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ABSTRACT

In this paper the concepts of weakly (resp.. closure, strongly) Perfect Mappings are
defined and the important relationships are studied: (a) Comparison between deferent
forms of perfect mappings. (b) Relationship between compositions of deferent forms of
perfect mappings. (¢) Investigate relationships between deferent forms of perfect
mappings and their graphs mappings.

INTRODUCTION

In 1991 L Chew and J. Tong (1) introduced the concept of weakly
continuous mappings, in 1980 T. Noiri (2) introduced the coneept of
closure continuous mappings, in 1981 P. E. Long and L. L. Herrington (3)
introduced the concept of strongly continuous mappings, in 1966
N.Bourbaki (4) defined perfect mappings and he stated and proved several
theorems concerning perfect mappings. and in 1989 R.Engliking (5)
introduced equivalent definition of perfect mappings. In this paper we
introduce new concepts, which are the concepts of weakly (resp., closure,
strongly) Perfect Mappings in which weakly (closure) Perfect Mappings
are strictly weaker than perfect mappings, but strongly perfect mappings
are stronger than perfect mappings. Also in this paper we introduce several
results and examples concerning of deferent forms of perfect mappings.
For a subset A of a topological space X, the closure of A denoted by cl(A).
For other notions or notations not defined here we follow closely R.
Engelking (35).

Basic Definitions
Definition 1 (1, 6, and 7)

A mapping f: XY is weakly (resp., closure, strongly) continuous at a
point XxeX if given any open set V containing fix) in Y, there exists an
open set U containing x in X such that RU)ccl(V) (resp., ficl(U))cel( V),
flel(U))cV).
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If this condition is satisfied at each point xeX, then f is said to be
weakly (resp., closure, strongly) continuous.

Definition 2 (5)
A space X is called Urysohn if for every x#yeX, there exists an open
set U containing x and an open set V containing y such that cl(U)"el

(V)= o.

Definition 3 (5)

Suppose we are given a topological space X, a family {Y.,},.s of
topological spaces and a family of continuous mappings {f,},.s where f,
: X—=Y,. the mapping assigning to the point xe X the point {fi(x)} elL.sY,
is continuous ; it is called the diagonal of the mappings {f.}..s and is
denoted by A,.if, or by fiARA.. Afy if S={1.2,... k}.

Comparison between Deferent Forms of Perfect Mappings
The new concepts in this paper are given now.
Definition 1
A mapping f: X—Y is called weakly (resp., closure, strongly) perfect
mapping if it is weakly (resp.. closure, strongly) continuous, closed and for
eachyeY, f'(y) is compact.

"It is well-known that if f : XY is perfect, then for any closed
AcX and any BcY the restrictions fl, : A=Y and fy : £ (B)->B are
perfect, this is still the case in weakly (resp., closure, strongly) perfect, as it
is shown in the next theorem."=--eemeeenee #

Theorem 2

Let f: X—=Y be a weakly (resp., closure, strongly) perfect, then for any
closed AcX and any BCY the restrictions f [\: A=Y and fy : F(B)>B
are weakly (resp., closure, strongly) perfect.

Also it is will-known that if f: XY is perfect, then fiy, : X=f{X) is
perfect. This is not the case in weakly (closure) perfect even over an
Urysohn space as it is shown in the next example, but it is true for strongly
perfect as it is shown in theorem (3.4).

Example 3

Let P be the upper half of plane and L be the x-axis. Let X=PUL. If T4,
15 the half disc topology on X and 1, be the relative topology that X inherits
by virtue of being a subspace of IR*. The identity mapping : (X, 1) (Y,
Thi) 1S weakly (closure) perfect but not perfect since it is not
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continuous. And f : (L,5)—(X, ) is weakly (closure) perfect, but f ;
(Lt)—=>(L, Ti4,) is not weakly (closure) perfect.

Theorem 4
Let f: XY be strongly perfect, then fiy, : X-»f(X) is strongly perfect.

