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Abstract

The purpose of this paper is to consider fibrewise near versions of the more
important separation axioms of ordinary topology namely fibrewise near T,
spaces, fibrewise near T, spaces, fibrewise near R, spaces, fibrewise near
Hausdorff spaces, fibrewise near functionally Hausdorff spaces, fibrewise near
regular spaces, fibrewise near completely regular spaces, fibrewise near normal
spaces and fibrewise near functionally normal spaces. Also we give several results
concerning it.
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1. Introduction and Preliminaries

To being with we work in the category fibrewise sets over a given set, called
the base set. If the base set is denoted by B then a fibrewise set over B consists of
a set X together with a function p : X — B, called the projection. For each point b
of B the fibre over b is the subset X, = p™(b) of X; fibres may be empty since we
do not require p to be surjective, also for each subset B” of B we regard Xg» =
p(B") as a fibrewise set over B with the projection determined by p, the
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alternative notation X|B* is sometimes convenient. We regard the Cartesian
product BxT, for any set T, as a fibrewise set over B using the first projection.

Definition 1.1. [8] Let X and Y are fibrewise sets over B, with projections px : X
— Band py : Y — B, respectively, a function ¢ : X — Y is said to be fibrewise if
Pyo® = px, in other words if ¢(Xs) < Yy, for each point b of B.

Note that a fibrewise function ¢ : X — Y over B determines by restriction, a
fibrewise function @p+ : X+ — Y+ over B* for each B* of B.

Given an indexed family {X;} of fibrewise sets over B the fibrewise product

l_IBXr is defined, as a fibrewise set over B, and comes equipped with the family
of fibrewise projections ; : l_IBXr — X,. Specifically the fibrewise product is
defined as the subset of the ordinary product H X, in which the fibres are the

products of the corresponding fibers of the factors X;.

Definition 1.2. [8] Suppose that B is a topological space, the fibrewise topology
on a fibrewise set X over B, mean any topology on X for which the projection p is
continuous.

Remark 1.1. [8]

(a) The coarsest such topology is the topology induced by p, in which the open
sets of X are precisely the inverse image of the open sets of B; this is called the
fibrewise indiscrete topology.

(b) The fibrewise topological space over B is defined to be a fibrewise set over B
with a fibrewise topology.

We regard the topology product BxT, for any topological space T, as a
fibrewise topological spaces over B using the first projection. The equivalences in
the category of fibrewise topological spaces are called fibrewise topological
equivalences. If X is fibrewise topologically equivalent to BxT, for some
topological space T, we say that X is trivial, as a fibrewise topological spaces over
B. In fibrewise topology the term neighborhood (briefly nbd) is used in precisely
in the same sense as it is in ordinary topology, but the terms fibrewise basic may
need some explanation, thus let X be fibrewise topological spaces over B, if x is a
point of X}, where b € B, describe a family N(x) of nbds of x in X as fibrewise
basic if for each nbd U of x we have XwnV < U, for some member V of N(x) and
nbd W of b in B. For example, in the case of the topological product BxT, where
T is a topological spaces, the family of Cartesian products BxN(t), where N(t)
runs through the nbds of t, is fibrewise basic for (b, t). For other notions or
notations which are not defined here we follow closely James [8], Engelking [6]
and Bourbaki [4].

Definition 1.3. [8] A fibrewise function ¢ : X — Y, where X and Y are fibrewise
topological spaces over B is called:
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(a) Continuous if for each point x € X, where b € B, the inverse image of each
open set of @(x) is an open set of x.

(b) Open if for each point x € Xy, where b € B, the direct image of each open set
of x is an open set of ¢(x).

Definition 1.4. [6] For every topological space X* and any subspace X of X*, the
function ix : X — X* define by ix(x) = x is called embedded of the subspace X in
the space X*. Observe that ix is continuous. Since ix'(U) = XNU, where U is
open set in X*. And the embedded ix is closed (resp. open) if and only if the
subspace X is closed (resp. open).

