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Abstract:

We work in this paper is to study fibreviise soft near forms of the more essential separation
axioms of ordinary soft topology namely fibrewise soft near Ty, spaces, fibrewise soft near 1
spaces, fibrewise soft near R, spaces, fibrewise soft near Hausdorff spaces, fibrewise sofl near
functionally Hausdorff spaces, fibrewise soft near regular spaces, fibrewise soft near
vompletely regular spaces, fibrewise soft near normal spaces, fibrew:se soft near functionally
normal spaces. Too we add numerous outcomes about it
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L. Introduction and Preliminaries: i

At first with we work in the category of fibrewise sets over a given set, called the base set. If
the base set is denoted by B then a fibrewise set over B consists of a set H together with a
function P: H — B, called the projection. For each point b of B the fibre over b is the
subset Hy, = P~1(b) of H; fibres may be empty since we do not require P to be surjective,
also for each subset B* of B we regard Hy. = P~1(B") as a fibrewise sct over B* with the
projection determined by P the altemative notation H|B" is sometimes convenient. Molodtsov
{18] generalized with the introduction of soft sets the traditiona! concept of a sef in the
classical researches.With the introduction of the applications of s/l sets [17}; the soft set
theory has been the rescarch topic and have receivyatwnﬁon graduully [5, 15, 19, 21]. The
applications of the soft sets are redetected so as to develop and consolidate this theory,
utilizing thesc new applications; a uni-int decision-making method was established [9].
Numerous notions of general topology were involved in soft sets and then authors developed
thearics about soft topological spaces. Shabir and Naz [25] mentione | this term to define soft
topological space. After that definition, I. Zorlutuna et al. [31], A ygunoglu et al.[7] and
Hussain et al. [12] continued to search the properties of soft topolo; cal space. They obtained
a lot oi vital conclusion in soft topological spaces. Tn 2010 Muhamimmd shabir, Munazza Naz
[25] used soft sets to define a topology namely soft topology and defined soft separation
axioms, In this paper, we define and explore several properties, Fibrewise soft near T, spaces,
Fibrewise soft near Ty spaces, Fibrewise soft near Hausdorff spaces, Fibrewise soft near
ng’gular spaces, Fibrewise soft near normal spaces. We built on some of the result in (1,23, 26,
27, 28, 29].

Definition 1.1. [14] Assume that H and K are fibrewise sets over B, using projections
Py:H — Balso Py: K — B, severally, a function ¢: H — K is named fibrewise if Pyod =
Py, in another meaning if §(H,) < Ky for all point b of B.
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Note that a fibrewise function &: H — K over B determines, using restriction, a fibrewise
function dg-: Hy+ = Kg- over B* for all subset B* of B.
Definition 1.2. [18] Assume that U is an initial universe and E be a set of parameters. Assume
that P(U/) denote the power sct of U and A be a non-empty subset of E. A pair (F, A) is called
a soft set overH, where F is a mapping given by F: A = P(U). In other words, a soft sct
overl is a parameterized family of subset of the universe U. For €A, F(g) may be considered
as the set of £_approximate elements of the soft set (F, A).
Note that the sct of all soft sets over U will be denoted by S(U).
Example 1.3. Suppose that there is six houses in the universe U = {uy, Up, Uy, Uy, s, Ug}
under consideration, and that £ = {e,, e;,e3, €4, €5} is a set of decision parameters. The ¢;
(i = 1,2,3,4,5) stand for the parameters ‘‘expensive”, **beautiful”’, “‘wooden”’, *‘cheap”’,
and “‘in green surroundings®’, respectively. Consider the mapping Fj given by “houses ()'";
(.) is to be filled in by one of the parameters h; € E. For instance, Fy(e;) means ‘‘houses
(expensive)””, and its functional value is the set {u € U:u is an expensive house}. Suppose
that A = {e, 3,24} S E and Fyle,) = {uy,uy}, Fules) = U,and Fyey) = {1y, us, us).
Then, we can view the soft set F, as consisting of the following collection of
approximations: Fy = {(ey, {us, us}), (3, U), (€4, (U1, Uz, us})}. .
Definition 1.4: [10] Assume that F, € S(U). A soft topology on F,, denoted byt, is a
collection of soft subsets of F; having following properties:
(@) FyFpeT
() f{F; SFpi€l SN} € TthenUig€ 1
(¢) If{Fy € F:1<isnneN}SithenPl,ET
The pair (F, T) is called a soft topological space.
Example 1.5. Assume that U = {uy, up, u3}, E ={ey, 5, €1}, A= {e,,e;} & E and F; = {(e,,
{u‘ll "‘z}), (eZo{u > u3})}
Then, 7;= {Feu FAi = P (Fy) and T3 = {F¢. Fa. {(es, {uz D}, {(ey, (w2 1), (€2, (w3 D}, {(ey, §
ey, U }).(ez, {uz})}}, are soft topologies on Fy.

tion 1.6. [10]
(a) Assume that (Fy, T) is a soft topological space. Then, every element of T'is called a soft
open set. Clearly, Fy and F, are soft open sets.
(b) Assume that (Fy, T) is a soft topological space and Fy & Fy. Then, Fy is said to be soft
closed if the soft set F is soft open.
(c) Assume that (Fj,T) is a soft topological space and Fy € F,. Then, the soft closure of Fy,
denoted Fy, is defined as the soft intersection of all soft closed supersets of F.
Notc that Fj, is the smallest soft closed set that containing Fy.
(d) Assume that (F,,7) is a soft topological space and @ € Fj. If there is a soft open sct
(N,G) whereb € (N,G), then (N,G) is called a soft open neighborhood (or soft
neighborhood) of b, The set of all soft neighborhoods of b, denoted ¥ (b), is called the family
of soft neighborhoods of b; that is; V() = {(N, G): (N,G) € %,b € (N,()}.
(e) Assume that (Fy, ¥) is a soft topological space and Fy & F,. Then, the collection
Tey= {Fail) Fp:Fy € T,i €1 € N} is called a soft subspace topology on F,. Hence, (Fj, Ty)
is called a soft topological subspace of (Fy, T). ~
(f) Assume that(F,, T) is a soft topological space and P € 7. If every element of 7 can be
written as the union of elements of P, then P is called a soft basis for the soft topology T.
Each element of P is called a soft basis element.
Definition 1.7. A soft set (F, 4) in a soft topological space (Fy, T) is called
(a) Soft a-open set [2]if (F,A) & int (ci(int(F,A))).
(b) Soft pre-open (briefly soft P-open) set [6] if (F, A) € int(cl(F, A)).
(¢) Soft sime-open (briefly soft S-open) set [11] if (F, 4) € (cl(int(F, A)).
(d) Softb-open [4]if (F,A) € int(cl((F,4))) U cl(int((F,A))).
{e) Soft p-open set [6] if (F,A) € cl(int(cl(F,A))).
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The complement of a soft a-open (resp. Soft S-open, soft P-open, soft b-open and soft -
open) set is called soft a-closed (resp. Soft S-closed, soft P-closed, soft b-closed and soft
closed) sct. The family of cach soft a-open (resp. Soft S-open, soft P-open, soft b- open and
soft -open) sets of (F,, ) are more of than 7 also closed in building arbitrary union. We shall
call these families soft near topology (briefly S. j-topology), where j € {a, S, P, b, B}.
Definition 1.8. [24] Assume that H and K are two non-empty sets and E is the parameter set.
Assume that {fo: H = K, ¢ € E} are a collection of functions. Then a mapping f : SE(H, E)
- SE(K,E) defined by f (en) = ey, (ny is called a soft mapping, where SE(H, E) and SE(K, E)
are sets of all soft elements of the soft sets (7, £ ) and (K, E ) respectively.

Definition 1.9. [2, 4, 16, 30] A soft mapping ¢: (H, r.E) — (K, o, L)is said to be soft near
continuous (briefly S. j-continuous) whether the inverse image of each soft open setof K isa
soft j-open set in H where/ € {a,S, P, b, 8}.