Proof: Let F be a closed subset of X, we have fix(FNf "(fX))=
ﬂFF‘f"(i’(X)))=ﬂ'F)r‘»i‘(X) is closed in f{X), hence fyy, closed. Let yef{X),
then f".m(y)=f"(y) is compact subset of X. Let xeX and let V be any
open set containing f{x) in f{X). also in Y because fiX)cY. Since f is
strongly continuous, there is an open set U containing x in X such that
flcl(U))V, hence fiyy, is strongly continuous. Therefore fiy, is strongly
perfect.

Now we will compare between deferent forms of perfect mappings.

Theorem 5
Let f': XY be a perfect on X, then fis closure perfect on X.
Proof: The proofs of f is closed and for each ye Y. f "'(y) is compact are
obvious. Let xeX and let V be any open set containing f{x) in Y. Since f is
continuous, there is an open set U containing x in X such that fU)=V,
Hence clfiU)ccl(V). By continuity of f. flelU)ccl(RU)), therefore
f{clU)elV and fis closure continuous. Hence f is closure perfect on X.

The converse of the above theorem is not true, as it is shown in the next
example.

Example 6
Let X=[0, 1] with topology 1., consisting of the empty set together with all
sets whose complements are finite, let Y=[0, 1] with topology Tue
consisting of the empty set together with all sets whose complements are
countable. Let f : (X.t)(Y, %) be the identity mapping, then f is
closure perfect on X since for every nonempty open set U in Y, ¢lU=X. It
is clear that for every xe X, f'is not continuous at x. Hence f is not perfect,
If the range of f is a regular space then the converse of theorem (3.5) is
also true.

Theorem 7

Let Y be a regular space and f: X—Y. Then f is perfect on X iff f is
closure perfect on X.
Proof: (=) Follows from theorem (3.5)
(¢=) Suppose that f : XY closure perfect. It suffices to show that f
continuous, let x X and let V be an open set containing f(x) in Y. Since Y
is regular there is an open set V, in Y such that fix)eV, and cl(VyeVv,
since f is closure continuous, there is an open set U containing x such that
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flel(U))zel(V)). since Uzcl(U), so RU)cficl(U)). It follows that f{U)<=V,
therefore f'is continuous on X. Hence { is perfect on X.

Theorem 8

Let f: XY be a strongly perfect. Then f'is perfect.

The converse of the above theorem is not true, as it is shown in the next
example,

Example 9

Let (IR, ) where t is the topology with basis whose members are of the
form (a, b) and (a, b)-N, N={1/n: n €Z"}, Then (IR,1) is HausdorfT but not
regular. Let T : (IR.1)-(IR.1), fix)=x, then f is perfect but not strongly
perfect.

If the domain of f is a regular space then the converse of theorem (3.8) is
also true.

Theorem 10

Let X be a regular space and let f: X—Y. Then f is perfect iff fis
strongly perfect.
Proof: (<=) Follows from theorem (3.8)
(=») Suppose that f : XY perfect. It suffices to show that f strongly
continuous, let xeX and let V be an open set containing f{x) in Y. Since
is continuous, there is an open set U containing x in X such that fU)gV,
since X is regular there is an open set U; in X such that xeU,; and
cl(UpcU, so flel(Uy))cfiu). It follows that flcl(U)cV, therefore f is
strongly continuous. Hence f is strongly perfect.

Theorem 11

Let Y be a regular space and let f: X—Y. Then f is closure perfect on X
iff f'is strongly perfect on X.
Proof: (=) Suppose that f : X—Y closure perfect. It suffices to show that f
strongly continuous, let xe X and let V be an open set containing fix) in Y.
Since Y is regular there is an open set V, in Y such that fix)eV, and
¢l(Vy)cV, since f is closure continuous, there is an open set U containing X
such that flel(U))cel(Vy). It follows that ficl(U))cV, therefore f is
strongly continuous. Hence f is strongly perfect on X.
(<) Follows from theorems (3.8) and (3.5)

