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Abstract — The primary aim of this paper, is to
introduce the rough probability from topological
view. We used the G-topological spaces which
result from the digraph on the stochastic
approximation spaces to upper and lower
distribution functions, the upper and lower
mathematical expectations, the upper and lower
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and the upper and lower r" moment. Different
levels for those concepts are introduced, also we
introduced some results based upon those concepts.
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1. Introduction

The theory of rough sets, proposed by
Pawlak [15], is an extension of set theory for the
study of intelligent systems characterized by
insufficient and incomplete information. Using the
concepts of lower and upper approximation in
rough set theory, knowledge hidden in information
systems may be unraveled and expressed in the
form of decision rules. The notions of closure
operator and closure system are very useful tools in
several sections of mathematics. As an example, in
algebra [5, 6], topology [7, 9, 10] and computer
science theory [16, 20]. The purpose of the present
work is to put a starting point for the application of
abstract topological graph theory in the rough set
analysis by using probability theory. Also, we shall
integrate some ideas in terms of concept in
topological graph theory. Topological graph theory
is a branch of Mathematics, whose concepts exists
not only in almost all branches of Mathematics, but
also in many real life application. We believe that
topological graph structure will be an important
base for modification of knowledge extraction and
processing.

2. Preliminaries

This section presents a review of some
fundamental notions of G-closure spaces [2, 17,
18] and Pawlak's approach [14].

2.1. Gp-Closure Spaces
In this section, we introduce the concepts of
closure operators on digraphs, several known

topological property on the obtained G-closure
spaces are studies.

Definition 2.1.1. [17, 18] Let G = (V(G), E(G)) be
a digraph, P(V(G)) its power set of all subgraphs of
G and Clg : P(V(G)) — P(V(G)) is a mapping
associating with each subgraph H = (V(H), E(H)) a
subgraph Clg(V(H)) < V(G) called the closure
subgraph of H such that:

Cla(V(H)) = V(H)U{veV(G) - V(H) ; hv € E(G)
for all heV(H)}

The operation Clg is called graph closure operator
and the pair (G, #g) is called G-closure space,
where % is the family of elements of Clg. The
dual of the graph closure operator Clg is the graph
interior operator Intg : P(V(G)) — P(V(G)) defined
by Intg(V(H)) = V(G) - Clg(V(G) — V(H)) for all
subgraph H < G. A family of elements of Intg is
called interior subgraph of H and denoted by J.
Clear that (G, J5) is a topological space. A
subgraph H of G-closure space (G, %) is called
closed subgraph if Clg(V(H)) = V(H). It is called
open subgraph if its complement is closed
subgraph, i.e., Clg(V(G) —V(H)) = V(G) —V(H), or
equivalently Intg(V(H)) = V(H).

Example 2.1.1. Let G = (V(G), E(G)) be a digraph
such that: V(G) = {v1, vy, V3, Vu}, E(G) = {(vy, Vo),
(V1, V3), (V2, V1), (V2, V3), (Va, V3)}-

Vq Vy

V2 V3
Figure 1: Graph G given in Example 2.1.1.

Table 2.1.1: Cl for all subgraph H < G.

V(H) Clg(V(H)) V(H) Clg(V(H))
V(G) V(G) {vi, va} V(G)

) ) {v2, va} {vi, vo, va}
{vi} {v1, Vo, v3} {vz, V4} V(G)
{v2} {v1, V2, v3} {vs, va} {vs, va}
{vs} {va} {vi, Vo, va} V(G)
{V4} {V3, V4} {Vl, Vo, V4} V(G)

{v1, o} {v1, Vo, V3} {v1, V3, V4} V(G)
{v1, vs} {v1, V2, V3} {va, V3, Va} V(G)

76 = {V(G), ¢, {va}, {va, Va}, {v1, V2, V3}}, T =
{V(G), ¢, {va}, {V1, Vo}, {V1, V2, Va}}.
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We obtain a new definition to construct
topological closure spaces from G-closure spaces
by redefine graph closure operator on the resultant
subgraphs as a domain of the graph closure
operator and stop when the operator transfers each
subgraph to itself.

Definition 2.1.2. [17, 18] Let G = (V(G), E(G)) be

a digraph and Clg, : P(V(G)) — P(V(G)) an

operator such that:

(@) It is called Gy-closure operator if Clg,(V(H)) =
Clg(Clg(... Cig(V(H)))), m-times, for every
subgraph H < G,

(b) it is called G, -topological closure operator if
Clgm+1(V(H)) = Clgn(V(H)) for all subgraph H
<G.

The space (G, Fgm) is called G,-closure space.

Example 2.1.2. Let G = (V(G), E(G)) be a digraph
such that:

V(G) = {V11 Va, V3, V4}1 E(G) = {(Vlv V3), (V21 Vl)v (V2:
Va) , (V3, Va) , (Va, V1) }-

Vo >
Figure 2: Graph G given in Example 2.1.2.

V3

Table 2.1.2: Clg and Clg; for all subgraph H c G.

V(H) Cle(V(H) Clez(V(H))
V(G) V(G) V(G)
¢ ¢ [
{vi} {vi, va} {vi, Vs, Va}
{v2} {vi, Vo, va} V(G)
{va} {vs, Va} {v1, V3, Va}
{va} {va, va} {va, V3, Va}
{vi, o} {v1, Vo, V3} V(G)
{vi, va} {vi, v, Va} {vi, v, Va}
{v1,Va} {v, v, Va} {va, V3, Va}
{v2, vs} V(G) V(G)
{va, va} V(G) V(G)
{vs, va} {vi, va, Va} {vi, v, Va}
{vi, Vo, va} V(G) V(G)
{Vl, Vo, V4} V(G) V(G)
{v1, v, Va} {vi, va, Va} {vi, v, Va}
{Vz, V3, V4} V(G) V(G)

%2 = {V(G)v ¢1 {Vlr V31 V4}}, %2 = {V(G)v ¢:

{v23}-

Proposition 2.1.1. [17] Let (G, #cm) be a G-

closure space. If H and K are two subgraphs of G

such that H c K <G, then

Clen(V(H)) < Clen(V(K)) and Inten(V(H)) <

Intem(V(K)).