Example 1.10. Assume that H = {hy, hy, i3}, E = {e,, e;} and £, = [§, H, (F,, E), (K, E)} T, =
{(b ﬂ.(Gl, E), (G4, E)} are two soft topological spaces defined on H; (Fy, E)(F;, E), (G, E)

G, E) are soft sets overH, defined as following: Fi(e,) = (hi. ha}, Fiez) = l(
A Fy(en)= () and G, (&) = (b, Gr(er) = {ha). Gy(ey) =

&,,h; ), Gole) = tha ha), If we get the mapping f:(H,f,) - (H,7;) defined
us f(hy) = f (h) = hy, f(hy) = hy then since f~(Gy,E) = (F,,E) and f7'(GpE) =
(Fy, E), f is a soft continuous mapping.

Definition 1.11. [2, 16, 4, 3] A mapping &: (H, 7, E) — (K, 0, L) is said to be

(a) Soft near-open ('bnc ¥y, S. j-open) map if the image of every soft open set in His S.j-
open set in K, where j € {a,5,P. b, f}.

(b) Soft near-closed (briefly, S. j-closed) map if the image of every soft closed set in His S,
j-closed set in K, where j € {a,S,P, b, B).

Deﬂnmon L.12. (16, 4, 30] Assume that ¢: (H,7, E) - (K,0,L) is a function. § is called soft
near irmesolute (briefly, S. j-irresolute) if the inverse image of soft j-open set in K is soft j-
open in H, where f € {a, S, P, b, ).

Defintion 1.13. [20] If (H, E) is a soft set, then the soft set Ay 5y = (R, he): hee(H,E)} is
called as the diagonal of (H,E) X (H,E). Here Qe = (Ay, Ag) is defined by
((h, h), (e, €)) = (h, h)(e.0) =(Re, o).

Example 1.14. Let H = {R,, hy, h3} be any set and E = {e,, e;} be a set of parameters. In this
case, the sofl set S(H, E) is formed by the following soft points {h,e‘. h,.z, h.zﬂ, hze,’ h;.!.
h3 }. Thus, the soﬂ diagonal Ay g of this soft set is Ay = ((hiez' h,“). (h,,z, h’e-.»)'

(hagys Mz ) ey bz ), (s i ), (s g ).

Definition 1.15. 8 7Construct10n of the product)

Assume that Fy € S(H E) and Gi € S(K,L). The cartesian product Fy X Gy is defined by
(F x G)(A)t!) where (F X G)(Axg)(e, = Fi(e) = Gg(D), for all (e,l) € A X B,

According to this definition the soft set Fy * G is a soft set overH X K and its parameter
universe is £ X L. The pairs of projections Py : H XY = H, Qg:E X L = Eand Py : H X
K- K, Q:E x L - L determine morphisms respectively (Py, Qg) from H X K to H and
(Pg, Q) from H x Kto K where (Py,Qs)Fy X Gg) = Py (F X G)(gyaxsy= Fa and
(Px, QuUNFy % Gg) =Py (F X G)q, (axs)) ™ Gs-

Definition 1.16. [22] Assume that (H, 1, E) and (B, 22, G) are soft spaces. Then the soft space
(H x B,7 x{1,E X @) is called soft product topological space over H X B.

Definition 1.17. [12] Assume that H is an initial universe set, £ 18 the set of parameters
and 7 = { &, H}. Then t is called the soft indiscrete topology on H and (H, 7, E) is said to be
a soft indiscrete space overH. If 7 is the collection of all soft sets which can be defined
over H, then T is called the soft discrete topology on H and (H, T, E) is said to a soft discrete
space overH.

Definition 1.18. [13] Two soft sets (F, E), (F,, E) in S(H, E) are said Lo be soft disjoint,
written (Fy, E) A (Fo,E) = Qg, if Fy(e) N Fy(e) = 0, foralle € E.
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Definition 1.19. [9] Assume that (F,E) € S(H, E). The complement of (F, E), denoted by
(F€, H)is defined by F(e) = H — F(e).

Definition 1.20. | 28]

(a) Assume that (B,12,G) is a soft topology space the fibrewise soft near topology space
(briefly, F.W.S, j-topological space ) on a fibrewise set H over B meany any Soft j-topology
space on H for which the projection Py, where f: H — B and u: E = G is soft near continuous
(briefly, S. j-continuous) where | € {a, S, P, b, 8).

(b) The function ¢ : (H,7,E) - (K,0,L)is called soft near proper (bricfly S.j-proper)
function condition it is S. j-continuous, closed also for all k € K, d~'(k) is compact set,
where j € {a, S, P, b, ).

(c) The F.W.S. topological space (H,t, E) over (B,,G) is named fibrewise soft j-compact
(briefly, F.W.S.j-compact) condition the projection Ppy is soft j-proper, where j €
{a,S5,P.b, A}

(d) The F.W.S. topological space (H,t,E) over(B,0, () is named fibrewise locally soft j-
compact (briefly, F.W, L. 8. j-compact) condition for all point h of H,, when b € B, there is a
soft nbd (N,G) of b also a soft open set (F,E) € Hyy ) of h where the soft closure
of (F,E) in Hyy gy (i.e., Hy gy N CI(F, E)) is E.W.S. j-compact over(N,G), when j € { a, S,
P, b, B}

2. Fibrewise Soft Near Ty, Soft Near T, and Soft Near Hausdorff spaces

The concepts of soft near open sets have an important role in fibrewise soft separation
axioms. By using these concepts we can construct many several fibrewise soft separation
axioms. At this time gave concepts of fibrewise soft near T, and near T, spaces like in the
following.

Definition 2.1. Assume that (H,7,E) is F.W.S. topological space over(B,0,G). Now
(H,7,E) is called fibrewise soft near T, (briefly, F.W.S. j-Tp) if whenever hy, hy € Hy, where
b € B and hy # hj, either there is a soft j-open set of h, which does not contain h, in (H,7, F)
or vice versa, where j € (, S, P, b, £).

Remark 2.2.

(@) (H,r,E)is F.W.S. j-T, space iff cach fiber soft H,, is j-T, space, where j € (a, S, P, b, B}.

(b) Soft subspaces of F.W.S. j-T;spaces arc F.W.S. j-T; spaces, where j € {a,S, P, b, B}.

(¢) The F.W.S. topological products of F.W.S. j-T, spaces with the family of F.W.S. j-
irresolute projections are F.W.S. j-T;, spaces, where j € {a, S, P, b, ).

Of course one can express a fibrewise soft type of the near T, (briefly, F.W.S. J-Ty) space in a
like fashion. Assume that (H, 1, E) is F,W.S. topological space over(B, 2, G). Then (H,t,E)
is called F.W.S. i-Ty if whenever hy, h, € Hy, where b € B and hy # hy, there is a soft j-
open sets (F,E), (N,E)in (H,7,E) where hy € (F,E), h, € (F,E) and h; € (F,G),
h, € (F,G), where | € {,5,P,b, #}. On the other hand it turns out that there is no real use
for this in what we are working to do. In its place we make some use of added axiom "The
axiom is that all soft near open set contains the closure of each of its points”, also use the term
soft near R, space. This is exact for soft near T spaces of course also for soft near regular
spaces. Thinking of it equally a feeble form of sofi near regularity. For example, soft
indiscrete spaces are soft near Ry spaces. The fibrewise soft type of the near Ry axiom is like
the following,

Definition 2.3. The F.W.S. topological space (H, 1, E) over(8, 02, G) is named fibrewise soft
near Ry (briefly, F.W.S. j- Ry) condition for all point h € H,, when b € B, also all soft j-
open set (F,E) of h in (H, 7, E), there is a soft nbd (N, G) of b in B where the closure of {h}
in Hyy is contained in (F, E) (i.e., Hy A1 Cl{h} € (F,E)), where j € {a,S, P, b, B}.

For example, BXTis F.WS. jR, space for all j-R, spacesT, where
(B,0,6) and (T, 7, E), where f € {a, S, P, b, B}.

Remark 2.4,

(a) The nbds of h are known using a fibrewise basis it is necessary if the condition in
Definition (2.3) is satisfied for all fibrewise soft basic nbds.

