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Abstract

In this paper, we define and study new concepts of fibrewise topological spaces over
B namely, fibrewise Lindelof and locally Lindeldf topological spaces, which are
gencralizations of well-known concepts: Lindeldf topological space (1) "A topological space
X is called a Lindelsf space if for cvery open cover of X has a countable subcover” and
locally Lindeltf topological space (1) "A topological space X is called a locally Lindelsf
space if for every point x in X, there exist a nbd U of X such that the closure of U in X is
Lindelsf space”. Either the new concepts are: "A fibrewise topological space X over B is
called a fibrewise Lindelsf if the projection function p : X—B is Lindelsf" and "The fibrewise
topological space X over B is called a fibrewise locally Lindelsf if for each point x of X,,
where beB, there exists a nbd W of b and a nbd UcXw of x such that the closure of U in Xy
(i.e.. XwNecl(U) ) is fibrewise Lindelaf space over W". Moreover, we study the relationships
between fibrewise Lindeldf (locally Lindeldf) spaces and some fibrewise separation axioms.

Introduction and Preliminaries
Anyone who has worked on the theory of fibrewise topology, and in related areas of
mathematics, would become aware of the need for the following information; The fibrewise
sets aver a given set, called the base set, if the base set is denoted by B then a fibrewise set
over B consists of a set X together with a function p: X—B, whichis called the projection, for
cach point b of B the fibre over b is the subset Xy=p™(b) of X; fibers may be empty since we
do not require p to be surjective, also for each subset B* of B we regard Xg--p"(B‘) as a
fibrewise set over B* with the projection determined by p. In fibrewise topology the term
neighborhood (nbd) is used in precisely in the same sense as it is in the ordinary topology. All
the above information it can be found in (2).
For a subset A of a topological space X, the closure of A is denoted by cl(A). For
other notions or notations which are not defined here, we follow closely Engelking (1), .

Basic Definitions
Definition 2.1 (2)
Let X and Y are fibrewise sets over B, with projections py : X—B and py : Y—B,
respectively, a function @ : X—Y is said to be fibrewise if pyoo=py, in other words if
o{Xy)Y, for each point b of B,

Naotice that a fibrewise function  : X—Y over B determines by restriction, a fibrewise
function @ge : Xg-—+Ys. over B® for each B* of B.
Definition 2.2 (2)
Suppose that B is a topological space, the fibrewise topelogy on a fibrewise set X over B,
means any topology on X for which the projection p is continuous,

A fibrewise topological space over B is defined to be a fibrewise sot over B with a
fibrewise topology,
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Definition 2.3 (2)
A fibrewise function @ ; X—Y, where X and Y are fibrewise topological spaces over B, is
called:
(2) Continuous if for each point xe X, where beB, the inverse image of each nbd of ¢(x) is
an nhd of x.
(b) Open if for each point x=Xg, where beB, the direct image of each nbd of x is an nbd of
w(x).

Definition 2.4 (2)
A fibrewise topological space X over B is called fibrewise closed if the projection p is closed
function.
Definition 2.5 (1)

A topological space X is called a Lindeldf space if for every open cover of X whichas a
countable subcover,
Definition 2.6 (1)
A topological space X is called a locally Lindelof space if for every point x in X, there exist a
nbd U of x such that the closure of U in X is Lindelaf space.
Definition 2.7 (1)
For every topological space Y and any subspace X of Y, the function ix : X—Y definc by
Ix(x)=x is called embedded of the subspace X in the space Y.

Observe that i is continuous, Since iy (L/}=X"U, where U is open set in Y.

Fibrewise Lindel3f and Locally Lindelsf Topological Spaces.
In this section, we introduce the following new concepts.
Definition 3.1
A function @ : X—Y is called a Lindeldf function, if it is continuous, closed and for each
yeY, 0”'(y) is Lindelsf set.

For example, let (IR, 1) where t is the topology with basis whose members are of the
form (a, b) and (a, b)-N, N={1/n ; n €Z'}. Define f : (IR,1}={IR.1) by f{x)=x, then f is
Lindeldf function.