Proposition 2.1.2. [17] Let (G, %&m) be a Gu-

closure space. If H and K are two subgraphs of G,

then

(@) Clen(V(H)UV(K)) = Clom(V(H)UClen(V(K)).

(b) Nten(VH)NV(K)) = Inten(V(H)) Nnten(V(K)).

© CIgm(V(wﬂV(K)) € Clen(V(H))NClen(V(K)),
an

(d) Inten(V(H)UINten(V(K)) < Inten(V(H)UV(K)).

Definition 2.1.3. [17] Let (G, #cm) be a Gy,-closure
space and H < G, the boundary of H is denoted by
Bdgm(V(H)) and is defined by

BdGm(V(H)) = CIGm(V(H)) - Ime(V(H))-

By a similar way of definitions of regular

open set [19], semi-open set [11], pre-open set [12],

y-open set [8] (b-open set [3]), a-open set [13], and

S-open set [1] (=semi-pre-open set [4]). We

introduce the following definitions which are

essential for our present study. In G,-closure space

(G, #&m) the subgraph H of G is called:

(a) Regular open subgraph [17] (briefly R-osg) if
V(H) = Inten(Clen(V(H))).

(b) Semi-open subgraph [17] (briefly S-osg) if V(H)
& Clgm(Intgn(V(H))).

(c) Pre-open subgraph [17] (briefly P-osg) if V(H)
< Intgm(Clem(V(H))).

(d) ~open subgraph (briefly j0sg) if V(H) <
Clen(Intem(V(H)))UINtem(Clem(V(H))).

(e) a-open subgraph [17] (briefly a-0sg) if V(H) <
Intem(Clam(Intem(V(H)))-

(f) p-open subgraph [17] (briefly p-osg) if V(H) <
CIGm(IntGm(CIGmV(H)))-

The complement of an R-o0sg (resp. S-0sg,
P-o0sg, y-0sg, a-0sg and S-0sg) is called R-closed
subgraph (briefly R-csg) (resp. S-csg, P-csg, j~csg,
a-csg and S-csg).

The family of all R-osgs (resp. S-0sgs, P-
0sgs, 7-0sgs, a-0sgs and p-osgs) of (G, Fgm) is
denoted by ROgn(G) (resp. SOgm(G), POgn(G),
7Oem(G), aOen(G) and fOen(G) ). All of SOen(G),
POsn(G), 7Ocm(G), @Oem(G) and SOgn(G) are
larger than Jg,, and closed under forming arbitrary
union.

The family of all R-csgs (resp. S-csgs, P-
€sgs, y-€sgs, a-csgs and p-csgs) of (G, Fem) is
denoted by RCgn(G) (resp. SCem(G), PCen(G),
Cem(G), aCen(G) and SCen(G) ).

The near closure (resp. near interior and
near boundary) of a subgraph H of G in a G-

closure space (G, Zgm) is denoted by CIL. (V(H))
(resp. Int{, (V(H)) and Bd ., (V(H)) ) and defined

by
Cll, (V(H)) =N {V(F); V(F) is j-csg and V(H) <
V(F)}.
(resp. Int{,, (V(H)) = V(G) —Cl{,, (V(G) - V(H))
and

Bd{, (V(H)) = Cl, (V(H)) —Int{, (V(H)) ) where
je{R S, P, y, o, f}.

Proposition 2.1.3. [17] Let (G, #em) be Gy,-closure
space, the implication Jg,, and the families of near
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open and near closed graphs are given by following
statements.

(@) ROgn(G) < Tem < aOom(G) < SOen(G) <
7Oem(G) < AOem(G),

(b) ROen(G) < Tom < @Oen(G) < POen(G) <
7Oem(G) < FOem(G),

(€) RCen(G) © Zem < aCom(G) < SCen(G) <

Com(G) < BCan(G),
(d) RCem(G) © Zem < aCen(G) < PCon(G) <

Caem(G) < BCen(G).

2.2. Pawlak's Approach

Consider the approximation space K = (X,
R), where X is a set called the universe and R is an
equivalence relation. The order triple S = (X, R, p)
is called the stochastic approximation space [14],
where p is a probability measure. Any subset of X
will called an event. The probability measure p has
the following properties:
p(d) = 0, p(X) =1 and if A = (J, A'is an
observable set in K, then
P(A) =%, p(A).
It is clear that A is a union of disjoint sets, since R
is an equivalence relation. Pawlak introduced the
definitions of the lower and upper probabilities of
an event A in the stochastic approximation space S
= (X, R, p). these definitions are:
e The lower probability of A, denoted by Lp(A), is

given by Lp(A) = p(L(A)).
e The upper probability of A, denoted by Up(A),
is given by Up(A) = p(U(A)).

Clearly, 0 <Lp(A) <land 0 <Up(A) <1.
The probability measure p in the stochastic
approximation space S = (X, R, p) satisfies the
following properties [14]:
(@) Lp(A) <p(A) <Up(A).
(b) Lp(¢) =Up(¢) = 0.
() Lp(X)=Up(X)=1.
(d) Lp(AY))=1-Up(A).
(€) Up(A%)) =1 -Lp(A).
() Up(AUB) <Up(A) + Up(B) — Up(4 N B).
(9) Lp(AUB)=>Lp(A) + Lp(B) —Lp(4 N B).