Definition 1.5. [6] Suppose we are given a topological space X, a family {Y}scs
of topological spaces and a family of continuous functions {@s}scs, Where @ : X
— Y, the function assigning to the point x € X the point {@y(x)} € H Y; is
continuous; it is called the diagonal of the functions {@s}scs and is denoted by

Ases®s or by @1 A@aA... Ay if S=1{1,2,...,k}.

seS

Definition 1.6. A subset A of a topological space (X, 1) is called:

(a) Regular open [14] (briefly R-open) if A = Int(CI(A)).

(b) Pre-open [10] (briefly P-open) if A < Int(CI(A)).

(c) Semi-open [9] (briefly S-open) if A < Cl(Int(A)).

(d)y-open [5] (= b-open [2]) (briefly y-open) if A < Cl(Int(A))UInt(CI(A)).

(e) a-open [12] (briefly a-open) if A < Int(Cl(Int(A))).

() B-open [1] (= semi-pre-open set [3]) (briefly B-open) if A < Cl(Int(CI(A))).
The complement of an R-open (resp. P-open, S-open, y-open, a-open, -open)

is called R-closed (resp. P-closed, S-closed, y-closed, a-closed, B-closed). The

family of all R-open (resp. P-open, S-open, y-open, a-open, B-open) are larger

than 1 (except R-open) and closed under forming arbitrary union.

Definition 1.9. A function ¢ : X — Y is said to be R-closed [13] (resp. P-closed
[10], S-closed [9], y-closed [5], a-closed [11], B-closed [1]) if the image of each

closed set in X is R-closed (resp. S-closed, P-closed, y-closed, a-closed, B-closed)
inyY.

2. Fibrewise Near T, Near T, and Near Hausdorff Spaces

Before introduce the definitions of fibrewise near separation axioms we
introduce the following definition:

Definition 2.1. A fibrewise function ¢ : X — Y, where X and Y are fibrewise
topological spaces over B is called:
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(a) i-irresolute if for each point x € X;, where b € B, the inverse image of each i-
open set of @(x) is an i-open set of x, where ie {R, P, S, v, o, B}.

(b)i-biopen if for each point x € X, where b € B, the direct image of each i-open
set of X is an i-open set of ¢(x), where ie {R, P, S, v, a, B}.

(c)i-biclosed if for each point x € X, where b € B, the direct image of each i-
closed set of x is an i-closed set of @(x), where ie {R, P, S, vy, a, B}.
Now we introduce the versions of fibrewise near T¢ and near T, spaces as

follows:

Definition 2.2. Let X be fibrewise topological space over B. Then X is called
fibrewise near Ty (briefly i-Ty) if whenever x;, X, € Xy, where b € B and x; # xa,
either there exists an i-open set of x; which does not contains x, in X, or vice
versa, where ie {R, P, S, v, a, B}.

Remark 2.1.

(a) X is fibrewise i-Ty space if and only if each fiber X is i-T¢ space, where i€ {R,
P, S, v, a, B}.

(b) Subspaces of fibrewise 1-Ty spaces are fibrewise i-T spaces, where ie {R, P, S,
v, o, B.

(c) The fibrewise topological products of fibrewise i-Tj spaces with the family of
fibrewise i-irresolute projections are fibrewise 1-Ty spaces, where
i€ {R,P,S,y,a,B}.

Of course one can formulate a fibrewise version of the near T; (briefly i-T))
space in a similar fashion as follows "Let X be fibrewise topological space over B.
Then X is called fibrewise i-T; if whenever x;, X, € Xp,, where b € B and x| # X5,
there exist an i-open sets Uj, U, in X such that x; € Uy, x; ¢ Uy and x; ¢ Uy, x5 €
U,", where ie {R, P, S, v, a, B}, but it turns out that there is no real use for this in
what we are going to do. Instead we make some use of another axiom "The axiom
is that every near open set contains the closure of each of its points", and use the
term near Ry space. This is true for near T; spaces, of course, and for near regular
spaces. Thinking of it as a weak form of near regularity. For example, indiscrete
spaces are near Ry space. The fibrewise version of the near Ry axiom is as follows.