(®) If (H,7,E) is F.W.S. j-R, space over(B, 2, G), then (Hg-, 5+, Ep-) is E.W.S. j-R, space
over(B*, 1%, G") for each subspace (B",02°,G") of (B, 1, G), where j € {, S, P, b, f}.
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Soft subspaces of F.W.S. j-Ry spaces are F.W.S j-R,, spaces, where j € {@, S, P, b, f}. In fact
we have,

Proposition 2.5. Assume that ¢: (H, 7, E) - (H*,t°,E*) is a FW.S, j-irresolute embedding,
where (H,7,E) and (H',t",E") are F.W.S. topological spaces over(B,2,G). Whether
(H*,t*,E") is F.WS. j-R, then (H, 1, E) is so, where j € {a, 5, P, b, B}.

Proof. Assume that h € Hy,, where b € B, and assume that (F, E) is 2 soft j-open set of k in
(H,t1.E). Now (F,E) =p~*(F*,E"), where (F*,E*) is a soft j-open set of h* = §(h) in
(H*, 7", E"). As (H',7*,E") is F.W.S. j-RO there is a soft nbd (N,G) of b where Hjy
A Cl{h'} & (F*,E*). Then Hyy g A CI{h} E d:"(H('Nm A cl{h’}) = ¢~ "(F",E*) = (F.E)
in addition to so (H,1,E) is F.W.S. j-Rg, where j € {a, S, P, b, f}.

The class of F.W.S. j-R, spaces is finitely multiplicative, where j € {a, 5, P, b, 8}, like in the
following,

Proposition 2.6. Assume that {H,,7, E.} is a finite family of F.W.S. j-R, spaces
over(B, 12, G). Now the F.W.S. topological product (H, , E) = [1a(H,, 1, , E;) is FW.S. j-Ry,
when j € {a, 5, P, b, B}.

Proof. Assume that h € H,, where b € B, Consider a soft j-open set (F,E) = [[g(F. ,E,) of
h in (H,t,E), where (F,, E,) exists a soft j-open set of [].(h) = h, in (H,,1,,E,) for each
index r. Since (Hy, T, E,) is EW.S. j-RO there is a soft nbd (N,,G,) of b in B where
((H,,E,) — (N,,G,) 0\ Clfh,} € (F,E,). Now the intersection (N,G) of the (N,,G,) is a
soft nbd of b where ((H,E)—(N,G)) A Cifh}) ©(F,E)and so (H,1.E)=
[1s(H,, 1y, E,) is FW.S. j-RO, where € {a,S,P, b, f}.

The similar conclusion holds for infinite fibrewise soft products delivered each of the
elements is fibrewise soft nonempty.

Proposition 2.7. Assume that ¢: (H, 1, E)—(K,0,L) is a closed, soft j-irresolute fibrewise
surjection function, where (H, 7, E) and (K, o, L) are F.W.S. topological spaces over(B,1,G).
Whether (H, 1, E) is F.W.S. j-Rg then (K, 0,L) is so, where j € {a,5,P, b, B}.

Proof. Assume that k € K, where b € B, and assume that (0,L) is a soft j-open set of k in
(K,o,L). Pick hed™'(y). Then (F, E)=$~1(0, L)is a soft j-open set of h. Since (H,1,E) is
FWS. j-Ry there is a soft nbd (N,G)of b where Hyg N Cl{h} € (F,E).
Then K gy N $(CI{RY) € G(F,E) = (0,L). Since ¢ is closed, now ¢(Cl{R}) = CI(b{h}).
Therefore Ky N Cl(p{h}) € (0,L) and so (K,o,L) is FW.S. j-R,, where j€
{a,S.P,b,B).

At this time we offer the type of fibrewise soft near Hausdorff spaces like in the following,
Definition 2. 8. The F.W.S. topological space (H,t,E) over(B,12,G) is called fibrewise soft
near Hausdorff (bricfly F.W.S. j-Hausdorff) if whenever hy, h; € Hp, where b€ B and
hy # h;, there is disjoint soft j-open sets (Fy, E), (Fy, E) of Iy, h, respectively in (H,7, E),
where j € {a, S, P, b, #}.

For example, (H X B,t X 2,E x G) is F.W.S. j-HausdorfY space for all F.W.S. j-Hausdorff
spaces (H,1,E), where j € {a, S, P, b, B}

Remark 2.9. If (H,7,E) is F.W.S. j-Hausdorff space over(B, 2, G) then (Hy-, 15+, Eg+) is
F.W.S. j-Hausdorfl over(B",02°,G") for each soft subspace (B*,02°,G")of (B,2,G). In
particular the fibres soft of (H, 7, E) are j-HausdorfT spaces.

Ho:szverffa F.W.S. topological space with soft j-Hausdorfl fibres is not necessarily soft j-
Hausdorft:

Example 2.10. Assume that H ={hy, hy, h3}, B ={a,bLE={e,, €2}, G= {g1,9:},
(H,7,E)and (B, 1,G) is a F.W.S. topological space. Define f: H — Bandw:E — G, f(hy)
=a, f(hy) = f(hs) = (b}, u(e,) =g,, u(e;) =ga. v = {H, §, (Fy, E), (Fy, E), (F3, B), (Fy. E)},
are soft sets over(H, 7, E), defined as follows:

(Fy, E) ={(ey, {h1)), (ez, (hy, K2 D)),

(FZl E) ={(el) {hl])) (eZl [hln hS})}s

Ang Famd | v it
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(Fa, E) ={(es, (1)), (e2, (R D),

(Fy. E) = {(ey, {4}), (e2, H)}

2 = {B,d, (M,G)} and (M,G) ={(gy.{a)).(g2,B)) and assume that projection
Pry: (H,7,E) = (B.02,G) is a soft j-continuous. Then, we have: H, = {hy, hy}, Ty ={H,, D,
{(ez, {hz})}, {(e2, {hs))), ((e2, {Rz, h3})}, then there is disjoint soft open {(e2, {h2})}, {(ea,
ths})} where h; €{(ez. (hz})}, hy € {(ez, {hy})} and hy € {(ez, {hs})}, by El(ez (ha)))
And we have: Hy, = {hy, hy} is F.W.S. Hausdorff. But H is not F.W.S Hausdorff since, , and
hz € H and h, # hg, and there is no disjoint soft open sets of h; and hs.

Proposition 2.11. The F.W.S. topological space (H, 1, E) over(B, 2, G) is F.W.S. j-Hausdorff
iff the soft diagonal embedding A: (H,7,E) = (H,7,E) X5 (H,1,E) is soft j-closed, where
j €{a,S,P,b,p}.

Proof. (=>) Assume that hy,h, € Hy, whereb € Band hy # hy. Since A(H, 7, E) is soft j-
closed in (H,t,E) X5 (H,7,E), then (hy,h;), actuality a point of the soft complement,
confesses a fibrewise product soft j-open set (Fy,E) Xz (F;, E) which does not meet
A(H,1,E), and then (Fy,E), (Fy,E) are disjoint soft j-open sets of hy, h,, where j €
{a,S,P,b,B).

(¢<=)The reverse direction is similar.

Soft subspaces of F. W. S. j-Hausdorff' spaces are F.W.S. j-Hausdorff spaces, where j €
{a,S, P, b, f}. In actuality we have,

Proposition 2.12. Assume that §: (H, 7, E) — (H*,7",E") is a soft j-irresolute embedding
fibrewise function, when (H,7,E) also (H',7",E") are F.W.S.topological spaces
over(B,0,G). Whether (H*,7°,E") is F.W.S. j-Hausdorff then (H,7,E) is so, where j €
{a,S,P,b,B}.

Proof. Assume that hy, h, € H,, where b € B and hy # h,. Then ¢(h,(),¢(h ) € H} are
distinct, since (H*, 7", E* is F.W.S j-Hausdorff, there is a soft j-open sets (F, '.E's, (F3,E*) of
®(hy). d(hy) in  (H',7",E') which are disjoint. Their inverse images
&~ (F,E™), &~ (F3, E") are soft j-open sets of hy, h, in (H, 7, E) which arc disjoint and so
(H,7,E) is F.W.S. j- Hausdorff, where j € {a, S, P, b, 8}.

Definition 2.13. The graph of a soft mapping f: (H, E) = (K, L), we mean the subset of the
Cartesian product H X K defined by

G(f) = {(en. &) ; ex=f(en) }. ; ) .