Definition 2.2.1. [14]. Let A be an event in the
stochastic approximation space S = (X, R, p). The
rough probability of A, denoted by p*(A), is given
by:

p*(A) ={Lp(A), Up(A)).

Clearly, the rough probability is the interval
to which the probability of the unobservable event
belongs. If A is an observable event in S, then the
rough probability p*(A) will be the same as the
classical probability p(A), that is, p*(A) will be
reduced to one point.

Moreover,
o If Ais externally unobservable, then

p*(A) = (Lp(A), D).
e If Alis internally unobservable, then

p*(A) =0, Up(A)).
e If Alistotally unobservable, then

P*(A) = (0, 1.

An exact value of the probability of an event

A is given if it is observable. If A is roughly
observable, a lower and upper values to the
probability of A are given. In the case when the
event A is internally (resp. externally)
unobservable, only the upper (resp. lower) bound
can be determined. But if A is totally unobservable,
both the lower and upper bounds for the probability
of A can be determined.

3. Rough Probability in G,,-Closure Spaces

In this section we study stochastic
approximation spaces from topological view using
Gn-closure spaces. We generalize the stochastic
approximation space in the case of general graph.
Since the approximation space G, = (G, Clgy) with
general graph G defines a uniquely Gp-closure
space (G, Zam), then the order triple S = (G, Clgpn,
p) is called the stochastic approximation space,
where Clgy, is a Gy-closure operator and p is the
probability measure. We give this hypothesis in the
following definition.

Definition 3.1. Let G, = (G, Clg, be an
approximation space where G is a finite and
nonempty universe graph, Clgy, is a general relation
on G, and Fg, is the G,-closure space associated to
Gn. Then the order 4-triple S, = (G, Clgm, P, Fem)
is called a Gp-closure stochastic approximation
space.

The probability measure p has the following
properties:
p(#) = 0, p(G) = land if H = U, H' is an
observable graph in G, , then _ _
p(H) =i p(H") —2licj p(H' N H')
+ Yo PHNH N HY) - #pH'N .NH")
It is clear that H may be a union of joint graphs,
since G is a general graph.

3.1. Rough Probability

There is no problem to find probability of an
observable graph as it will be the same as the usual
probability. The problem occurs when evaluation
the probability of the unobservable graphs. In order
to investigate this problem we obtain some rules to
find lower and upper probabilities in G-closure
stochastic approximation spaces with general
graphs.

Definition 3.2. Let H be an event (subgraph) in the
Gp-closure stochastic approximation space Sy, = (G,
Clgm, P, #em)- Then the lower (resp. upper)
probability of H is given by:
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Lp(H) = p(Intem(V(H)))
(resp. Up(H) = p(Clem(V(H))) )
Clearly, 0 <Lp(H) <1 and 0 <Up(H) <'1.

Proposition 3.1. Let H, K be two events in the G-
closure stochastic approximation space S, = (G,
Clgm, P, Fam). Then

(@ Lp(H) <p(H) <Up(H).

(b) Lp(¢) =Up(¢) =0.

(c) Lp(G)=Up(G)=1.

(d) Lp(H°)=1-Up(H).

(e) Up(H) =1 —Lp(H).

() Up(HUK) <Up(H) + Up(K) —Up(H N K).
(9) Lp(HUK) >Lp(H) + Lp(K) —Lp(H N K).
Proof. By using the properties of G-interior and
G-closure, the proof is obvious.

Definition 3.3. Let H be an event in the G,,-closure
stochastic approximation space S,, = (G, Clgm, p,
Fem). The rough probability of H, denoted by
p*(H), is given by:

p*(H) = <Lp(H), Up(H)).

Example 3.1. Consider the experiment of choosing
one vertex from five vertices numbered from one to
five. The collection of the five vertices form the
outcome space. Hence, let G = (V(G), E(G)) be a
digraph such that V(G) = {vi, Vs, Vs, V4, Vs} and
E(G) = {(vs, v2), (V2, V1), (Va4 V5)}. Let G, = (G,
Cl,,) be an approximation space and gy, is the G-
closure spaces associated to Gy,. Thus
%l = {G’ ¢1 {V3}v {VS}’ {V3’ V5}, {le VZ}: {V41 V5}1
{v1, Vo, s}, {Va, Vo, Va}, {Va, Va, Vs}, {Va, Vo, V3, Vs},
{v1, Vo, V4, V5}}.
Je1 = A{G, ¢, {va}, {Va}, {v1, Vo}, {Va, Vs}, {V3, Va},
{v1, Vo, Va}, {Vs, Va, Vs}, {V1, Vo, Va}, {V1, Vo, V3, Va},
{v1, Vo, V4, V5}}.
Define the random variable V to be the number on
the chosen vertex. We can construct Table 3.1
which contains the lower and the upper
probabilities of a random variable V = v. It is easy
to see the following:
o Neither of the lower and upper probabilities
summed to one.
e The value v; of V has exact probability, since
Lp(V) =Up(V) =1/5atV = vs.

Table 3.1: Lower and upper probabilities of a random variable V
=v.
Vv Vi Vo V3 \ Vs
Lp(v=v) | O 0 |15]15] 0
Up(v=v) |25 | 2/5 ] 15|25 ] 15

If H is an observable event in Sy, the rough
probability p*(H) will be the same as the classical
probability p(H), that is, p*(H) will be reduced to
one point.