Definition 2.3. The fibrewise topological space X over B is called fibrewise near
Ry (briefly i-Ry) if for each point x € X;, where b € B, and each i-open set V of x
in X, there exist a nbd W of b in B such that the closure of {x} in Xy is contained
inV (i.e. XwNCl{x} c V), whereie {R, P, S, vy, o, B}.

For example BxT is fibrewise i-Ry space for all i-Ry spaces T, where i€ {R, P,
S, v, a, B}.

Remark 2.2.
(a) The nbds of x are given by a fibrewise basis it is sufficient if the condition in
definition (2.3) is satisfied for all fibrewise basic nbds.
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(b)If X is fibrewise i-R¢ space over B, then Xg+ is fibrewise i-Ry space over B*
for each subspace B* of B, where ie {R, P, S, v, a, B}.
Subspaces of fibrewise i-Ry spaces are fibrewise i-R spaces, where i€ {R, P, S,
Y, o, B}. In fact we have

Proposition 2.1. Let ¢ : X — X* be a fibrewise embedding, where X and X* are
fibrewise topological spaces over B. If X* is fibrewise i-R¢ then so is X, where
ie{R,P, S, v, a, B}.

Proof. Let x € Xy, where b € B, and let V be an i-open set of x in X. Then V = ¢
'(V#*), where V* is an i-open set of x* = @(x) in X*. Since X* is fibrewise i-Rg
there exists a nbd W of b such that X*wNCl{x*} < V*. Then XwnCl{x} < ¢
'X*wNCl{x*}) < ¢(V*) =V, and so X is fibrewise i-Ro, where ie {R, P, S, v,
o, B}, as asserted.

The class of fibrewise i-Ry spaces is finitely multiplicative, where i€ {R, P, S,
Y, o, B}, in the following sense.

Proposition 2.2. Let {X,} be a finite family of fibrewise i-R¢ spaces over B. Then
the fibrewise topological product X = HBXr is fibrewise i-Ry.

Proof. Let x € Xy, where b € B. Consider an i-open set V = HB Vr of x in X,

where V; is an i-open set of m(x) = x; in X, for each index r. Since X; is fibrewise
i-Ry there exists a nbd W; of b in B such that (X;/W;)NCl{x,;} < V,. Then the
intersection W of the W; is a nbd of b such that XwNCIl{x} < V and so X =
l_IBXr is fibrewise i-Ry, where ie {R, P, S, y, a, B}. The same conclusion holds

for infinite fibrewise products provided each of the factors is fibrewise nonempty.

Proposition 2.3. Let ¢ : X — Y be a closed i-irresolute fibrewise surjection,
where X and Y are fibrewise topological spaces over B. If X is fibrewise i-Ry,
then so is Y, where ie {R, P, S, vy, o, B}.

Proof. Lety € Yy, where b € B, and let V be an i-open set of y in Y. Pick x € ¢
'(y). Then U = ¢”'(V) is an i-open set of x. Since X is fibrewise i-R there exists a
nbd W of b such that XyNCIl{x} < U. Then YwNe(Cl{x}) < o(U) = V. Since ¢ is
closed, then @(Cl{x}) = Cl(p{x}). Therefore YwNCl(p{x}) < V and so Y is
fibrewise i-Ry, where ie {R, P, S, v, a, B}, as asserted.

Now we introduce the version of fibrewise near Hausdorft spaces as follows:

Definition 2.4. The fibrewise topological space X over B is called fibrewise near
Hausdorff (briefly i-Hausdorff) if whenever x;, x, € X, where b € B and x; # xa,
there exist disjoint i-open sets Uj, U, of X, X, in X, where ie {R, P, S, y, a, B}.
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For example, BT is fibrewise i-Hausdorff space for all i-Hausdorft spaces T,
where i€ {R, P, S, v, a, B}.