The fibrewise soft graph of a fibrewise soft function ¢ of a fibrewise soft space (H,t,E)
over (B, 1, @) to a fibrewise soft space (K, o, L) over(B, 22, G), we mean the soft subset of the
fiberwise soft Cartesian product H X K defined by

Gp(f) ={ (en &) € H X5 K ;e5 = f(ey) }. B )
Proposition 2.14. Assume that ¢: (H, 7, E) — (K, 0, L) is a soft j-irresolut fibrewise function,
where (H, 7, E) and (K, o, L) are F.W.S.topological spaces over(B, 22, G). Whether (K, o, L)
is F.W.S. j- HausdorfT then the fibrewise soft graph G: (H,7,E) = (H,1,E) X5 (K,0,L) of ¢
is a soft j-closed embedding, where j € {a, S, P, b, f}.

Proof. The fibrewise soft graph is defined in the similar method equally the ordinary soft
graph, on the other hand using standards in the fibrewise soft product, hence that the figure
shown lower is commutative.

HG HxgK

D xidy

.
—

K AKxpK

.
-

Fig. (2.1): Diagram of Proposition (2.14).
Since 4(K,o,L)is soft j-closed in (K,o,L) X5 (K,0,L), by Proposition (2.11), so
G(H,7,E) =
(b x idx)"*(A(K,a,L)) is soft j-closed in (H,7,E) Xz (K, a,L), where | € {a,5,P,b,f}, as
asserted.
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Thf class of F.W.S. j-Hausdorff spaces is multiplicative, where f € {a, S, P, b, B}, like in the
following,.

Proposition 2.15. Assume that {H,,7,,E.} is a family of FW.S. j-Hausdorff spaces
over(B, 2, G). Now the fibrewise soft topological product (H, 7, E) = [1s(H; , 7;, E;) with the
family of F.W.S. j-irresolute projection m,:(H,t,E)=[ls(H, 7. E.) = (H,. 1., E) s
F.W.S. j-Hausdorff, where j € {«, 5, P, b, B}.

Proof. Assume that hy,h, € H,, where b € B and hy # hy. Then m,.(hy) # mn.(hy) for
some index 7. Since (H,,7,,E,)is F.W.S. j-Hausdorff there is a soft j-open sets (Fy,, E;),
(Fay, Ep) of mn(hy), 7y (h2) in (Hy, Ty, E;) which are soft disjoint. Since 7, is soft j-irresolute,
then the inverse images 1y '(Fy,, E,), 7t (Fy,, E;) are disjoint soft j-open sets of hy, Ay in
(H,t1,E), where j € {a,S,P,b,B}.

The soft near functionally type of the fibrewise soft near HausdorfT axiom is stronger than the
non soft near functional type on the other hand its propertics are honestly like. Now also in
another place we usage I to denote the closed unit interval [0, 1] in the real line.

Definition 2.16. The F.W.S. topological space (H, 7, E) over(B, 1, G) is named fibrewise near
functionally (briefly, F.W.S. j-functionally) Hausdorff if whenever hy,h, € H,, where
b € Band hy # hy, there is a soft nbd (N, &) of b and disjoint soft j-open sets (F, E), (V,E)
of hy,hy in (H,7,E) and a continuous function A: Hygy — I where Hy A (F,E) € 27'(0)
and H, A (V,E) € A71(1), where j € [, S, P, b, ).

For example, B x T is fibrewise soft j-functionally Hausdorff' space for very soft j-
functionally Hausdorff spaces (T, 1, E), where j € {a,S,P, b, B}.

Remark 2.17. If (H,t,E) is F.W.S. j-functionally Hausdorff space over(B,f,G) then
(H*,T",E*) = (Hg-, tg*, Eg+) is F.W.S. j-functionally Hausdorff over(B",2°,G") for each soft
subspace (B",1°,G") of (8,2,6). In particular the fibres soft of (H,t,E) arc soft j-
functionally Hausdorff spaces, where f € {a, S, P, b, £}

Soft subspaces of F.W.S. j-functionally Hausdorff spaces are F.W.S j-functionally Hausdorff
spaces, where j € {a, S, P, b, #}. In fact we have.

Proposition 2.18. Assume that ¢: (H, 7, E) —» (H*, ", E*) is a soft j-irresolute embedding
fibrewise function, where (H,7r,E) and (H',t',E")are F.W.S. topological spaces
over(B,0,G). Whether (H*,7",E*) is F.W.S. j-functionally Hausdorff then (H,7,E) is so,
where j € {a, S, P, b, 8}

Furthermore the class of F.W.S. j-functiopally Hausdorff spaces is multiplicative, where
J € {a.S,P,b, ], as stated in.

Proposition 2.19. Assume that {H,,1,, E,} exist a family of F.W.S. j-functionally Hausdorff
spaces over(B,2,G). Now the F.W.S.topological product (H,t,E) = [lg(H,,1,,E,) with
the family of F.W.S. j-irresolute projection m,:(H,7,E) = [lg(H,. 7., E) = (H,, 1., B,) is
F.W.S. j-functionally Hausdorff, where j € {a,S, P, b, 8}.

The proofs of Propositions (2.18) also (2.19) are like to those for the corresponding
consequences in the non-functional instance also will so be omitted.

3. Fibrewise Soft Near Regular and Soft Near Normal Spaces

We at this time continue to study the fibrewise soft types of the higher soft near separation
axioms, beginning using fibrewise soft near regularity also fibrewise soft near completely
regularity.

Definition 3.1. The F.W.S. topological space (H, 1, E) over(B,0,G) is called fibrewise near
regular (briefly, F.W.S. j-regular) Whether for each point h € H,, where b € B, also for all
soft j-open set (F,E) of h in (H,1,E), there is a soft nbd (N,G) of b in (B,£2,6) and a soft
open set (V,E) of hin (H(N.G)l T(NG) E(”,G)) where the closure soft of (F,E) in H(N.G) is
contained in (V, E) (i.e., Hygy N CI(F,E) E (V,E)), where j € {a,S,P,b, B}.

For example, trivial fibrewise soft spaces with soft j-regular fibre are F.W.S j-regular, where
j€{a,S.P,b,p}.

Remark 3.2.

(a) The nbds of h are assumed using a fibrewise soft basis it is enough Whether the situation
in Definition (3.1) is satisfied for all fibrewise soft basic nbds,
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(b) whether (H,7,E) is FW.S. j-regular space over(B, 2, G) then (Hg-, g+, Eg) is E.W.S. j=
regular space over(B",£2°,G") for all subspace (B*,02°,G*) of (B,02,G), when jE
{a,S,P,b,B}.

Soft subspaces of F.W.S. j-rcgular spaces are F.W.S. j-regular spaces, where JE
{a,S,P, b, B}. In fact we have.

Proposition 3.3. Assume that ¢: (H,7,E) = (H",7",E*) is a F.W.S. j-irresolute embedding
function, where (H,1,E) and (H",7",E") are F.W.S. topological “spaces over(B, 1, G).
Whether (H°,°, E*) is F.W.S. j-regular then (H, 1, E) is so, where f € {a,S, P, b, B).

Proof. Assume that h € H,, where b € B, also assume that (F, E) is a soft j-open set of h in
(H,7,E). Now (F,E) = ¢~*(F",E*), where (F*,E*) is a soft j-open set of h* = &(h) in
(H°, 7", E"). As (H",1",E") is F.W.S, j-regular where a soft nbd (N, G) of b in (B,1,6) also
a soft open set (V*,E%) of h* in Hpyq, where Hinygy 0 CI(V',E") € (F".E*). Then
(V.E) = ¢"(V’,E‘) is a soft open set of h in H(N,G) where H(N,C) ﬁ Cl(V. E) - (F.E),
and so (H,t,E) is F.W.S. j-regular, where j € {a, S, P, b, B}

The class of F.W.S, j-regular spaces is fibrewise soft multiplicative, where j € {a, S, P, b, B},
like in the following.

Proposition 3.4. Assume that {H,,7,,E,} are a finite family of F.W.S. j-regular spaces
over (B,0,G). Now the F.W.S. topological product (H,t,E) = [ls(H,, 7, E;) is FW.Sj-
regular, when j € {a,S,P, b, ).