Moreover,

e If His externally unobservable, then
p*(H) =(Lp(H), 1).

e If His internally unobservable, then
p*(H) = (0, Up(H)).

e If His totally unobservable, then
p*(H) =0, 1).

An exact value of the probability of an event
H is given if it is observable. If H is roughly
observable, the lower and the upper values to the
probability of H are given. In the case when the
event H is internally (resp. externally)
unobservable, only the upper (resp. lower) bound
can be determined. But if H is totally unobservable,
both the lower and upper bounds for the probability
of H can be determined.

3.2. Rough Distribution Function

The distribution function of a random
variable V gives the probability that V does not
exceed v. We define the lower and upper
distribution functions of a random variable V.

Definition 3.4. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #cm)- The lower (resp. upper) distribution
function of V is given by:

LF(v) = Lp(V <V) (resp. UF(v) = Up(V <Vv)).

Definition 3.5. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #am)- The rough distribution of V, denoted
by F*(v), is given by:

F*(v) = (LF(Vv), UF(v)).

Example 3.2. Consider the same experiment as in
Example 3.1. The lower and upper distribution
functions of V are

0 —00<V<3,
LF(v) = 41/5 3<v<4, and
2/5 4<v<oo
0 —o<v<l
215 1<v<?2
4/5 2<v<3
1 3<v<4,
7/5 4<v<5,
8/5 5<v<®
Therefore F*(v,) = (2/5, 7/5).

UF(v) =

Proposition 3.2. Let V be a random variable in the
Gp-closure stochastic approximation space Sy, = (G,
Clgm, P, Fom)- Then

LF(v) <F(v) SUF(v).
Proof. By using part (a) in Proposition 3.1, the
proof is obvious.
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3.3. Rough Expectation

The expectation of a random variable V is
the average of all possible values of V weighted by
their probabilities. We define the lower and upper
expectations of a random variable V.

Definition 3.6. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em). The lower (resp. upper) expectation
of V is given by:

Lu=LE(V) = Zavi Lp(V = v

(resp. Uu = UE(V) = Z_,vi Up(V = Vi) ).

Definition 3.7. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, Fcm). The rough expectation of V is
denoted by E*(V) and is given by:

E*(V) = (LE(V), UE(V)).
The rough expectation of V also denoted by
e =L Up.

Example 3.3. Consider the same experiment as in
Example 3.1. Then the Ilower and upper
expectations of V are

Lu=LE(V) = 1.4, Uu= UE(V) = 4.4.
Hence the rough mean (or rough expectation) of V
is 1* = (1.4, 4.4).

3.4. Rough Variance and Rough Standard
Deviation

We define the lower and upper variances of
random variable V.

Definition 3.8. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, p, #cm). The lower (resp. upper) variance of
V is given by:
LV(V) = LE(V —Lu)?
(resp. UV(V) = UE(V —Uw)?).

Definition 3.9. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, p, Fcm). The rough variance of V is denoted
by V*(V) and is given by:

VE(V) = (LV(V), UV(V)).

Definition 3.10. Let V be a random variable in the
Gn-closure stochastic approximation space Sy, = (G,
Clgm, p, #em). The lower (resp. upper) standard
deviation of V is given by:

Lo(V) = JLV(V) (resp. Uo(V) = JuV (V) ).

Definition 3.11. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em)- The rough standard deviation of V is
denoted by o*(V) and is given by:

o*(V) =({La(V), Uc(V)).

Example 3.4. Consider the same experiment as in
Example 3.1. Then the lower and upper variances
of V are

LV(V) = 1.864, UV(V) = 7.456.
The rough variance of V is V*(V) = (1.864, 7.456).
Finally, the rough standard deviation of V is o*(V)
=(1.365, 2.731).

3.5. Rough Moments
We shall define the lower and upper
moments of random variable V.

Definition 3.12. Let V be a random variable in the
Gp-closure stochastic approximation space Sy, = (G,
Clam P, Fem). The lower (resp. upper) r' moment
of V about the lower mean L (resp. upper mean

Ug), also called the lower (resp. upper) r' central
moment, is defined as:

Lo = LE(V —Lg)" =30, (i —Lg)" Lp(V =)
(resp. Upp = UE(V —Up)" =35, (v —U)" Up(V
=v))wherer=0, 1,2, ...

The r™ lower (resp. upper) moment of V
about origin is defined as
L = LE(V") (resp. Uy = UE(V ") ) where r =0,
12 ..

Definition 3.13. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em). The rough r moment of V is

denoted by g* and is defined by:
(V) = (Lewt, Urgsy.

We shall introduce the definition of the
moment generating function of a random variable
V.

Definition 3.14. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, p, #cm). The lower (resp. upper) moment
generating function of V is defined by:

LMy(t) = LE(e") = X3, e Lp(V = vy)

(resp. UMy(t) = UE(") = i, ™ Up(V =wy))

Definition 3.15. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, p, #cm). The rough moment generating
function of V is denoted by My*(t) and is defined
by:

My*(t) = (LMy(t), UMy(t)).

Example 3.5. Consider the same experiment as in

Example 3.1. From Table 3.1 it is easy to see the

following:

e The lower r'" moment of V about the lower
mean Ly is
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Lou= LE(V ~Lp)' =58, (—La)' Lp(V = v)
—oa-Iy+o@-Ily+te-ly
S0 - +0@- )@ - )

1 7 7
_4__r _y
+2U-1y+06-1)

8)" +(13)"
= [%], wherer =20, 1, 2, ....

e The upper r'" moment of V about the upper
mean Uy is
Uu=UEN -Uw)" =35, (W —Uw)" UpV =

Vi)
2 22 2 22 1
=Z1-=Y+2 @2 -=252)Y+=08 -
5( 5) 5( 5) 5(

22 ¢, 2 22 v, 1 22 \r

—Y+-(4-=—=—)Y+=(5-—

5 ) 5( 5 ) 5( 5 )

=[ 2[(-17)" +(-12)" +(=2)" 1 +(-7)" +(3)"
(S)H-l

wherer =20, 1, 2, ....

e The lower r'™ moment of V about origin is

L =LE(V) =0 (1) +0(2)' + % ©) +% @A)
+0(9)
= % [(3) +(4)] wherer=0,1,2, ..