Remark 2.3. If X is fibrewise i-Hausdorff space over B, then Xg+ is fibrewise i-
Hausdorff over B* for each subspace B* of B. In particular the fibres of X are i-
Hausdorff spaces. However a fibrewise topological spaces with i-Hausdorff fibres
is not necessarily i-Hausdorff: for example take X = B with B indiscrete, where
1€e{R, P, S, v, a, B}.

Proposition 2.4. The fibrewise topological space X over B is fibrewise i-

Hausdorff if and only if the diagonal embedding A : X — XxX is i-closed,
where i€ {R, P, S, y, a, B}.

Proof. (<) Let xy, X, € X}, where b € B and x; # x,. Since A(X) is i-closed in
XxpX, then (xj, X2), being a point of the complement, admits a fibrewise product

i-open set V;xgV, which does not meet A(X), and then V, V; are disjoint i-open
sets of x;, X, where ie {R, P, S, vy, a, B}.
(=) The revise direction is similar.

Subspaces of fibrewise i-Hausdorff spaces are fibrewise i-Hausdorff spaces,
where ie {R, P, S, v, a, B}. In fact we have

Proposition 2.5. Let ¢ : X — X* be an embedding fibrewise function, where X
and X* are fibrewise topological spaces over B. If X* is fibrewise i-Hausdorff
then so is X, where ie {R, P, S, y, o, B}.

Proof. Let xi, X, € Xy, where b € B and x; # x5. Then ¢(x1), ¢(x2) € X*, are
distinct, since X* is fibrewise i-Hausdorff, there exist an i-open sets V;, V, of
9(x1), ®(x2) in X* which are disjoint. Their inverse images @' (V}), ¢'(V>) are i-
open sets of xj, X, in X which are disjoint and so X is fibrewise i-Hausdorff,
where ie {R, P, S, v, a, B}. Alternatively (2.4) can be used.

Proposition 2.6. Let ¢ : X — Y be an i-irresolut fibrewise functions, where X and
Y are fibrewise topological spaces over B. If Y is fibrewise i-Hausdorff, then the
fibrewise graph G : X — XxgY of ¢ is an i-closed embedding.

Proof. the fibrewise graph is defined in the same way as the ordinary graph, but
with values in the fibrewise product, so that the diagram shown below is
commutative.

X G » XXgY

o @xidy

Y » YxgY
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Since A(Y) is i-closed in YxgY, by (2.4), so G(X) = (¢pxidy)(A(Y)) is i-closed in
XxgY, whereie {R, P, S, v, a, B}, as asserted.

The class of fibrewise i-Hausdorff spaces is multiplicative, where ie {R, P, S,
Y, o, B}, in the following sense.

Proposition 2.7. Let {X;} be a family of fibrewise i-Hausdorff spaces over B.
Then the fibrewise topological product X = l_IBXr with the family of fibrewise i-

irresolute projection m; : X :HBXr — X; is fibrewise i-Hausdorff, where i€ {R,
P, S, v, a, B}.

Proof. Let x;, x, € Xp,, where b € B and x; # X,. Then m(x;) # m(xz) for some
index r. Since X; is fibrewise i-Hausdorff there exist an i-open sets Vi, V, of
m(X1), m(x2) in X; which are disjoint. Since =, is i-irresolute, then the inverse
images ' (V1), m_' (V») are disjoint i-open sets of X, X, in X, where ie {R, P, S,
Y, o, B}, as required.

The near functionally version of the fibrewise near Hausdorff axiom is stronger
than the non near functional version but its properties are fairly similar. Here and
elsewhere we use I to denote the closed unit interval [0, 1] in the real line IR.

Definition 2.5. The fibrewise topological space X over B is called fibrewise near
functionally (briefly i-functionally) Hausdorff if whenever x;, x, € Xy, where b €
B and x; # x;, there exist a nbd W of b and disjoint i-open sets U, V of x;, X, in X
and a continuous function A : Xw — I such that X,NU c 7»'1(0) and X,V c A~
'(1), where ie {R, P, S, 7, a, B}.