Theorem 12
Let X be a regular space and let : X—=Y. Then f is closure perfect on X
iff fis weakly perfect on X.
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Proof: (=) Suppose that f: XY closure perfect. It suffices to show that f
weakly continuous, let xX and let V be an open set containing f(x) in Y.
Since f is closure continuous, there is an open set U containing x such that
flcl{U))cel(V), since Ucel(U). so filU)zftel(U)). It follows that
fU)=cl(V), therefore fis weakly continuous. Hence f'is weakly perfect on
X. (¢=) Suppose that f: X—>Y weakly perfect. It suffices to show that f
closure continuous, let xe X and let V be an open set containing f{x) in Y.
Since f is weakly continuous, there is an open set U containing x such that
flU)cel(V), since X is regular there is an open set U; in X such that xeU,
and cl(U))cU, so flel U, ))=flU), It follows that flel(U)))cel(V) therefore £
is closure continuous. Hence fis closure perfect on X.

Theorem 13

Let X or Y be a regular space and let f: X—Y. Then fis perfect iff f is
strongly perfect.
Proof: If X is regular space, then the proof follows from theorem (3. 10).
IF Y is regular space, then the proof follows from theorems (3.7) and
(3.11).

Theorem 14

Let Y be a regular space and let f : X—Y. Then f is perfect on X iff f is
weakly perfect on X,

Proof: (=) Suppose that f: XY perfect. It suffices to show that f weakly
continuous, let xeX and let V be an open set containing f{x) in Y, Since f
is continuous, there is an open set U containing x such that f{U)<V, since
Veel(V), It follows that f{U)ccl(V), therefore f is weakly continuous.
Hence fis weakly perfect on X.

(<=) Suppose that f : XY weakly perfect. Tt suffices to show that f
continuous, let xeX and let V be an open set containing f{x) in Y. Since Y
is regular there is an open set V, in Y such that fix)eV, and cl(V))cV,
since f is weakly continuous, there is an open set U containing X such that
RU)cel(Vy). It follows that RU)cV. therefore f is continuous on X. Hence
fis perfect on X.

Remark 15

In (1) it is shown that weak continuity does not imply closure continuity.
Therefore, strongly perfect = perfect = closure perfect = weakly perfect,
but not conversely. While the four conditions are equivalent if the range is
regular space.

Relationship between Compositions of Deferent Forms of Perfect
Mappings

93




Weankly (resp., Closure, Strangly) Perfect Mappings
Yousir

It is well-known that the composition of perfect mappings is
perfect. Similar results hold for closure and strongly perfect but it is not
true for weakly perfect.

Theorem |

Let f: XY be weakly perfect and let g : Y—Z be closure perfect. Then
gof : X—Z is weakly perfect.
Proof: Since the composition of closed mappings is closed, then gof is
closed. Let zeZ, to show that (gof)'(z) is compact, since g is closure
perfect, then g’'(z) is compact, now let {U,: aeA} be a family of open sets
of X such that (goﬂ"(z)cu..,,\b',.. If yeg"(z). then there exists a finite
subset M(y) of A such that f "()')cu..‘m,y.U.,. Since f'is a closed mapping,
by theorem (1.4.12) in (5) there exists an open set V, of Y such that yeV,
and f "(V,) Saemiy)Ua Since g"(z) is compact, there exists a finite subset
B of g'(z) such that g “'(z2)cuy.sV,. Hence f7'(g "(2))cuy.uf (V)
Ty w3 Suemiy) U Thus if M=, yM(y), then M is a finite subset of A and f
g (2))cUaemU,. Thus £'(g (2))=(gof)(z) is compact. Let xe X and let
W open set containing (gof)(x) in Z, since g is closure continuous, there is
an open set V containing f{ix) in Y such that g(cl(V))ccl(W). Since f is
weakly continuous, then for every xeX and every open set V of fix)=y,
there exists an open set U of x in X such that filU)ccl(V), so
g(flUu))ce(el(V)) and (gof)(U)z glel(V)). then we have (gof)(U)ccl(W)
and gof'is weakly continuous. Hence f is weakly perfect.