1

e The upper r'™ moment of VV about origin is
Ul = UE(V ) = 2 () +2 @ +£ ()
2 1
+Z(4) +=(5)
AORHE)

20+ @ + @)+ @)+ O]

gl

wherer =0, 1, 2, ....
e The lower moment generating function of V is
LMy(t) = LE(e™) = 3, e™ Lp(V =)

1 1
:Oet+0ezl+§e3l+ge4t+oe5t

1
— g [e3t + e4t].

e The upper moment generating function of V is
UM(t) = UE(™) = 3, e™ Up(V = vy)
2 2 1 2 1 &

— Lty Lyl QB Myt g
5 5 5 5 5

% [2(" + o2t 4 gt )+ et 4 e5t]_

4. Near Rough Probability in G,-Closure Spaces
In this section, we introduce the near rough

(briefly j-rough) probability for all je{R, S, P, y, a,
B}

4.1. Near Rough Probability

We obtain some rules to find j-lower and j-
upper probabilities in  G-closure stochastic
approximation spaces for all je{R, S, P, y, a, S}

Definition 4.1. Let H be an event in the G,,-closure
stochastic approximation space S, = (G, Clgm, p,
Fom)- The j-lower (resp. j-upper) probability of H
forall je{R, S, P, y, o, B} is given by:

Lip(H) = p(Int&,, (V(H)))

(resp. Upp(H) = p(CI &, (V(H))) ).

Clearly, 0 < Ljp(H) <1, 0 <Ujp(H) <1 for all
je{R, S, P, y, a, B}.

Proposition 4.1. Let H be an event in the G-
closure stochastic approximation space S, = (G,
Clom, P, #om)- Then
(8) Lip(H) <p(H) <Ujp(H),
(b) Lip(¢) = Ujp(¢) =0,
(¢) Lp(G) =Up(G) =1,
(d) Lip(H)) =1 -Up(H),
(€) Up(H) =1 -Lp(H),
forall je{R, S, P, y, o, S}.
Proof. By using the properties of G}, -interior and

G/l -closure for all je{R, S, P, y, a, B}, the proof
is obvious.

In general, part (f) and (g) in Proposition 3.1
do not satisfy in the case of j-rough probability for
all je{R, S, P, y, f}. Example 4.1 (resp. Example
4.2) illustrates that part (f) (resp. part (g)) in
Proposition 3.1 does not satisfy in the case of P-
rough (resp. p-rough) probability.

Example 4.1. Consider the same experiment as in
Example 2.1.1.

If H=(V(H), E(H)); V(H) = {v1}, E(H) = ¢, and
K= (V(K), E(K)); V(K) = {v2}, E(H) = ¢. Then
Upp(H U K) = 3/4, Upp(H) + Uyp(K) —Upp(H N K)
=1/4 +1/4 -0 = 2/4.

Thus Upp(H U K) > Upp(H) + Uyp(K) — Ugp(H N
K).

Example 4.2. Consider the same experiment as in
Example 2.1.1.

If H = (V(H), E(H)); V(H) = {v2, va, va}, E(H) =
{(v2, v3), (v4, v3)}, and

K = (V(K), E(K)); V(K) = {v, v}, E(H) = {(v1,
v3)}. Then

Lgp(H UK) =1, Lp(H) + Lgp(K) —LpH N K) =
3/4 +2/4 —0 =5/4.

Thus Lsp(H U K) < Lgp(H) + Lgp(K) —Lgp(H N K).

Definition 4.2. Let H be an event in the G,,-closure

stochastic approximation space Sy = (G, Clgn, p,

Faem)- The j-rough probability of H for all j&{R, S,

P, y, a, B}, denoted by p;*(H) and is given by:
p*(H) = (Lip(H), Ujp(H)).
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If H is an j-observable event in S, the j-
rough probability pj*(H) for all je{R, S, P, y, a, 3}
will be the same as the classical probability p(H),
that is, pj*(H) will be reduced to one point.
Moreover,
o If H is externally j-unobservable, then p*(H) =
(Lip(H), 1).
o If His internally j-unobservable, then pj*(H) =
(0, Up(H)).
o If H is totally j-unobservable, then p;*(H) = (0,
1).

Forall je{R, S, P, y, a, B}, the j-exact value
of the probability of event H is given if it is j-
observable. If H is roughly j-observable, the j-
lower and the j-upper values to the probability of H
are given. In the case when the event H is internally
(resp. externally) j-unobservable, only the j-upper
(resp. j-lower) bound can be determined. But if H is
totally j-unobservable both the j-lower and j-upper
bounds for the probability of H can be determined

Proposition 4.2. Let H be an event in the G-
closure stochastic approximation space S, = (G,
Clm, Py Fom)- Then
Lp(H) <'Ljp(H) <Ujp(H) <Up(H)
forall je{S, P, y, o, f}.
Proof. By using properties of G-interior, G -

interior, Gp-closure and G -closure for all je{S,
P, y, a, B}, the proof is obvious.

In general, the above Proposition need not
be true in the case of j = R as illustrated in the
following example.