For example BxT is fibrewise i-functionally Hausdorff space for all i-
functionally Hausdorff spaces T, where ie {R, P, S, vy, a, B}.

Remark 2.4. If X is fibrewise i-functionally Hausdorff space over B, then X* =
Xp= 1s fibrewise i-functionally Hausdorff over B* for each subspace B* of B. In
particular the fibres of X are i-functionally Hausdorff spaces, where ie {R, P, S, v,
o, B}

Subspaces of fibrewise i-functionally Hausdorff spaces are fibrewise i-
functionally Hausdorff spaces, where i€ {R, P, S, y, a, B}. In fact we have

Proposition 2.8. Let ¢ : X — X* be an embedding fibrewise function, where X
and X* are fibrewise topological spaces over B. If X* is fibrewise i-functionally
Hausdorff then so is X, where ie {R, P, S, v, a,, B}.

Moreover the class of fibrewise i-functionally Hausdorff spaces is
multiplicative, where ie {R, P, S, v, a, B}, as stated in.

Proposition 2.9. Let {X;} be a family of fibrewise i-functionally Hausdorff
spaces over B. Then the fibrewise topological product X = I_IBXr with the
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family of fibrewise i-irresolute projection m, : X :HBXr — X, is fibrewise i-

functionally Hausdorff, where ie {R, P, S, vy, a, B}.
The proofs of Propositions (2.8) and (2.9) are similar to those for the
corresponding results in the non-functional case and will therefore be omitted.

3. Fibrewise Near Regular and Near Normal Spaces

We now proceed to consider the fibrewise versions of the higher near
separation axioms, starting with near regularity and near completely regularity.

Definition 3.1. The fibrewise topological space X over B is called fibrewise near
regular (briefly i-regular) if for each point x € X,, where b € B, and for each i-
open set V of x in X, there exists a nbd W of b in B and an open set U of x in Xy
such that the closure of U in Xy is contained in V (i.e. XwNCI(U) < V), where
ie{R,P, S, v, a, B}.

For example, trivial fibrewise spaces with i-regular fibre are fibrewise i-
regular, where ie {R, P, S, vy, a, B}.

Remark 3.1.

(a) The nbds of x are given by a fibrewise basis it is sufficient if the condition in
definition (3.1) is satisfied for all fibrewise basic nbds.

(b)If X is fibrewise i-regular space over B, then Xg+ is fibrewise i-regular space
over B* for each subspace B* of B, where ie {R, P, S, v, a, B}.
Subspaces of fibrewise i-regular spaces are fibrewise i-regular spaces, where

ie{R, P, S, v, a, B}. In fact we have

Proposition 3.1. Let ¢ : X — X* be a fibrewise embedding function, where X and
X* are fibrewise topological spaces over B. If X* is fibrewise i-regular then so is
X, whereie{R, P, S, v, a, B}.

Proof. Let x € X, where b € B, and let V be an i-open set of x in X. Then V= ¢
'(V*), where V* is an i-open set of x* = @(x) in X*. Since X* is fibrewise i-
regular there exists a nbd W of b and an open set U* of x* in X*y such that
X*wNCI(U*) < V*. Then U = ¢ '(U*) is an open set of x in Xy such that
XwNCl(U) < V, and so X is fibrewise i-regular, where ie {R, P, S, v, a, B}.

The class of fibrewise i-regular spaces is fibrewise multiplicative, where i€ {R,
P, S, v, a, B}, in the following sense.

Proposition 3.2. Let {X;} be a finite family of fibrewise i-regular spaces over B.
Then the fibrewise topological product X = 1_[8)(r is fibrewise i-regular, where

ie{R,P, S, v, a, B}.
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Proof. Let x € Xy, where b € B. Consider an i-open set V = HB Vr of x in X,

where V; is an i-open set of m(x) = x; in X, for each index r. Since X; is fibrewise
i-regular there exists a nbd W; of b in B and an open set U; of X, in X,|W; such that
the closure (X{|{W;)NCI(U;) of U; in X;|W; is contained in V.. Then the intersection

W of the W, is a nbd of b and U = l_IBUr is an open set of x in Xy such that the
closure XwNCI(U) of U in Xy is containing in V, and so X = l_[BXr is fibrewise

i-regular, where ie{R, P, S, v, a, B}. The same conclusion holds for infinite
fibrewise products provided each of the factors is fibrewise non-empty.