If o : X—Y is fibrewise and Lindeiof function, then ¢ is said to be fibrewise Lindeldf
function,

Definition 3.2
A fibrewise topological space X over B is called a fibrewise Linde!lsf if the projection p is
Lindeldf.

For cxample the topological product BxX is fibrewise Lindel$f over B, for all
Lindeldf space X. For another example, the subset {(b, x)IRxIR" : || x || < b} of IR¥IR" is
fibrewise Lindeldf over IR.

Proposition 3.3 (1)
Let X be a fibrewise topological space over B. Then X is fibrewise closed if for each fibre Xy
of X and cach nbd U of X, in X, there exists an nbd W of b such that Xwe=U.

Useful characterizations of fibrewise Lindelsf spaces are given by the following
propositions.

Proposition 3.4

The fibrewise topological space X over B is fibrewise Lindelsf if X is fibrewise closed and
every fibre of X is Lindel&f.

Proof: (=) Let X be & fibrewise Lindelsf space, then the projection p : X—B is Lindelsf
function i.e., p is closed and for each beB, X, is Lindeldf. Hence X is fibrewise closed and
every fibre of X is Lindelsf.

(e=) Let X be & fibrewise closed and every fibre of X is Lindeltf, then the projection p : X—B
is closed and it is clear that p is continuous, alse for each beB, X is Lindels{, Hence X is
fibrewise Lindeldf.
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Proposition 3.5

Let X be a fibrewise topological space over B, Then X is fibrewise Lindelof if for each fibre
X.,ofXandeachcoveringrofxabyopenselsofxmmexistsan nbd W of b such that a
countable subfamily of I' covers Xy

Proof: (=) Let X be a fibrewise Lindelof space, then the projection p : X—B is Lindelsf
function, so that Xy is Lindelsf for each heB, Let [" be a covering of X, by open sets of X for
cach beB and let Xu=UX; for each beW. Since Xs is Lindelsf for cach be WeB and the
union of Lindeldf sets is Lindelf, we have Xy it Lindelsf. Thus, there exists an nbd W of b

- such that a countable subfamily of I' covers Xw.
(=) Let X be a fibrewise topological space over B, then the projection p : X—B exists, To
show that p is Lindeldf. Now, it is clear that p is continuous and for each beB, X, is Lindelsf
by takeing Xy=Xw. By proposition (3.3), we have p is closed. Thus p is Lindelsf and X is
fibrewise Lindeldf.
There are special cases of well-known results of theorems (3.8.8), (3.8.5) and (3.8.7)

in (1}, as in propositions (3.6)-(3.8) below.

Proposition 3.6

Let 0 : X—Y be a Lindcl6f fibrewise function, where X and Y are fibrewise topological
spaces over B. If Y is fibrewise Lindeldf then <o is X.

Proof: Suppose that o : X—Y is Lindelo{ fibrewise function and Y is fibrewise Lindelsf
space i.e., the projection py : Y—B is Lindeldf. To show that X is a fibrewise Lindelsf space
i.e., the projection py : X—B js Lindelsf, Now, since Py and ¢ are continuous and the
composition of continuous functions is continuous so that PyoQ=pyx is continuous, let F be a
closed subset of X;, where beB. Since  is closed, then o(F) is closed subseat of Y. Since Py
is closed, then py(o(F)) is closed in B. Bur PrieE)={pyoui(F)=px(F) is closed in B sa that Px
is closed. Let beB, since pv 18 Lindelof, then Y} is Lindelsf, Now let {Us : agA) be a family
of open sets of X such that Xbtise AUs. If ye Y}, then there exists a countable subset M(y) of
A such that 9" (y)UsenyUs. Since o is closed function, so by proposition (3.3) there exists
an open set Vy of Y such that yeV, and 0™ (V)CUsemiyUs. Since Y, is Lindelof, there
exists a countable subset C of Y, such that YocuyecVy. Hence o7(Yi)e uyco'
(Vy)eUyecpemUa. Thus. if Ld%?».cM()'). then M is a countable subset of A and ¢’
(Yo)oUaenUa. Thus ¢ (Yay=0"(py" (B))=(pvo0)"i(h) =px’'(5)=Xs and XsCUsemU so that
X is Lindeldf. Thus px is Lindeléf and X is fibrewise Lindelsf.