Proof. Assume that h € H,, where b € B. Consider a sofl j-open set (F, E) = [[s(F, E,) of
hin (H,1,E), where (F,E) is a soft j-open set of w,.(h) = h, in (H,,t,, E,) for each index
r. Since (Hy, 7y, E;) is F.W.S, j-regular where a soft nbd (N, G,) of b in (B, £2,G) also a soft
open set (., E,) of h, in (H, E,) = (N, G,) where the closure soft ((H,,E,) — (N,,G,)) A
Cl(V,, E;) of (V,, Ey) in ((Hy,E,) — (N,,G,)) is in (F,E,). Now the intersection (N, G) of
the (Ny, Gy) is a soft nbd of b also (V,E) = []4(¥, E,.) is a soft open set of & in Hy ) where
the closure soft H(N,G) n Cl(V. G) of (V,E) in (H(N,G)» NGy E(N.G)) is contained in (F, E).
and so (H,7,E) = [1p(H,,1,, E,) is F.W.S. j-regular, where | € [@,5, P, b, B}.

The similar conclusion holds for infinite fibrewise soft products supplied each of the clements
is fibrewise soft non-empty.

Proposition 3.5. Assume that ¢: (H,7,E) = (K, 0, L) is a soft open, soft closed also soft Jj-
irresolute fibrewise surjection function, when (H,7,E) also (K,a,L) are F.W.S. topological
spaces over(B,0,G). The (H,7,E) is F.W.S. j-regular iff so is (K,o,L), where j€
{a,5,P,b,3).

Proof.(=) Assume that k € K, where b € B, also assume that (U, L) is a soft j-open set of
kin (K,a,L). Pick h € $~*(k). Now (F,E) = ¢~*(U,L) is a soft j-open set of h. Since
(H,1,E) is FW.S. j-regular there is a soft nbd (N, G) of b also a soft open set (F*,E*) of h
where Hygy 1 CI(F*,E*) & (F,E). Then Ky N ®(CI(F*,E™)) & §(F,E) = (U,L).
Since ¢ is soft closed, then G(CI(F",E*)) = CI(¢p(F*,E*))and since ¢ is soft open, then
®(F*,£) is a soft open set of k. Thus (K,0,L) is F.W.S. j-regular, wherc j € {@.5.P,b,8},
as asserted.

(=)Assume that h € Hy, where b € B, also assume that (F,E) is a soft j-open set of h in
(H,7,E). Pick k € ¢(h). Now §(F,E) = (U,L) is a soft j-open set of k. Since (K,a,L) is
F.W.S. j-regular there is a soft nbd (N,G) of b also a soft open set (U*,L") of k where
Kivgy N CUU,LY) E (U, L). Now Hwey 0 d71(CI(U,LY)) & ¢~(U,L) = (F,E). Since
¢ is closed, then ¢~ (CI(U", L)) = CI(d~'(U",L*))and since ¢ is soft j-irresolute, then
¢(U',L") is a soft open set of h. Thus (H,7,E) is F.W.S. j-regular, where j€E
(@, S.P,b,B).

The soft near functionally type of the fibrewise soft near regularity axiom is stronger than the
non soft near functionally type on the other hand its ies are justly like. In the ordinary
theory the word completely regular is every time used as an alternative of functionally regular
also we are expanding this procedure to the fibrewise soft theory.

Definition 3.6. The F.W.S. topological space (H, 7, E) over(B, 22, ) is named fibrewise soft
near completely (briefly, F.W.S. j-completely) regular condition for all point h € H,,, where
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b € B, and for all soft j-open set (F, E) of h there is a soft nbd (N, G) of b, a soft open set
(V,E) of h in Hey g also a continuous function A: Hyy gy — [ where Hy, 1 (V,E) & 271(0)
and Hwgy 0 (Hovsy Engy) — (F.E)) € 27%(1), where j € {a,S, P, b, }.

For example, B x T is F.W.S. j-completely regular space for all soft j-completely regular
spaces (T, 1, E), where f € {a, S, P, b, £}.

Remark 3.7.

(a) The soft nbds of h are known using a fibrewise soft basis it is ample Whether the
situation in Definition (3.6) is satisfied for all fibrewise soft basic nhds.

(b) Whether (H,1,E) is F.W.S. j-completely regular space over(B, 11, G) then (Hg+, T+, Ey)
is FW.S. j-completely regular space over (B*,2°,6*) for all subspace (B°,2°,G*) of
(B,N,6G), when j € {a,5,P, b, ).

Soft subspaces of F.W.S. j-completely regular spaces are F.W.S. j-completely regular spaces,
where f € {a, S, P, b, B}. In fact we have.

Proposition 3.8. Let &: (H,1,E) — (H*,7",E") be a F.W.S. j-irresolute embedding, where
(H,7,E) and (H"*, 7", E*) are F.W.S. topological spaces over(B,#2,G). Whether (H*, 7", E") is
F.W.S. j-completely regular then so is (H, 1, E), where j € {«,S,P, b, f}.

Proof. The proof is like to the proof of Proposition (3.3).

The class of F.W.S. j-completely regular spaces is finitely multiplicative, where j €
{a, S5, P, b, f}.like in the following.

Proposition 3.9. Assume that {H,,1,,E,} is a finite family of F.W.S. j-completely regular
spaces over(B, 2, G). Now the fibrewise soft topological product (H, 1, £) = [1g(H,, 7, , E,) is
F.W.S. j-completely regular, where j € {a,S,P, b, B}.

Proof. Assume that h € H,, where b € B. Consider a F.W.S. j-open set [1p(K ,E,) of hin
(H,t,E), where (F,, E,) is a soft j-open set of m.(h) = h, in (H., 1., E,) for cach index r.
Since (H,, 1., E,) is F.W.S. j-completely regular there is a soft nbd (N, G,) of b also a soft
open set (V,E) of h, in (Hy,7,,E;) and a continuous function 4,: Hyy, ¢,y — I where (H,),
n (V,E) c 2;‘(0) and H(thr) i (H(Nrccv) e (I‘;-, Ef‘)) c A.'.-l (1). Then the intersection
(N, G) of the (N, G,) is a soft nbd of b and A: Hy gy — I is a continuous function where

/1.(6) = ln£= 1,2,...n{A:(§)) for§ = (&) € Hiyg.

SinceH, A m7* (V.E) & np! ((Hy)p D (V,E))) € n7 (A27(0)) = (4, ©

1:,) 1 and H(N.G) ﬂ;l (H(ﬂrvcr)' E(N,..G.,)) o (F;n Er)) c ’r;l [H(NﬁGy) n (H(Nr.Gr)' E(Nncr)) =
(B, E)] & myt (A7 (1))= (my © A)"Y(1), where § € (@, S, P, b, B}, this proves the result.
Lemma 3.10. Assume that ¢: (H,1,E) = (K,0,L) is a soft open and soft closed fibrewise
surjection function, where (M, 7, E)and (K, o, L)are F.W.S.topological space over(B,2,G).
Assume that C: (H,1,E) —(R,8,0) is a soft j-continuous real-valued function which is
fibrewise soft bound above, in the sense that C is bounded above on each fiber soft of H. Then
@:(K,o,L) = (R, 8,0) is soft j-continuous, where

@ () = Supzeg=1¢ ).

The similar conclusion holds for infinite fibrewise soft products supplied that all of the
elements is fibrewise sofl non-empty.