Proposition 3.3. Let ¢ : X — Y be an open, closed and i-irresolut fibrewise
surjection, where X and Y are fibrewise topological spaces over B. If X is
fibrewise i-regular, then so is Y, where ie {R, P, S, v, a, B}.

Proof. Lety € Yy, where b € B, and let V be an i-open set of y in Y. Pick x € ¢
'(y). Then U = ¢ (V) is an i-open set of x. Since X fibrewise i-regular there exists
a nbd W of b and an open set U* of x such that XwNCI(U*) < U. Then
YwNo(Cl(U*)) < o(U) = V. Since ¢ is closed, then ¢(CI(U*)) = Cl(¢(U*)) and
since ¢ is open, then @(U*) is an open set of y. Thus Y 1is fibrewise i-regular,
where ie {R, P, S, vy, a, B} as asserted.

The near functionally version of the fibrewise near regularity axiom is stronger
than the non near functionally version but its properties are fairly similar. In the
ordinary theory the term completely regular is always used instead of functionally
regular and we extend this usage to the fibrewise theory.

Definition 3.2. The fibrewise topological space X over B is called fibrewise near
completely (briefly i-completely) regular if for each point x € Xy, where b € B
and for each i-open set V of x, there exist a nbd W of b and an open set U of x in
Xw and a continuous function A : Xw — I such that X,NU < 7»'1(0) and
XwN(Xw-V) c 17'(1), where ie {R, P, S, v, a, B}.

For example BxT is fibrewise i-completely regular space for all i-completely
regular spaces T, where i€ {R, P, S, vy, a, B}.

Remark 3.2.

(a) The nbds of x are given by a fibrewise basis it is sufficient if the condition in
definition (3.2) is satisfied for all fibrewise basic nbds.

(b)If X is fibrewise i-completely regular space over B, then Xp- is fibrewise i-
completely regular space over B* for each subspace B* of B, where i€ {R, P,
S, v, a, B}.
Subspaces of fibrewise i-completely regular spaces are fibrewise i-completely

regular spaces, where ie {R, P, S, v, a, B}. In fact we have
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Proposition 3.4. Let ¢ : X — X* be a fibrewise embedding, where X and X* are
fibrewise topological spaces over B. If X* is fibrewise i-completely regular then
sois X, where ie {R, P, S, v, a, B}.

Proof. The proof is similar to the proof of proposition (3.1), so it is omitted.
The class of fibrewise i-completely regular spaces is finitely multiplicative,
where ie {R, P, S, v, a, B}, in the following sense.

Proposition 3.5. Let {X;} be a finite family of fibrewise i-completely regular
spaces over B. Then the fibrewise topological product X :HBXr is fibrewise i-

completely regular, where ie {R, P, S, v, a, B}.

Proof. Let x € Xy, where b € B. Consider a fibrewise i-open set HB Vr of x in X,

where V; is an i-open set of m(x) = x; in X, for each index r. Since X; is fibrewise
i-completely regular there exists a nbd W, of b and an open set U of x, in X; and a
continuous function A; : Xw; — I such that (X;),NU < Ml(O) and Xw:N(Xwi—Vy)
< A'(1). Then the intersection W of the W, is a nbd of band A : Xy — Iis a
continuous function where
ME) =inf1 2w {M(ED)} for &= (&) € Xw.

Since XyNn ' (U) c 7' (X)pNU) < 7' (A (0)) = (hom,) ' (0) and XN, (Xwi—
V) € ' (XwiNXwi—V2) € ©.' (A1) = (hom) (1), where ie {R, P, S, v, a, B},
this proves the result. The same conclusion holds for infinite fibrewise products
provided that each of the factors is fibrewise non-empty.