In particular this holds when o is 2 closed fibrewise embedding; thus closed subspaces

of fibrewise Lindeldf spaces are fibrewise Lindelsf:

Proposition 3.7

Let X be a fibrewise topological space over B. Suppose that X; is fibrewise Lindelsf for sach
member X; of a finite covering of X. Then X is a fibrewise Lindelsf.

Proof: Let X be a fibrewise topological space over B, then the projection p : X—B exists,
To show that p is Lindeldf Now, it is clear that p is continuous. Since X, is fibrewise
Lindeldf, then the projection P; - X,—B is closed and for each beB, (X))» is Lindeldf for each
member X of a finite covering of X. Let F be a closed subset of X, then p(F)y=Up(XNF)
which is a finite union of closed sets and hence Pisclosed. Let beB, then Xy=(X;) which is

a finite union of Lindeldf sets and hence X: is Lindel8f. Thus, p is Lindelsf and X is fibrewise
Lindelsf,

Proposition 3.8

Let @ : XY be a continuous fibrewise surjection, where X and Y are fibrewise topological
spaces over B. If X is fibrewise Linde}sf, then so is Y.

Proof: Suppose that ¢ : X—Y is a continuous fibrewise surjection and X is a fibrewise
Lindel6f i c., the projection px : X—B is Lindel6f. To show that Y is a fibrewise Lindelofie,
the projection py : Y—B is Lindel&f, Now, it is clear that py is continuous, Let F be a ciosed
subset of Yy, where be B, Sirice ¢ is continuous fibrewise, then ¢'(F) is a closed subset of X,
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Since py is closed, then px(@™(F)) is closed in B. But px(o™ (F))=(pxo9 *)(F) =py(F) is closed
in B, hence py is closed. For any point beB, we have Yy=0(X4) is Lindelsf because X, is
Lindeldf and a continuous image of Lindeltf space is Lindeldf. Thus py is Lindel6f and Y is
fibrewise Lindeldf.

Proposition 3.9

Let X be a fibrewise Lindeldf space over B. Then Xa- is a fibrewise Lindelof space over B*
for each subspace B* of B

Proof: Suppose that X is a fibrewise Lindeldf i.e., the projection p : X—B is Lindelsf. To
show that Xg. 1s a fibrewise Lindeldf space over B* ie, the projection pg. : Xg«—B* is
Lindeldf Now, it is clear that pg. is continuous. Let F be  closed subzet of X, then FMNXgs i5
closed in subspace Xa. and pas(FMNXa)=p(FMXa y=p(F)NB* which is closed set in B*, hence
par i3 closed. Let beB*, then (Xa«w=X"Xa« which is Lindclof set in Xpe. Thus pg. is
Lindeltf and Xg. is fibrewise Lindel6f over B*.
Proposition 3.10
Let X be a fibrewise topological space over B. Suppose that Xg; is a fibrewise Lindelof over
B, for cach member B, of an open covering of B. Then X is fibrewise Lindeldf over B,
Proof: Suppose that X is a fibrewise topological space over B, then the projection p : X—B
exists. To show that p is Lindeldf. Now, it is clear that p is continuous. Since Xp; is fibrewise
Lindeldf over B, then the projection pa; : Xg—B, is Lindeltf for each member B, of an open
covering of B. Let F be a closed subset of X, then we have p{F)= wpa(Xa"\F) which is a
union of closed sets and hence p is closed. Let beB then Xy=u(Xa))s for every b={bj} eB;.
Since (Xaj)y is Lindeldf in Xg; and the union of Lindel6f sets is Lindeldf, we have X, is
Lindeldf. Thus, p is Lindeldf and X is fibrewise Lindeldf over B.

In fact, the last result also holds for locally finite closed coverings, instead of open
coverings, and the proof is easy, so is omitted.