Example 4.3. Consider the same experiment as in
Example 2.1.2.

If H = (V(H), E(H)); V(H) = {vi, v3, va}, E(H) =
{(v1, v3), (v3, Va), (Va, v1)}, and

ROGz(G) = {G, ¢} = RCGz(G) Then

Lp(H) =0, Up(H) = 3/4, Lgp(H) = 0 and Ugp(H) =
1.

Therefore. Lgp(H) = Lp(H) and Up(H) < Ugp(H).

Proposition 4.3. Let H be an event in the G-
closure stochastic approximation space S, = (G,
Clgm, P, #em)- The implications between the lower
probability and j-lower probability of H for all
je{S, P, y, o, §} are given as follows:

(@ Lp(H) <LAp(H) <Lsp(H) <L,p(H) <Lgp(H),
(b) Lop(H) <Lep(H) <L,p(H).

Proof. By using Proposition 4.2 and Proposition
4.3 in [2], the proof is obvious.

Proposition 4.4. Let H be an event in the G-
closure stochastic approximation space S, = (G,
Clgm, P, #cm)- The implication between the upper
probability and j-upper probability of H for all
je{S, P, y, o, f} are given as follows:

(@) UxH) <U,p(H) <Usp(H) <Up(H) <Up(H),
(b) U;p(H) <Upp(H) sUp(H).

Proof. By using Proposition 4.2 and Proposition
4.3 in [2], the proof is obvious.

Figure 3 (resp. Figure 4) illustrates p(H),
[Lp(H), Up(H)] and [L;p(H), U;p(H)] for a subgraph
H of G for all j&{S, y, o, S} (resp. je{P, y, a, f} in
a Gp-closure stochastic approximation space S, =
(G, CIGml p: %m)

A

erp(H)r Lép(HZ pI(H) . UVE(H)1 Uo;p(H)1 R
Lp(H)  Lsp(H)  Lep(H)  Ugn(H) Usp(H) Up(H)
Figure 3: p(H), [Lp(H), Up(H)] and [Ljp(H),
Ujp(H)] for a subgraph H of G for all je {S, v, a, B}

in a Gy,-closure stochastic approximation space S,
= (Gl CIGml pl ?Gm)-

L
L

Lp(H)  LpH)  p(H)  Up(H)  U.p(H)
:[ [ L L L Il 1 1 1 ] ]:IR

LoH) LipH) Lip(H) Usp(H) Upp(H) Up(H)

Figure 4: p(H), [Lp(H), Up(H)] and [L;p(H),
Ujp(H)] for a subgraph H of G for all j{P, y, a, 5}
in a G, -closure stochastic approximation space S,
= (Gy CIGH‘I! pl %m)

4.2. Near Rough Distribution Function

In this section, we introduce the concept of
near rough (briefly j-rough) distribution function of
a random variable V for all je{R, S, P, y, a, f}. In
the following definition, we define the j-lower and
the j-upper distribution functions of a random
variable V forall je{R, S, P, y, o, 5}.

Definition 4.3. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #cm)- The j-lower (resp. j-upper)
distribution function of V for all je{R, S, P, y, a, S}
is given by:

LiF(v) = Ljp(V <) (resp. UjF(v) = Ujp(V <v) ).

Definition 4.4. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, p, #em). The j-rough distribution of V for all
ie{R S, P, y, a [} is denoted by F*(v) and is
given by:

F*(v) = (LFV), UiF(v)).
Example 4.4. Consider the same experiment as in
example 3.1. Then
ROG1(G) = {V(G), ¢, {va}, {va,vo}, {Va,vs}, {v1, V2,
Va}, {V3, Vs, Vs}, {V1, V2, V4, V5}}.
RCG]_(G) = {V(G), ¢, {Vl, Vo, Vg, V5}, {V3, Vy, V5},
{v1, Vo, Va}, {4, Vs}, {v1,V2}, {va}}.
POGi(G) = {V(G), ¢, {vi}, {vo} {va} {va}, {v1,
Vo}, {V1, Va}, {V1, Va}, {V2, Va}, {V2, Va}, {V3, Va}, {Va,

Vs}, {V1, V2, Va}, {V1, Vo, Va}, {V1, V3, Va}, {V1, Va, Vs},
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{v2, V3, Va}, {V2,Va,Vs}, {Va,VaVs}, {vi, Vo, Vs, Va},
{V1, V2, V4, Vs}, {V1, V3, Vs, Vs}, {V2, V3, Vs, Vs}}.
PCc1(G) ={V(G), ¢ {V2, V3, Va4, V5}, {V1, V3, Vs, V5},
{V1, V2, Vs, Vs}, {V1, Va, V3, Vs}, {Va, V4, Vs}, {Va, Va4,
Vs}, {V2, V3, Vs}, {V1, Vs, Vs}, {V1, V3, Vs}, {V1, Vo, V5},
{Va, vs}, {vs, vs}, {vo, Vs}, {Vo, Va}, {V1, Vs}, {V1, Va},
{v1, vo}, {vs}, {va}, {vo}, {vi}}.

Define the random variable V to be the number on
the chosen vertex. We can construct Table 4.1
which contains the j-lower and the j-upper
probabilities of a random variable V = v for j&{R,

P}.

Table 4.1: j-Lower and j-upper probabilities of a random
variable V = v, where j e{R, P}.