Proposition 3.11. Assume that ¢: (H,1,E) = (K, g, L) is a soft open, soft closed also soft j-
irresolute fibrewise surjection function, when (H,t, E) also (K, a,L) are F.W.S. topological
spaces over (B,£2,G). Whether (H,1,E) is FW.S. j-completely regular then (K, o, L)isso,
Whmj E {a,S,P‘b;ﬂ}-

Proof. Assume that k € Kj,, where b € B, assume that (Uy, L) exist a soft j-open set of k.
Pick h € Hy, so that (Fy, Ey) = &~ *(Uy, L) is a soft j-open set of h. Since (H,t,E) is F.W.S.
j-completely rogular there is a soft nbd (N, G) of b also a soft open set (Vy, Ex) of h in Hyy gy
also a continuous function A:Hyg —1 where Hy 0 (Vy,Ep) € 271(0) and
Hvgy N (Hivgy — (Fro E)) € 47(1). Using Lemma (3.10) we take a continuous function
(OH K(N,G) -+ ] where Kb ﬁ (Mk' Lk) c w"‘ (0) and K(N,G) ﬁ (K(N,G)' L(N.G)).
(Uk, Lk) e w-‘l (1). Whmj E {aa s; Pn boﬂ}-

At this time we show the type of fibrewise soft near normal space like the following.
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Definition 3.12. The F.W.S. topological space (H, 1, E) over(B, 2, G) is named fibrewise soft
near normal (briefly, FW.S. j-normal) on condition for all point b of B also both pair
(C.E)(S.E) of disjoint soft closed sets of H, there is a soft nbd (N, G) of b also a pair of
disjoint soft j-open sets (F,E), (V,E) of Hygy & (C.E), Hpg) N (S, E) in Hpy 6y, where
/€ (a,S,P,b,B}.
Remark 3.13. If (H,7,E) is FW.S. j-normal space over(B,0,G) then (Hye,Tge, Ep) is
F.W.S. j-normal space over(B*,1°,G") for each soft subspace (B*,02°.G*) of (B,2,G),
where j € {a, S, P, b, B}.
Soft closed subspaces of F.W.S. j-normal spaces arc F.W.S. j-normal, where f€
{@,5.P,b, ). Actually we have,
Proposition 3.14. Assume that ¢:(H,7.E) - (H',t",E") exist a soft closed F.W.S. j-
irresolute embedding, where (H,tv,E) and (H',7",E*) are F.W.S. topological spaces
over(B, 0, G}). Whether (H*,7%,E") is F.W.S. j-normal then (H,r,E) is so, where j€
{«,S,P,b,B}.
Proof. Assﬁme that b is a point of B and assume that (C, £), (S, E) is disjoint soft closed sets
of H. Now (L, E), $(S, E) are disjoint soft closed sets of H*. Since (H*,7°,E*) is FW.S. j-
normal there is a soft nbd (N, G) of b also a pair of disjoint soft j-open sets (V,E), (U, E) of
Hiygy 0 O(C.E), Hiy oy N $(S,E) in Hiycy- Then ¢~*(V,E) and ¢~ (U, E) are disjoint
soft j-open sets of Hey ) 1 (C, E), Hy gy D (S, E) in Hyy g, where j € {a, S, P, b, B).
Definition 3.15. A soft mapping Py,: (H, E) = (B, G) is called soft near-biclosed (briefly, S.
Jj-biclosed) map if the image of every S. j-closed set in His S. j-closed set in K, where
j €{a.S,P,b,B)
Proposition 3.16. Assume that ¢:(H,v,E) = (K,0,L) is a soft j-biclosed continuous
fibrewise surjection function, when (H,7,E) and (K,0,L) are F.W.S. topological spaces
c[wcr(B.!J,G). Whether (H,t,E) is F.W.S. j-normal then (K,o,L) is so, where j €
a,S,P,b,B}.
Proof. Assume that B has a point of b and assume that (C, L), (S, L) are disjoint soft closed
sets of (K,o,L). Then ¢~ (C,L),$~"(S.L) are disjoint soft closed sets of (H,t,E). Since
(H,7,E) is F.W.S. j-normal there is a soft nbd (N, G) of b also a pair of disjoint soft j-open
sets (F,E), (U,E) of Hiygy 0 72(C,L) and Hiygy A &(S, L). Since ¢ is soft j-biclosed
the sets Kuyg) = &(Hwe)Ewe) = (F.E)), (Kwey bivg) — SHov g Engy — (U, E))
are soft j-open in (Kiy ), 0w ) Lincy), also formula a disjoint pair of a soft j-open sets of
g(N_{;) ﬁr(C, E). K(N,G) (S, E) in (K(N.G)' TN.G) L(N.G))o where j € {a,S. P, b, B}, has been
 proof.
If,alitly._ we show the type of fibrewise soft near functionally normal space like in the
ollowing.
Definition 3.17. The F.W.S. topological space (H, 7, £) over(B, 2, G) is named fibrewise near
functionally (briefly, F.W.S. j-functionally) normal on condition for all point b of B also all
pair (C, E), (S, E) of disjoint soft closed sets of (H, 1, E) there is a soft nbd (N, G) of b also a
pair of disjoint soft j-open sets (F,E),(U,E) also a continuous function A:Hy gy =1
where Hyy gy 0 (C,E) A(F,E) & 17%(0) and Hwg N (S.E) A(U,E) EA7(1)in
H(N.G)) where j € {a,S,P, b, ﬂ}.
For example, B X T'is F.W.S. j-functionally normal space when (T,t,E) is soft j-normal
space, where J € {a,S, P, b, f}.
Remark 3.18. If (H,r,E) is F.W.S. j-functionally normal space over (B,,G) then
(Hg+, Ty, Eg+) is FW.S. j-functionally normal space over(B*,12°,G*) for all subspace
(B 1°,G") of (B,N,G), when j € {a,S, P, b,B}.
Soft closed subspaces of F.W.S. j-functionally normal spaces are F.W.S. j-functionally
normal, where j € {a, S, P, b, #}. Actually we have.
Proposition 3.19. Assume that ¢:(H,7,E) —= (H*,v",E") is a soft closed fibrewisc j-
irresolute embedding, where (H,7,E) and (H',7",E*) are F.W.S. topological spaces
over(B,02,G). Whether H*,7*,E") is F.W.S. j-functionally normal then (H,7, E) is so, where
j€{a,S,P,b,p).
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Proof. Assume that b is a point of B and assume that (C, £), (S, E) is disjoint soft closed sets
of (H,7,E). Then §(C,E)), (S, E) are disjoint soft closed sets of (H*,r*,E). Since
(H*,7*,E*) is F.W.S. j-functionally normal there is a soft nbd (N,G) of b and a pair of
disjoint soft j-open sets (F,E), (U,E) and a continuous function A: Hiygy — 1 where
Hing A ®(C,E)D(F,E)E AN0) ad  Hiye D OG,E)A(UE) A1) in
(Hin.ey Tingy Ewgy) Then @w=2 o ¢ is a continuous function Hyygy — 1 where
H(N.G) ﬁ(C. E) N (b-i("', E) c w“(O) and H(N.G) ﬁ(S.E) ?'icb"(U, E) (= w“(l) in
(H(N.GJ' r(N,G)’ E(N.G))' thrcj € {a. S, P, b, ﬂ}, as l'cqulm.

Definition 3.20. A mapping Pp,: (H,E) - (B,G) is called soft near-biopen (briefly, S. j-
biopen) l:m;}) if the image of every soft j-open set in His S.j-open set in K, wherej €
{a,S,P,b,B}.

Proposition 3.21. Assume that ¢:(H,1,E) — (K,0,L) is a soft j-biopen, soft closed also
continuous fibrewise surjection function, when (H, . E) also (K, @, L) are F.W.S. topological
spaces over (B, 0, G). Whether (H,7,E) is F.W.S j-functionally normal then (K, 0,L) is so,
where j € {a,S,P, b, f}.

Proof. Assume that b is a ?oim of B also assume that (C, E). (S, E) exist disjoint soft closed
sets of (K,0,L). Now ¢~ (C,E),d~" (5, E) are disjoint soft closed scts of (H,1,E). Since
(H, 7, E) is F.W.S, j-functionally normal there is a soft nbd (N, G) of b also a pair of disjoint
soft j-open sets (F, E), (U,E) also a continuous function A:Hpyg—l
where Hy gy &7 (C, E) A(F, EYE 27'(0) also Hygy N ¢~(S.E)ULE)EA7H(1) in
Hn,gy- Now a function @: Ky gy — Lis given by w(k) = suppeg—rgoA(h); k € Koy ).
Since ¢ is soft j-biopen also soft closed, Because it is a continuous, it tells that w is
continuous. As K(N.G) A (C. E) N @(F,E) c w"‘(O) and K(ng) ﬁ (S,E) n (b(u. E) c (0-1(1)
in Hey gy, where j € {, S, P, b, f}. This proves the proposition.

4. Fibrewise Soft Near Compact (Resp. Locally Soft Near Compact) Spaces and Some
Fibrewise Soft Near Separation Axioms

At this time we provide a set of consequences where provide relations among fibrewise soft
near compactness (or fibrewise locally soft near compactness in a number of cases) also some
fibrewise soft near separation axioms.