Theorem 2

Let f: XY be perfect and let g : Y—Z be weakly perfect. Then gof :
X—Z is weakly perfect.
Proof: The proofs of gof is closed and for each z=Z, (gof) "'(z) is compact
are similar to the proof of theorem (4.1), so it is omitted. Let xeX and let
W open set containing (gof)(x) in Z, since g is weakly continuous, there is
an open set V containing f{x) in Y such that g(V)ccl(W). Since f is
continuous, then for every x X and every open set V of fix)=y, there exists
an open set U of x in X such that {U)gV, so g(fiU))cg(V) and
(goH)(U)cg(V). then we have (gof)(U)ccl(W) and gof is weakly
continuous. Hence [is weakly perfect.

Theorem 3

Let f; XY be a closure perfect and let g : Y—>Z be closure perfect.
Then gof : X—Z is closure perfect.
Proof: The proofs of gof is closed and for each zeZ, (gof) (z) is compact
are similar to the proof of theorem (4.1), so it is omitted. Let xe X and let
W open set containing (gof)(x) in Z, since g is closure continuous, there is
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an open set V containing fix) in Y such that glel(V)<cel(W). Since fis
closure continuous, then for every xeX and every open set V of fix)=y,
there exists an open set U of x in X such that flcl(U))cel(V), so
g(ficl(U)))cglcl(V)) and (gof)(cl(U))ce(cl(V)), then we have
(gof)(el(UNccl(W) and gof is closure continuous. Hence f is closure
perfect.

Theorem 4

Let f: XY be a closure perfect and let ¢ : Y—Z be strongly perfect.
Then gof : X—Z is strongly perfect.
Proof: The proofs of gof is closed and for each zeZ, (gof) '(z) is compact
are similar to the proof of theorem (4.1), so it is omitted. Let xeX and let
W open set containing (gof)(x) in Z. since g is strongly continuous, there is
an open set V containing f{x) in Y such that g(cl(V))=W. Since f is closure
continuous, then for every xeX and every open set V of f{x)=y, there exists
an open set U of x in X such that Rel(U))ccl(V), so g(ficl(U))ce(cl(V))
and (gof)(cl(U))cg(cl(V)). then we have (gof)(cl(U)=W and gof is
strongly continuous. Hence f is strongly perfect.

Theorem §

Let f: XY be weakly perfect and let g : Y—Z be strongly perfect.
Then gof : X—Z is perfect.
Proof: The proofs of gof is closed and for each zeZ. (gof) '(z) is compact
are similar to the proof of theorem (4.1), so it is omitted, Let xeX and let
W open set containing (zof)(x) in Z. since g is strongly continuous, there is
an open set V containing f{x) in Y such that g{cl(V))cW. Since fis weakly
continuous, then for every xeX and every open set V of fix)=y. there exists
an open set U of x in X such that filU)cel(V), so g(fiU))cg(cl(V)) and
(gofN)(U)zglel(V)). then we have (gof)(U)cW and gof is continuous.
Hence f'is perfect.

The next example shows that the perfect of f in theorem (4.2) can
not be weakened into closure perfect, and it also shows that the
composition of weakly perfect is not to be weakly perfect.

Example 6

Let X={x, y. z, w} with topology 15x={4, {z}, {z. W}, X, v, z}, X}and let
Y={a, b, ¢, d} with topology tv={¢, {b}, {d}, {a, b}, {b, d}, {a, b, dj, {b,
¢. d}, Y}. Define g : (X, tx)=(Y, 1y), by g(x)=a, g(y)=b, g(z)=c. g(w)=d .
Then g is weakly perfect but not closure perfect. Define f: (IR, Tu)=2(X.1%),
where 1, is the usual topology on IR by f{rational)=y, f{irrational)=w. Then
fis closure perfect but not perfect, and gof is not weakly perfect.
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It is well-known that, if the composition gof of continuous
mappings ' : X—=Y and g : YZ, where Y is a Hausdorff space, is
perfect, then the mappings gl gy, and f are perfect. Similar results hold for

deferent forms of continuity mappings and perfectly mappings, as it is
shown in the next theorems.