\Y V1 Vo V3 Vy Vs
Lep(V=v) | O 0 [15] 0 0
Usp(V=V) | 2/5 | 2/5 | 1/5 | 2/5 | 2/5
Lep(V=v) |15 |15 |15 |15 ] O
Up(V=vVv) | 1/5 | 1/5|1/5] 25|15

Then
o The R-lower and R-upper distribution function
of V are

0 —0<V<3,

LeF(Y) = {1/5 3<v<m, M
0 —o<v<],
2/5  1<v<2,
4/5 2<v<3,
UsF(v) = 1 3<v<4
7/5  4<v<5,
9/5 5<v<oo.

e The P-lower and P-upper distribution function
of V are
0 —o<V<],
1/5 1<v<?2,
LpF(v) = {2/5 2<v<3, and
3/5 3<v<4,
4/5 4<v<oo,

0 —o<V<],

1/5 1<v<?2,

2/5 2<v<3

F(v) = ‘
UF) = 155 3<v<4,
1 4<v<5b,

6/5 5<v<oo,

Proposition 4.5. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, Fom)- Then
LF(V) <LjF(V) <UF(V) <UFR(V)
forallje{sS, P, y, o, 5}
Proof. By using Proposition 4.2, the proof is
obvious.

In general, the above proposition need not
be true in the case of j = R as illustrated in the
following example.

Example 4.5. In Example 4.4, we get
LF(V5) = 2/5, UF(V5) = 8/5, LRF(V5) =1/5 and
URF(V5) = 9/5.
Therefore LgF(vs) < LF(vs) and UF(vs) < UgF(Vs).

Proposition 4.6. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em). The implications between the lower
distribution function and j-lower distribution
function of V for all j&{S, P, y, o, } are given as
follows:

(@) LF(Vv) <L F(v) <LsF(v) <L F(v) SLgF(v),

(b) L F(v) <LpF(v) <L F(v).

Proof. By using Proposition 4.3 and Proposition
4.5, the proof is obvious.

Proposition 4.7. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em).- The implications between the upper
distribution function and j-upper distribution
function of V for all j&{S, P, y, a, S} are given as
follows:

(@) UgF(v) SUF(v) SUSF(V) <UF(V) SUF(v),
(b) UF(v) SUpF(v) <UF(v).

Proof. By using Proposition 4.4 and Proposition
4.5, the proof is obvious.

Figure 5 (resp. Figure 6) illustrates F(v),
[LF(v), UF(V)] and [LjF(v), UjF(v)] for a random
variable V for all j&{S, y, o, f} (resp. j&{P, y, o, 5}
in a G-closure stochastic approximation space S,
= (G, CIGml p, %m)

LFG) LFG) FW) UFG)  UF)
[ [ L L L Il 1 1 1 ] 'Jl :IR

LF(v) lel:(v) i LﬁLF(v)I Uﬁ;:(v)J USJF(V) UF(v)

A

Figure 5: F(v), [LF(v), UF(v)] and [LjF(v), UjF(v)]
for a random variable V for all je {S, v, a, B} in a
Gn-closure stochastic approximation space Sy, =

(Gl CIGI‘T‘I! p; ?Gm)-

LFG) LFG) FW) UFG)  UF)
L [ L 1 1 ] 1 ] ] ;IR

L/;F(v) I Uﬂ;:(v) UpJF(v) UF(v)

4 L
N § L

LF(v) Lpll:(v)

Figure 6: F(v), [LF(v), UF(v)] and [L;F(v), U;F(v)]
for a random variable V for all je{P, y, o, f} ina
Gn-closure stochastic approximation space Sy, = (G,

CIGml p: %m)

4.3. Near Rough Expectation

In this section, we introduce the near rough
(briefly j-rough) expectation of a random variable
Vforall je{R, S, P, y, a, f}. We define the j-lower
and the j-upper expectations of a random variable V
for all je{R, S, P, », o, p} in the following
definition.
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Definition 4.5. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #cm)- The j-lower (resp. j-upper)
expectation of V for all je{R, S, P, y, a, S} is given
by:
Lipe=LE(V) = Ziavi Lip(V =V
(resp. Up = UE(V) = X1y, Upp(V = w) ).

Definition 4.6. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em)- The j-rough expectation of V for all
je{R. S, P, y, a, f} is denoted by E*(V) and is
given by:

Ej*(V) = (LE(V), UEV).
The j-rough expectation of V also denoted by z4* =
(Lje, Ujpoy for all je{R,S,P,y, 0.5}

Example 4.5. Consider the same experiment as in
Example 3.1. From Table 4.1, it is easy to see the
following:
o Neither of the j-lower and the j-upper
probabilities summed to one for j{R, P}.
e The value v; of V has R-exact probability, since
Lrp(V) = Ugp(V) = 1/5at V = vs.
e The values vy, v, and v; of V has P-exact
probability, since
Lpp(V) = Upp(V) = 1/5at V = vy, vy, Va.
For j = R we get,
e The R-lower and R-upper expectation of V are
LR/J = LRE(V) = 06, URIIJ = URE(V) =54.
e The R-rough mean (or R-rough expectation) of
Vis
1™ =(0.6, 5.4).
For j = P we Qet,
e The P-lower and P-upper expectation of V are
Lpu = LpE(V) = 2, Upu = UpE(V) = 3.8.
e The P-rough mean (or P-rough expectation) of
Vis
up* =(2,3.8).

4.4. Near Rough Variance and Near Rough
Standard Deviation

In this section, we define the near rough
(briefly j-rough) variance and the near rough
(briefly j-rough) standard deviation of a random
variable V for all je{R, S, P, y, o, B}

Definition 4.7. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clom, P, #om). The j-lower (resp. j-upper) variance
of Vforall je{R, S, P, y, o, B} is given by:
LV(V) = LE(V - Lju)’
(resp. UV(V) = UE(V —Uj;1)).