The second new concept in this paper is given by the following:
Definition 3.11
The fibrewise topological space X over B is called fibrewise locally Lindeldf if for each point
x of X;, where beB, there exists an nbd W of b and an nbd UcXyw of x such that the closure
of U in Xw (1.e., XwNel(U) ) is fibrewise Lindeldf over W,
Remark 3.12
Fibrewise Lindeldf spaces are necessarily fibrewise locally Lindelsf by taking W=B and
Xw=X. But the conversely is not true for example, let (X, tq) where X is infinite set and 1y,
is a discrete topology, then X is a fibrewise locally Lindeldf over IR, since for each xeXy,
where beB, there exists a nbd W of b and a nbd {x}=Xw of x such that cl{x}={x} in Xw is
fibrewise Lindelsf over W. But X is not a fibrewise Lindelof space over IR.

Closed subspaces of fibrewise locally Lindelsf spaces are fibrewise locally Lindelsf
spaces. In fact we have
Proposition 3.13
Let @ : XY be a closed fibrewise embedding, where X and Y are fibrewise topological
spaces over B. If Y is fibrewise locally Lindels{ then so is X.
Proof: Let xeX,, where b=B. Since Y is fiorewise locally Lindels? there exist a nbd W of b
and a nbd V=Y of 0(x) such that the closure YuMel(V) of V in Yuw is fibrewise Lindeldf
over W, Then o™ (V)cXuw is 2 nbd of x such that the closure Xu/cl(o™ (V)= (Yo cl(V))
of o' (V) in Xw is 2 fibrewise Lindel6f over W. Thus, X is a fibrewise locally Lindeldf,

Fibrewise Lindeléf (Locally Lindel6f) Topological Spaces and Some
Fibrewise Separation Axioms.
Now we give & series of results through which we give relationshipe between fibrewise

Lindeltfness (or fibrewise locally Lindeltfness in some cases) and some fibrewise separation
axioms which are discussed in (1).
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Definition 4.1 (2)

The fibrewise topological space X aver B is called fibrewise HausdorfF over B if whenever x;,
x:€ Xy, where beB and X1#X3, there exists disjoint nbds U;, U, of Xi, Xz in X,

Definition 4.2 (2)

The fibrewise topological space X over B is called fibrewise regular over B if for each point
x€Xy, where beB, and for each nbd Vof x in X, there exists an nbd W of b in Bandanbd U
of x in Xw such that the closure of Uin Xy (i.e., XwNel(L) ) is contained in V.

and each pair H, Kofdisjointcloscdse{sofx,mereexistsnnbd Wof b and a pair U, V of
disjoint nbds of Xy H, XwNK in Xw.

Proposition 4.4

Let X be a fibrewise locally Lindelsf and fibrewise regular over B, Then for each point x of
Xp. where beB, and each nbd V of X in X, there exists an nbd U of x in Xw such that the
closure Xy Nel(U) of U in X is fibrewise Lindelof over W and contained inV.

Proof: Since X is a fibrewise locally Lindeltf there exists 2 nbd W* of bin B and a nbd U*
of x in Xwe such that the closure Xuweek(U*) of U* in Xwe is fibrewise Lindelsf over W+,
Since X is fibrewise regular there exist a nbd WeW* of b and anbd U of x in Xy such that
the closure Xwicl(U) of U in Xy is contained in Xy U*NV, Now Xy el{U*) is fibrewise
Lindeldf over W, since Xweel(L'*) is fibrewise Lindelsf over W*, and Xwllel(17) is closed
in XwMel(L*). Hence Xwel(U) is fibrewise Lindelsf over W and contained in V as required,
Proposition 4.5

Let ¢ : XY be an open continuous fibrewise surjection, where X and Y are fibrewise
topological spaces over B. If X is a fibrewise locally Lindelsf and fibrewise regular then so is
Y

Proof: Lety be g point of Yy, where beB, and let V be an nbd of y in Y. Pick any point x of
©"(¥); Then ©"(V) is an nbd of x in X, Since X is a fibrewise locally LindelSf there exists an
nbd W of b in B and a nbd U of X in Xy such that the closurs Xwici(l) of x in Xwisa
fibrewise Lindeldf over W and is contained in ¢™(V). Then o(U) is an nbd of vy in Yy, since

P is open, and the closure wel(e(U)) of o(U) in Y is a fibrewise Lindelsf over W and
contnined in V, as ired,

Proposition 4.6

Proof: Since X is a fihrewise locally Lindelsf, there exists for each point x of C a nbd W, of
bin B and an nbd Uy of x in X such that the closure Xy Nel{Uy) of Uy in Xw , is fibrewise
Lindel6f over W, and contained in V. The family {U, : xeC) constitutes & covering of the
Lindelof C by open sets of X. Extract u countable subcovering indexed OF X1y <evy X3y 10, SEy.
Take W 10 be the intersection Wy, M ... ﬁW,l M ..., and take U 10 be the restriction 10 Xw of
the union Uu...u Us, V... Then W is an nbd of b in B and U is a nbd of C in Xy such
that the closure Xwlel(U) of U in Xw is 2 fibrewise Lindelsf over W and contained V, g5
required.