Proposition 3.6. Let ¢ : X — Y be an open, closed and i-irresolut fibrewise
surjection, where X and Y are fibrewise topological spaces over B. If X is
fibrewise i-completely regular, then so is Y, where ie {R, P, S, y, o, B}.

Proof. Lety € Yy, where b € B, and let V, be an i-open set of y. Pick x € Xy, so
that Vi = (p'l(Vy) is an i-open set of x. Since X fibrewise i-completely regular
there exists a nbd W of b and an open set Uy of x in Xy and a continuous function
L : Xw — I such that X,NU, < A'(0) and XwN(Xw-Vy) < A'(1). Using
proposition (1.3) in [8] we obtain a continuous function Q : Yw — I such that
YuNU, c Q'(0) and YwN(Yw—Vy) € Q'(1), where ie {R, P, S, y, o, B}.

Now we introduce the version of fibrewise near normal space as follows:

Definition 3.3. The fibrewise topological space X over B is called fibrewise near
normal (briefly i-normal) if for each point b of B and each pair H, K of disjoint
closed sets of X, there exist a nbd W of b and a pair of disjoint i-open sets U, V of
XwNH, XwNK in Xy, where ie {R, P, S, y, o, B}.

Remark 3.3. If X is fibrewise i-normal space over B, then Xg« is fibrewise i-
normal space over B* for each subspace B* of B, where ie {R, P, S, v, o, B}.
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Closed subspaces of fibrewise i-normal spaces are fibrewise i-normal, where
1€{R, P, S, v, a, B}. In fact we have

Proposition 3.7. Let ¢ : X — X* be a closed fibrewise embedding, where X and
X* are fibrewise topological spaces over B. If X* is fibrewise i-normal then so is
X, where ie {R, P, S, vy, o, B}.

Proof. Let b be a point of B and let H, K be disjoint closed sets of X. Then ¢(H),
¢(K) are disjoint closed sets of X*. Since X* is fibrewise i-normal there exists a
nbd W of b and a pair of disjoint i-open sets U, V of X*wNo(H), X*wNe(K) in
X*w. Then ¢'(U) and ¢'(V) are disjoint i-open sets of XwNH, XwNK in Xy,
where i€ {R,P, S, v, a, B}.

Proposition 3.8. Let ¢ : X — Y be an i-biclosed continuous fibrewise surjection,
where X and Y are fibrewise topological spaces over B. If X is fibrewise i-normal
then sois Y, where ie {R, P, S, vy, o, B}.

Proof. Let b be a point of B and let H, K be disjoint closed sets of Y. Then ¢'(H),
¢ (K) are disjoint closed sets of X. Since X is fibrewise i-normal there exists a
nbd W of b and a pair of disjoint i-open sets U, V of XwNe™ (H) and XywNe™(K).
Since ¢ is i-biclosed, the sets Yw—@(Xw—U), Yw—@(Xw—V) are i-open in Y, and
form a disjoint pair of an i-open sets of YwNH, YwNK in Yw, where ie {R, P, S,
Y, o, B}, as required.

Finally, we introduce the version of fibrewise near functionally normal space
as follows:

Definition 3.4. The fibrewise topological space X over B is called fibrewise near
functionally (briefly i-functionally) normal if for each point b of B and each pair
H, K of disjoint closed sets of X, there exist a nbd W of b and a pair of disjoint i-
open sets U, V and a continuous function A : Xy — I such that XyNHNU < 17'(0)
and XwNKNV < 17(1) in Xy, where ie {R, P, S, v, a, B}.

For example BxT is fibrewise i-functionally normal space whenever T is i-
normal space, where ie {R, P, S, vy, o, B}.

Remark 3.4. If X is fibrewise i-functionally normal space over B, then Xp=« is
fibrewise i-functionally normal space over B* for each subspace B* of B, where
1ie{R,P, S, v, a, B}.