Theorem 7

If the composition gof of continuous mapping f : X—Y and weakly
continuous mapping g : Y—Z, where Y is a Hausdorff' space. is weakly
perfect, then the mapping g, is weakly perfect and f is perfect.
Proof: (i) For every point zeZ, (gl ax)"(@(X)Ng "(2)=f(gof)'(2)) is
compact, because (gof)'(2) is compact. Any closed subset of f{X) is of the
form ANF(X), where A is closed in Y. As the inverse image f™'(A) is closed
in X and gof is a closed mapping, the set (g/x ) ANX)=g(ANKX))=
(gof)(f'(A)) is closed in Z, we have g!qx is a closed mapping and thus the
mapping g| ix) 18 weakly perfect.
(ii) For every point yeY, f(y)*[(gof) (gtyNINf '(y) is compact. For
every closed set FcX the mapping (gof)|  is weakly perfect, so that by the
first part of our proof the restriction g| gy, is weakly perfect, since the latter
mapping can be continuously extended over cl(f{F)), it follows by lemma
(3.7.4) in (5) that {F)=cl(f(F)), we have f is a closed mapping and thus the
mapping f is perfect.

Theorem 8

If the composition gof of continuous mapping f : X—>Y and closure
continuous mapping g : Y—Z, where Y is a Hausdorff' space, is closure
perfect, then the mapping gl is closure perfect and fis perfect.
Proof: The proof is similar to the proof of theorem (4.7), so it is omitted.

Theorem 9

If the composition gof of continuous mapping f : X—Y and strongly
continuous mapping g : Y-»Z, where Y is a Hausdorfl' space, is strongly
perfect, then the mapping gl i, is strongly perfect and f is perfect.
Proof: The proof is similar to the proof of theorem (4.7). so it is omitted.

Theorem 10

If the composition gof of continuous mapping  : XY and closure
continuous mapping g : Y—Z, where Y is a HausdorfT space. is weakly
perfect, then the mapping gl qx, is closure perfect and fis perfect.
Proof: The proof is similar to the proof of theorem (4.7), so it is omitted.
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Theorem 11

If the composition gof of continuous mapping f : X—Y and strongly
continuous mapping g : Y—>Z, where Y is a Hausdorff space, is strongly
perfect, then the mapping gl 4y, is strongly perfect and f'is closure perfect,
Proof: The proof'is similar to the proof of theorem (4.7). so it is omitted.

Theorem 12

IT the composition gof of continuous mapping f : X—Y and strongly
continuous mapping g : Y-Z, where Y is a Hausdorff space, is perfect,
then the mapping g/ o, is strongly perfect and f is perfect.
Proof: The proof'is similar to the proof of theorem (4.7). so it is omitted.

Investigate Relationships  between Deferent Forms of Perfect
Mappings and their Graphs Mappings

The following theorem shows that a mapping f'is weakly perfect iff
its graph mapping G(f) is weakly perfect.