Definition 4.8. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #em). The j-rough variance of V for all

je{R. S, P, y, a, B} is denoted by V*(V) and is
given by:
ViE(V) = (LVV), UV (V).

Definition 4.9. Let V be a random variable in the
Gp-closure stochastic approximation space Sy, = (G,
Clgm, P, #om)- The j-lower (resp. j-upper) standard
deviation of V for all je{R, S, P, y, a, B} is given
by:

Lio(V) = JL;V(V) (resp. Ujo(V) = JUV(V) ).

Definition 4.10. Let V be a random variable in the
Gp-closure stochastic approximation space Sy, = (G,
Clgm, P, #em)- The j-rough standard deviation of V
forall je{R, S, P, y, a, £} is denoted by o;*(V) and
is given by:

o7 (V) = (Lo(V), Uie(V)).

Example 4.6. Consider the same experiment as in

Example 3.1. From Table 4.1, it is easy to see the

following:

For j = R we get,

e The R-lower and R-upper variances of V are
LrV(V) = 1.152, URV(V) = 14.368.

e The R-rough variance of V is
Vr*(V) = (1.152, 14.368).

e The R-rough standard deviation of V s
or*(V) = (1.073, 3.791).

For j = P we get,

e The P-lower and P-upper variances of V are
LrV(V) = 1.2, URV(V) = 2.648.

e The P-rough variance of V is
Vr*(V) = (1.2, 2.648).

e The P-rough standard deviation of V is
op*(V) = (1.095, 1.627).

4.5. Near Rough Moments

In this section we shall define the near rough
(briefly j-rough) moment of random variable V for
allje{R, S, P, y, o, S}

Definition 4.11. Let V be a random variable in the
Gn-closure stochastic approximation space S, = (G,
Clgm, P, Fom). The j-lower (resp. j-upper) r"
moment of V about the j-lower mean Lju (resp. j-
upper mean Uju) for all je{R, S, P, y, o, S}, also
called the lower (resp. upper) r™ central moment, is
defined as:

Lirse = LE(V = Ljs)" = 20 (v — L) Lip(V = vi)
(resp. Usr= UEQY ~ Uyt =50, (v~ Uy
Up(V =wv) ) wherer=20,1, 2, ...

The r™ j-lower (resp. j-upper) moment of V
about origin is defined as
Ljred = LE(V ") (resp. Ujed = U[E(V ") ) where r =
01,2, ...
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Definition 4.12. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clem P» Fom). The j-rough r™ moment of V for all
je{R. S, P, y, o, f} is denoted by z4* and is defined
by:

,Ujr*(v) = <|—jr,ux Ujr,U>-

In the following definition we shall define
the j-lower and j-upper moment generating function
of a random variable V for all je{R, S, P, y, o, S}
Definition 4.13. Let V be a random variable in the
G-closure stochastic approximation space Sy, = (G,
Clgm, P, #Fcm). The j-lower (resp. j-upper) moment
generating function of V for all je{R, S, P, y, a, f}
is defined by:

LiMu(t) = LE(™) = X, e™ Lp(V = vy

(resp. UM(t) = UEEY) = 5, e Upp(V =)

Definition 4.14. Let V be a random variable in the
Gn-closure stochastic approximation space Sy, = (G,
Clgm, P, #em). The j-rough moment generating
function of V for all je{R, S, P, y, a, f} is denoted
by M;y*(t) and is defined by:

Mjv*(t) = (LiMy(t), UiM\(1)).

Example 4.5. Consider the same experiment as in

Example 3.1. From Table 4.1 it is easy to see the

following:

e The P-lower r™ moment of V about the P-lower
mean Lpy is

Lprit = LeE(V —Lpw)" =35 (Vi — Legd)" Lep(V
=wW= Q- +E@ -2 +1C -2

+%(4 -2)'+0 :%[(_ 1)+ 1 + 27, wherer

=012, ...
e The P-upper r'™ moment of V about the P-upper
mean Upu is
Upt = UpE(V — Upp)" =30 (k — Uppd)
Upp(V = Vi)
Ly 19

1 19, .1 19 |, r
=Z(1-Z2)Y+2@2-2)Y+z
O R R
2 19, 1 19 .,
+=(4-=)y+=56-=
5( 5) 5(5 5)

I:(—19)’ +(-9)" +(—4) +2+(6)"

(5)r+1 ]’

wherer =20, 1, 2, ....
e The P-lower r'™ moment of V about origin is

Lokl = LE(V ) = 3 +5@ +5@)

+Lay o= L @+ @ + @)1, where

r=012, ...
e The P-upper r'™ moment of V about origin is

Ustl = UsE(V ) = S +3 @) +2 @)

2 ro 1 r 1 r r r
+§(4) +§(5) = §[1+(2) +(3) +2(4) +

(5)], wherer=20,1, 2, ...
e The P-lower moment generating function of V

IS
LeMy(t) = LeE("™) = 33, e™ Lep(V =)
_ let+£e2t+le3t+1e4t+0

5 5 5

:é[t+e2t+e3t+e4t].
e The P-upper moment generating function of V
is
UpMy(t) = UpE(e™) = 31, €™ Upp(V = V)
1 ¢,1 o0, 1 3,2 a1 5

= e+ +zedt+ZeM+Ze
5 5 5 5 5

1
g [el + eZt + e3l + Ze4t + e5t].

5. Conclusions and Future work

The Gp-topological structure of the
stochastic approximation spaces helped us for
introducing different levels of rough probabilities,
rough probability distributions, rough mathematical
expectations, rough variances, and others. Our
future work aims to apply the Gy-topological
structure using information systems which
considered from real life experiments.
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