Proposition 4.1. Assume that (H,7,E) is F.W.S. locally j-compact and F.W.S. j-regular
over(B, 2,G). Now for all point h of H,, when b € B, also all soft j-open set (F,E) of h in
(H,7,E), there is a soft open set (U,E) of h in (H e w6y Evg)) When the closure
Hiygy 0 CU(F,E) of (F,E) in (Hwgy Twey Etng) is F.W.S. j-compact over (N, G) also
contained in (V, E), where j € {a, S, P, b, £}

Proof. Since (H,7,E) is F.W.S. locally j-compact there is a soft nbd (N*,G") of b in
(B,1,G) also a soft open set (F*,E*) of h in (Hyy 6. Tene 64, Eqw* 6v)) Where the closure
H(‘N.G) N CUF*,E*) of (F.E) in (Hy gty Eney) 15 FWS. j-compact
over(N*,G*). As is F.W.S. j-regular there is a soft nbd (N,G) © (N*,G*) of b also a soft
open set (F,E) of h in (Hy gy, Ten,6). Eqv,y) Where the closure Hey o A CI(F,E) of (F,E)
in (H(N,G)‘ T(N.G) E(N,G)) remains contained in H(Hﬁ) 3] (F', E.) (U, E). At this time
Hpgy N CU(F*,E*) is F.W.S. j-compact over(N,G), as H{ygy N CI(F",E") is FWS. j-
compact over(N*,G"), also Hyygy N CI(N,G) is soft closed in Hyygy A CI(N®,G"). From
now Hupg N CI(F,E)) is F.W.S. j-compact over(N,G) and contained in (U,E), where
j € {a,S, P, b, B}, as required.

Proposition 4.2. Assume that ¢: (H, 1, E) —(K, @, L) is a soft open, soft j-irresolute fibrewise
surjection function, where (H, 7, F) and (K, g, L) are F.W.S. topological spaces over(B, 1, G).
Whether (H,t, E) is E.W.S. locally j-compact and F.W.S. j-regular now there exists (K, o, L),
when j € {a,5, P, b, ).

Proof. Assume that k exist a point of K, when b € B, assume that (U, E) is a soft j-open set
of k in (K, o,L). Choice any point h of ¢~ (k). Now ¢~ (U, E) is a soft j-open set of h in
(H,7,E). As (H,t,E) is F.W.S. locally j-compact there is a soft nbd (N,G) of b in (B,1,G)
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also a soft open set (F,E) of h in Hiy gy where the closure Hy gy 6 CI(F,E) of (F,E) in
Hiy gy 18 F.W.S.j-compact over(N, G), and is contained in ¢~ (U, E). Now ¢(F, E) is a soft
open set of k in Ky ¢y, as ¢ is a soft open, also the closure Kivg B CL(Q(F,E)) of
$(F,E)in Ky is FWS. jcompact over(N,G) and contained in (N,G), where j€
{a,$.P, b, B}, as required.

Proposition 4.3. Assume that (H,7,E) is F.W.S. locally j-compact and F.W.S, j-regular
over(B,0,G). Assume that C is a soft j-compact subset of Hy, when b € B, also assume that
(U, E) is a soft j-open set of € in (H, 7, E). Now there is a soft nbd (N, G) of b in(B, 22, G) and
u soft open set (F, E) of € in (Ho,g). Tov6), Eqwgy) Where the soft closure Hyy gy A CI(F, E)
of (F.E) in Hyygy is F.W.S. j-compact over(N,G) also contained in (U,E), when j €
{a,8,P,b,B).

Proof. Since (H,1,E) is F.W.S. locally j-compact there is for all point h of € a soft nbd
(Nn,Gy) of b in (B,R2,6) also a soft open set (Fy, Ey) of h in Hin, ¢,y Where the closure
H(Nhack) n Cl(Fp‘, E,,) of (Fh. Eh) in H(chh) is F.W.S, J-compact OVCI'(Nh. Gh) and contained
in (U,E). The family {(Fy, Ey); h € C} founds a soft covering of the soft j-compact € using
soft open sets of H. Abstract a finite soft subcovering indexed using Ry, ..., k,, talk. Let
(N.G) to be the intersection (Ny,,Gp,) N ... A (Ny,Gp,), and take (F,E) to be the
restriction 1o Hyy gy of the union (Fy,, Ep, ) O ... O (Fy,, Ey,). Then (N,G) is a soft nbd of b
in (B,2,G) and (F,E) is a soft open set of C in Hyg where the soft closure
Hg B CU(F,E) of (F,E) in Hy,g is F.W.S. j-compact over(N, G)and contained in (U, E),
where j € {a,S, P, b, B}, as required.

Proposition 4.4. Assume that ¢: (H,1,E) = (K,0,L) is a soft j-proper, soft j-irresolute
fibrewise surjection function, when (H,7,E)also (K,o,L)are F.W.S. topological spaces
over(B,0,G). Whether (H,7,E) is FWS. locally j-compact and F.W.S. j-regular
then(K, o, L) is so, when j € {a, S, P, b, B).

Proof. Assume that k € Kj, where b € B, and assume that (U, E) is a soft j-open set of k in
(K,a,L). Now ¢~*(U,E) is a soft j-open set of (k) in (H,7,E). Let that (H,1,E) is
F.W.S, locally j-compact. As ¢~*(k) soft j-compact, using Proposition (4.3) there is a soft
nbd (N, G) of b in (B, £2,G) also a soft open set (F, E) of ¢~ (k) in Hn .6y where the closure
Hgy N CI(F,E) of (F,E) in Hyygy is FW.S. j-compact over(N,G) also contained in
¢~'(U,E). As ¢ is soft closed there is a soft open sct (F*,E") of k in Kyg where
¢~'(F*,E*) & (F,E). Then the closure K.y B CI(F*,E*) of (F*,E") in Ky 5, is contained
in § (Kgn,y N CI(F, E)) and so is F.W.S. j-compact over(N, G). Since Ky NCU(F*E) is
contained in (U,E) this proves that (K,o,L) is F.W.S. locally jcompact, when JE
{a,S, P, b, B}, as asserted.

Lemma 4.5. Assume that ¢: (H,1,E) — (K,0,L) is a soft j-countinuous fibrewise function,
where (H,7,E) and (K, a, L) are F.W.S.topological spaces over(B, 0, G). Whether (K, o, L)
is F.W.S. j- HausdorfT then the fibrewise soft graph G: (H,7,E) — (H,7,E) Xg (K,a,L) of p
is a soft closed embedding, where j € {a, S, P, b, B}.

Proposition 4.6. Assume that ¢:(H,7,E) - (K,0,L) is a soft j-continuous fibrewise
function, when (H, 7, E) is F,.W.S, j-compact space also (K, a,L) is F.W.S. Hausdorff space
over(B, 2, G).Now ¢ is soft j-proper, where j € {a,5, P, b, 8}.

Proof. Look at the figure below clear, when r is the usual F.W.S. topological equivalence and
G is the fibrewise soft graph of .
HG HxpK

®P Xidy

K r BxzK

&
>

Fig. (4.1): Diagram of Proposition (4.6).
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Now G soft closed embedding, by lemma (4.5), since (K, a, L) is F.W.S. HausdorfY. So G is
soft j-proper. Too Py is soft j-proper also hence Py, X idy is soft j-proper. Therefore
(Pxidy)e G=r o ¢ is soft j-proper also hence ¢ is soft j-proper, as r is a FW.S,
topological equivalence, when j € {a, S, P, b, §).

Corollary 4.7. Assume that ¢: (H, 1, E) = (K, o, L) is a soft j-continuous fibrewise injection,
when (H,7,E) is F.W.S. j-compact space also (K,o,L) is F.W.S. HausdorfI space
over(B,0,G). Now ¢ is soft closed embedding, when j € {a,S,P, b, B}.

The result is a lot used in the situation where ¢ is surjective for proof ¢ is a F. W. S.
topological equivalence.

Proposition 4.8. Assume that ¢:(H,7,E) — (K,a,L) is a soft j-proper fibrewise surjection
function, when (H,1,E) also (K, a,L) are F.W.S. topological spaces over(B, 2, G), Whether
(H,7,E) is F.W.S. HausdorfY then (K, o, L) is so, when f € {a, S, P, b, 8}.