Theorem 1

Let f: X-»Y be a mapping with Y a regular space and let g : X-XY be
the graph mapping of f given by G(f)=g(x)=(x. fix)) for every point xeX.
Then g : X->XY is weakly perfect iff : X —Y is weakly perfect,
Proof: (=) Suppose g is weakly perfect. Let xeX and let V be an open set
containing fix) in Y, then XV is an Open set containing g(x) in XY.
Since g is weakly continuous, there exists an open set U containing x in X
such that g(U)cel(XV)=Xel(V). Since g is  the graph mapping of f, we
have filU)cel(V), this shows that f is weakly continuous. Now the graph
G(f) is the image of X under the homeomorphic embedding idyAf :
X—XY. The restriction p ylgg of the projection Py : XY SY is
homeomorphism , since Y is Hausdorf, the G(f) is a closed subset of XY.
By (* ). plan is perfect and by remark (3.15), Pyl is closure perfect.
Since f=( pyl¢n)og . by theorem (4.1) we have fis weakly perfect.
(<=) Suppose fis weakly perfect. Let xeX and W be an open set containing
g(x) in XY, then there exist open sets R =X and VY such that 2(x)=(x,
fix))eRV <W. Since f is weakly continuous, there exists an open set U
containing x in X such that UcR and RU)ccl(V), therefore we have
2U)=Rel(V) ccl(RY) cel(W). this shows that g is weakly continuous.
Now the mapping g=idxAf : X—XY maps X homeomorphically onto the
graph G(f) which is closed subset of XY, therefore g is perfect, by remark
(3.15), g is weakly perfect.

The following theorem shows that a mapping fis closure perfect iff
its graph mapping G(f) is closure perfect.
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Theorem 2

Let f: X—Y be a mapping and let g : X—XY be the graph mapping of
f given by G(f)=g(x)=(x, fix)) for every point xeX. Then g : XX is
closure perfect iff f: X—Y is closure perfect.
Proof: (=) If g is closure perfect. then it follows from theorem (4.3) that [
is closure perfect.
(<) Suppose f is closure perfect. Let xeX and let W be an open set
containing g(x) in XY. then there exist open sets R=X and VY such that
g(x)=(x. fix))eRV =W, Since fis closure continuous, there exists an open
set U containing x in X such that UcR and flel(U))ccl(V), therefore we
have g(el(U))cel(R)el(V) ccl(RV) cel(W), this shows that g is closure
continuous. Now the mapping g=idAf : X->XY maps X
homeomorphically onto the graph G(f) which is closed subset of XY,
therefore g is perfect, by remark (3.15), g is closure perfect.

The following theorem shows that if the graph mapping G(f) is strongly
perfect, then f'is strongly perfect.

Theorem 3

Let f: X—Y be a mapping and let g : X—>XY be the graph mapping of
f given by G(f)=g(x)=(x, fix)) for every point xeX. If g is strongly perfect,
then f: X—Y is strongly perfect. Morcover, X is a regular space.
Proof: The strongly perfectness of f follows from theorem (4.4). To prove
the regularity, let xe X and let U be an open set containing X , then UY is
an open set containing f(x). The strong continuity of the graph mapping of
f guarantees the existence of an open set W containing x such that
g(cl(W)cUY. Thus x ecl(W)cU. proving that X is regular,

The converse of the above theorem is not true in general, as it is shown
in the next example.

Example 4

Let X=Y= {1, 2, 3} with topologies Tx=1{¢, {1}, {2}. {1, 2}, X}, w=14.
{31, Y}. Define f: (X, t5)->(Y, ty) by fix)=3 for all x. Then f is strongly
perfect but the graph mapping Gi(f), where g(x)=(x, fix)) is not strongly
perfect because it is not strongly continuous at 1 and 2.

If the domain of [ is a regular space then the converse of theorem (5.3) is
also true.

Theorem 5

Let f : X—Y be a mapping with X a regular space and let g : X—»XY
be the graph mapping of f given by G(f}=g(x)=(x. f{x)) for every point
xeX. If f: X=Y is strongly perfect, then g : X—-XY is strongly perfect.
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Proof: Suppose { is strongly perfect. Let xeX and let W be an open set
containing g(x) in X=Y, then there exist open sets R&X and VY such that
g(x)=(x. fix))eR*»VcW. Since { is strongly continuous and X is regular,
there exists an open set U containing x in X such that ¢l{U)cR and
flelU))c(V), therefore we have g(clU)cR=*VoW, this shows that g is
strongly continuous. Now the mapping g=idyAf : X—->X~Y maps X
homeomorphically onto the graph G(f) which is closed subset of X»Y,
therefore g is perfect and since X regular we have X»Y is regular, by
remark (3.15), g is strongly perfect.
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