Closed subspaces of fibrewise i-functionally normal spaces are fibrewise i-
functionally normal, where i€ {R, P, S, y, a, B}. In fact we have

Proposition 3.9. Let ¢ : X — X* be a closed fibrewise embedding, where X and
X* are fibrewise topological spaces over B. If X* is fibrewise i-functionally
normal then so is X, where ie {R, P, S, y, o, B}.

Proof. Let b be a point of B and let H, K be disjoint closed sets of X. Then ¢(H),
¢(K) are disjoint closed sets of X*. Since X* is fibrewise i-functionally normal
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there exists a nbd W of b and a pair of disjoint i-open sets U, V and a continuous
function A : X*w — I such that X*yNe(H)NU < 17(0) and X*wNe(K)NV < A~
1(1) in X*w. Then QQ = a0 is a continuous function Xw — I such that XwNHNe
YU) « ©(0) and XwNKNe (V) « @'(1) in Xw, where ie {R, P, S, v, o, B}, as
required.

Proposition 3.10. Let ¢ : X — Y be an i-biopen, closed and continuous fibrewise
surjection, where X and Y are fibrewise topological spaces over B. If X is
fibrewise i-functionally normal, then so is Y, where ie {R, P, S, vy, o, B}.

Proof. Let b be a point of B and let H, K be disjoint closed sets of Y. Then ¢™ (H),
¢(K) are disjoint closed sets of X. Since X is fibrewise i-functionally normal
there exist a nbd W of b and a pair of disjoint i-open sets U, V and a continuous
function A : Xw — I such that XwNe'(H)NU < A (0) and XwNo ' (K)NV < A~
'(1) in Xw. Now a function Q : Yy — I is given by
Q(y) = supxeg1n A (X) 5y € Yw

since ¢ is i-biopen and closed, as well as continuous, it follows that Q is
continuous. Since YwNHN(U) < Q'(0) and YwNKNe(V) < Q'(1) in Xy,
where i€ {R, P, S, vy, a, B}. This proves the proposition.

References

[1] M. E. Abd El-Monsef, S. N. El-Deeb, R. A. Mohmoud, B-open sets and [-
continuous mappings, Bull. Fac. Sc. Assuit Univ., 12 (1983), 77-90.

[2] D. Andrijevic, On b-open sets, Mat. Vesnik, 48 (1996), 59-64.

[3] D. Andrijevic, Semi-preopen sets, ibid. 38 (1986), 24-32.

[4] N. Bourbaki, General Topology, Partl, Addison Wesley, Reading, Mass, 1996.

[5]1 A. A. El-Atik, A study of Some Types of Mappings on Topological Spaces,
M. Sc. Thesis, Tanta Univ. (1997).

[6] R. Englking, Outline of General Topology, Amsterdam, 1989.

[7]1D. N. Georgiou and B. K. Papadopoulos, Weakly continuous, weakly 6-
continuous, supercontinuous functions and topologies on function spaces, Sci.
Math. Japon, 53 (2001), 233-246.

[8] I. M. James, Fibrewise Topology, Cambridge University Press, 1989.

[9] N. Levine, Semi-open Sets and Semi-continuity in Topological Spaces, Amer.
Math. Monthly, 70 (1963), 36-41.

[10] A. S. Mashhour, M. E. Abd El-Monsef, S. N. El-Deeb, On pre continuous
and weak pre continuous mappings, Proc. Math. Phys. Soc. Egypt, 53 (1982),
47-53.

[11] A. S. Mashhour, I. A. Hasanein, and S. N. EL-Deeb, a-continuous and a-
open mappings. Acta Math. Hung., 41 (3-4) (1983): 213-218.

[12] O. Njastad, On Some Classes of Nearly Open Sets, Pacific J. Math., 15
(1956), 961-970.

[13] T. Noiri, On d-continuous functions, J. Korean Math. Soc.16(1980),161-166.

[14] M. Stone, Application of the Theory of Boolian Rings to General Topology,
Trans. Amer, Math. Soc., 41 (1937), 374-481.