Proof. As ¢ is a j-proper surjection function hence is ¢ X ¢, in the next figure below, The
diagonal A(H.t,E) soft closed, since (H,t,E) is F.W.S. Hausdorff, hence ((¢x¢)e
A)(H,t,E) = (A ° $)(H,1,E) is soft closed. But (Ao ¢)(H,7,E) = A(K,a,L), since  is
surjective function, and so (K, o, L) is F.W.S. Hausdorff, where j € {a, S, P, b, B}.

H AHxsH
Poxd

»
>

K AKxpK

Figure 4.2: Diagram of Proposition 4.8.

Proposition 4.9. Assume that (H,7,E) is F.W.S. j-compact and F.W.S. Hausdorff space
over(B,1,G). Then (H,1,E) is F.W.S. j-regular, where j € {a,S,P,b,}.

Proof. Assume thath € Hy, where b € B, also assume that (F, E) is a soft j-open set of it in
(H,7,E). As (H,1,E) is F,W.S. HausdorfT there is for all Point h* € H, where h* € (F,E)a
soft open set (Uy+, Ey+) of h also a soft open set (Uy., Ex-)of A It can not intersect. At this
time the family of soft open sets (Uy., Ey.), for h* € ((H,E) — (F, E));, forms a covering of
(H,1,E)— (F,E),. Since ((H,E) -(F,E)) is soft j-closed in (H, 1,E) in addition to so
F.W.S. j-compact there is, using Proposition (3.4), a soft nbd (N,G) of b in B where Hy gy —
(Hing) 1 (F, E))is soft covered using a finite subfamily, indexed using A3, ..., hy, say. Now
the intersection (U, E) = (Uy,, Bz, ) 1 ...ﬁ(U,E”,E,', ) is a soft open set of & which does not
happen the open set (U*,E*) = (U, E*},) 0.0 (U5 E*%) of (Hiwe) Evg) —
((Hovgy Eonvg)) B (F,E)). Therefore the soft closure Hy gy N CU(U, E) of Hyg) N (U,E) in
(Hv,6): En,g)) is contained in (F, E), where j € {a,§, P, b, B}, equally asserted.

We spread this next consequence to.

Proposition 4.10. Assume that (H,7,E) is F.W.S. locally j-compact and F.W.S. Hausdorff
space over(B, 1, G). Now (H, 1, E) is F.W.S. j-regular, when j € {a, S, P, b, B}

Proof. Assume that h € H,, where b € B, also assume that (U, E) is a soft j~open set of h
in (H, 7, E). Assume that (N, G) is a soft nbd of b in B also assume that (F,E) is a soft open
set of h in Hy gy where the soft closure Hyy gy i CI(F, E) of (F,E) in (Hv 6y, Tv.c) Eve))
is FW.S. j-compact over(B,2,G). Now Hyy gy N CUF,E) is F.W.S. j-regular over(N,G),
using Proposition (3.8), as Hyy gy N CI(F, E) is F.W.S. HausdorfT over(N, G). Hence therc is a
soft nbd (N*,G*) A (N,G) of b in B and a soft open set (F*,E") of h in Hiy: g+ where the
soft closure Hyye g+ N CIF", E*) of (F*,E*) in Hyye g+ is kept in (F,E) A (U,E) € (U,E),
when j € {a, S, P, b, B}, as required.

Proposition 4.11. Assume that (H,t,E) is F.W.S, j-regular space over(B,{2,G) and assume
that (¥,6,D) is a F.W.S. j-compact subset of (H, 1, E). Assume that b is a point of B also
assume that (U, E) is a soft j-open set of ¥;, in (H, 7, E). Now there is a soft nbd (N, G) of b in
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B also a soft open set (F,E) of Yingy in Hyy,gy where the soft closure Hey gy B CI(F,E) of
(F.E) in Hgy g, is contained in (U, E), where J € {a, S, P, b, B}.

Proof. We can let that Yjy ) is non-empty as else We can make it (F,E) = Hy gy, when
(N.G) = (B,G) — Py ((H,E) — (U, E)). Since (U, E) is a soft j-open set of each point h of ¥,
there is, by F.W.S. j-regularity, a soft nbd (N,,G,) of b and a soft open set (Fy, Ep)
A Hny g,y of h where the soft closure Hinycyy DCUFy, Ey) of (B Ep) in Heyy g,y i
contained in (U, E).The family of soft open sets {Hy, g,y 1 (Fy, Ep); h € ¥ }soft covers ¥,
and hence there is a soft nbd (N*,G") of b also a finite subfamily indexed using hy, ..., hy,
talk, which soft covers ¥;,. Now the settings are satisfied using

(N. G) - (N', G') i (N,,l,G,,‘) n..n (Nh,.‘ Gh.,) N (F,E) - (FM' Ehx) U..0 (th, Eh,,)-
Corollary 4.12. Assume that (H,7,E) is F.W.S. j-compact and F.W.S. j=regular space
over(8, 12, G). Then (H, 7, E) is F.W.S. j-normal, where j € {a, S, P, b, 8}.

Proposition 4.13. Assume that (H,7,E) is F.W.S. j-regular space over(8, 2, G) also assume
that (Y, 4,D) is a F.W.S. j-compact subset of (H, 1, E). Assume that {(U, E);i=1, ..., n}is
a soft covering of Yy, when b € B using soft j-open sets of (H, 7, E). Now there is a soft nbd
(N.G) of b also a soft covering {(F,E\);i=1, ..., n} of ¥iv,6) using soft open sets of Hy g,
where the soft closure Hyy gy A CI(F, E;) of (F, E;) in Hy 6, is contained in (U}, E;) for all i,
when j € {a, S, P, b, ).

Proof. Write (U,E) = (U, E;) U ... U (U, E,), so that (H,E) — (U,E) is soft j-closed in
(H,7,E). Hence (Y,8,D) A ((H,E) — (U,E)) is soft j-closed in (Y, 8,D)and so F.W.S. j-
compact. Applying the preceding consequence to the soft j-open set (U, E;) of Y, ?%(
(Hy, Ep) — (Up, Ep) we get a soft nbd (N,G) of b also a soft open set (F,E) of Yone N
(Hway Eng) — (Unay Engy)) where Hyy oy B CI(F,E) & (Uy, Ey). Now (Y,8,D)
(U,E) and (¥,6,D) 1\ ((H,E) — (U,E)) soft cover ¥, hence (U,E) and (F,E) soft cover
Yivg)- Thus (F,E) = (Fy, E;) is the first stage in the shrinking process. We continue using
repeating the argument for {(Fy,Ey), (U2 Ea), ..., (Un En)}, hence equally to shrink
(Uz, E3), also hence on, when j € {a, S, P, b, B}. The result comes at the end.

Proposition 4.14. Assume that ¢: (H,7,E) = (K,0,L) is a soft j-proper, soft j-irresolute
fibrewise surjection function, when (H,t,E) also (K,o,L) are F.W.S topological spaces
over(B, 2, g}) whether (H,7,E) is F.WS. jregular then(K,o,L) is so, when j€
{a.S,P,b,B).

Proof. Assume that (H,7, E) is F.W.S. j-regular. Assume that k is a point of X, when b €
B, also assume that (U, E) is a soft j-open set of k in (K, a,L). Now ¢p~*(U, E) is a soft j-
open set of the soft j-compact ¢~ (k) in (H,7,E). Using Proposition (3.10), consequently,
there is a soft nbd (N,G) of b in (B,0,6) also a soft open set (F,E) of (k) in Hing)
where the soft closure Hyy ¢y A CI(F, E) of (F,E) in Hiwn.g) 15 contained in (U, E). At this
time as ¢y ¢, is soft closed there is a soft open set (U*, E*) of k in Ky gy where $~(U*,E*)
€ (F,E), and then the soft closure Hy,6y O CL(U*,E*) of (U*,E*)in Hy 6y is contained in
(U,E) since CI(U,E") = CUP@(U"E")) = H(CUD™ U, E*) & $(CIF,E)) &
$(d~Y(U.E) € (U,E). Thus (K,o,L) is E.W.S. J-regular, where j € {@,5,P,b,f)}, as
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