp C Pt.

Proof. Assume that two elements in Z+ are ker g-related. By Corollary 3.4 and
Lemma 3.5, they have simplified forms in one of the following cases:

(1) (eji;g1 Cijiga " eji492n+1)90 = (eji;hl Cijihy 'eji;h2m+1)90;

(i) (€jisg1€igig =" " €jisgansa )P = (€ijshy €jisha * " €jisham )P

It is worth remarking that ej;.q, €ijig, * - €jizgn, AN €jigy €ijigs *  * €ijshyy Will
never be ker p-related since their images under ¢ are (...,e;) and (...,&45),
respectively.

For Case (i), we have

(9192 g2nt1, 92+~ gan41): €50) = ((haha -~ homyr, ha - - hamia), €5i)),
i J i J

which gives g1g2---gant1 = hiha---homi1 and g2+ gont1 = ho - homyr,
whence g1 = h1. Then

€jisg1 Cijige * " Chisgant1 ™ Chisg1 €4is1€ig;92Chis93 T Cidiganta by (1)
~ €jisgr €ifs1€]iigags €ifiga " €fisgania by (2)
~ €jisgy €5is1Cijigagaga " Cisgania by (2)
o ™ Chisgr Cigi1€hiiga e ganya by (2)
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while
€jish1€ijiha * " Cjishami1 ™ €jisg1 €jis1€ijiha Cjishs *° * €jishomy by h1 = g1 and
(1)
~ €jisg: €iji1€jishahs " €jisham i by (2)
N €y €01 € i hy - ham by (2)
= €ji;01 €ig;1€5i392- - gany1 -

For Case (ii), we have

(9192 g2n+1,92 -~ Gant1), €5i) = ((hiha -+ hom, ha -+ - ham), €5i),
i j j i

which implies g1g2---gont1 = ho---hopm and go - gont1 = hiho - hom. It
follows that g1h; = 1, whence hy = gfl. Then

—1
€ijihy €isha " ** €jisham ™ €15;g=1 €ijil€jishy Cijshs ** €jisha,, DY M1 =gy and (1)

~ €ijigrt il Cigihahs ** Cjitham, by (2)
~ €501 €ij1€jithohshy ** €jisha,, DY (2)
A s AU eij;gl_leij;leji§h2“'h2m by (2)
~ eij;gfleji;h2...h2m, by (1)
while
€jisg1Cijsga " Chisgany1 7 €4jigr 1 €igi1Crisgr Cigig2 Chtigs T T €iiganta by (1)
~ €ijigrt i1 Cigigr g2 Cisgs " Cizgan i by (2)
~ Cijigy 1 Cigi1Cigig19295 " €isganta by (2)
N~y eij;gl_leij§1eji;92"'92n+1 by (2)
™~ Cijigr Ciiig2 gan g1 by (1)
= eij;gl—l €jisho--hom -
This completes the proof of the proposition. [ ]

Proof of Theorem 3.2. It remains only to show that ker p = P*. By Lemma 3.3,
we have P! C ker . Proposition 3.6 establishes that ker¢ C Pﬁ, and so the
proof is completed. ]

Remark 3.7. [9] provides presentations for M Sing,, with M a monoid in terms
of certain natural generating sets. In order to obtain a presentation in terms of
the idempotent generating set, they had to use the technique of Tietze trans-
formation, i.e. deducing a presentation for M @ Sing,, in terms of a very large
generating set to the above-mentioned simpler presentation. For the case in
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which M is a group and n = 2, a direct proof can be achieved, as shown in this
paper. We further remark that relations (1) and (2) cannot be reduced.

4. Can (2) Be Reduced?

It is aimed in this section to prove that the generating relation (2) cannot be
reduced. The following two lemmas will be of use later.

Lemma 4.1. In G Sing,, we have
€ijig ﬁé—:kl;h <~ Eij Cskl < j= l,
€ijig Rz’:‘kl;h — i=1, j= k, g = Bt
Specifically, we have €5, Leij.n and €55,d Rej;.q-1 for all g € G.
Proof. Straightforward. ]
It is clear from Lemma 4.1 that relation (1) consists exactly of equations
induced by Green’s relations. To see that relation (2) cannot be implied from

Green'’s relations, we need an auxiliary result. Assume that ¢: Z+ — G Sing,,
€ — e in the presentation (Z | P) given in Theorem 3.2.

Lemma 4.2. Let p be a congruence on Z+ such that p = X*, where
X ={(@f.e)|eLfYU{Ef.[)eR f}.
Then for anye1---€, € ZT, there exists a unique w = g1 -+ -Gm € ZT such that

6_1@[”0, and (EagiJrl) €£7 (mvgz”rl) ngO’f‘].SZSm—]_

Proof. By Props. 2.4 and 2.5, we just need to show that our reduction relation
X is locally confluent. For this purpose, it is sufficient to consider an arbitrary
word of length 3, say efg € ZT, where e, f and f, g are comparable. Clearly,
there are four cases, namely, e L fLg, e LfRg, eRfLgand eR fRg. Then
we have the following four diagrams in Figure 2.

Thus (ZT, X) is locally confluent, and so by Proposition 2.4 we conclude that
every element in Z¥ /p has a unique normal form. ]

In GiSing,, for e = ((1,1),c2), f = ((1,t),c1), g = ((1,1),¢1), h = ((t, 1), c2),

we have

= (1, 1), 2)((1, 1), e1)((t, 1), e2) = (1, 1), e1)((L, 1), e2) = gh
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Figure 2: the local confluence of Z+

Then efe P gh. Tt follows from Lemma 4.2 that it is impossible to have efk pgh
for some k € ZT. And we deduce that relation (2) cannot be implied from (1).
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