Proposition 4.7

Let @ : X—Y be a Lindelsf fibrewise surjection, where X and Y are fibrewise topalogical
spaces over B IT X is fibrewise locally Lindelof and fibrewise regular then s0 is Y.

Proof: Let ye Y}, where beB, and let V be an nbd of y in Y. Then ©"'(V) is a nbd of ¢™(y)
in X. Suppose that X is fibrewisa locally Lindelof. Since ¢7'(y) Lindelsf, by proposition (4.6)
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there exist an nbd W of bin B and a nbd U of 9"'(y) in er such that the closure Xy Nel(U) of
U in Xy is fibrewise Lindelof over W and contained in ¢ (V), Since o is closed there exist a
nhd U* of y in Yw such that cp'l(U")cU. Then the closure YwNel(U*) of U* in Yy is
contained in o(Xwcl(U)) and so is fibrewise Lindelsf over W. Since YwNel(U*) is
contained in V this shows that Y is fibrewise locally Lindelsf , as asserted.

Proposition 4.8

Let X be a fibrewise Lindeltf and fibrewise Hausdorff space over B, Then X is fibrewise
regular.

Proof: Let xeX,, where beB, and let U be an nbd of x in X. Since X is fibrewise Hausdorff
there exist for each point x* =X, such that x*eU and an nbd V,. of x and a nbd V*,. of x*
which do not intersect. Now the family of open sets V*,. , for x*<(X-U), forms a covering
of (X-U),. Since X-U is closed in X and therefore fibrewise LindelSf there exist, by
proposition (3.5), a nbd W of b in B such that Xw-(XwU) is covered by a countable

subfamily, indexed by x;*, ..., X4*, ..., say. Now the intersection V=V.; N ...nv.; M., is an

nbd of X which does not meet the nbd V4= V‘.; V., .uV‘,; ,..of Xa-(XwU), Therefore
the closure Xwel(V) of XNV in Xy is contained in U as asserted.

We extend this last result 10
Proposition 4.9
Let X be a fibrewise locally Lindeldf and fibrewise Hausdorff space over B. Then X is a a
fibrewise regular.
Proof: Let xeX,, where beB, and let V be an nbd of x in X. Let W be an nbd of b in B and
let U be an nbd of x in Xw such that the closure Xy cl(U) of U in Xw is fibrewise Lindelof
over B. Then Xwel(L') is a fibrewise reguiar over W, by proposition (4.8), since Xwcl(U)
15 8 fibrewise Hausdorff over W, So there exists an nbd W*=W of b in B and a nbd U* of x in
Xw such that the closure Xws"icl(U*) of U* in Xy« is contained in UNVCV, as required.
Proposition 4.10 .
Let X be a fibrewise regular space over B and let K be a fibrewise Lindelof subset of X, Let b
be a point of B and let V be a nbd of K in X. Then there exist a nbd W of b in B and an nbd
Uof Kw in Xw such that the closure XoNel(U) of U in Xy is contained in V,
Proof: We may suppose that K, is non-empty since otherwise we can take U=Xw, where
W=B-p(X-V). Since V is an nbd of each point x of Ks there exists, by fibrewise regulanty, an
nbd Wy of b and a nbd U=Xw of x such that the closure Xw, Mel(Uy) of Uy in X w, is
contained in V. The family of open sets {Xw NUy : xeKs } covers K, and so there exist a
nbd W* of b and a countable subfamily indexed by xy, .... X, -.., say, which covers Ky, Then
the conditions are satisfied with
W=WnWs, N ...0W, N... , Us Uy, v ol v
Corollary 4.11
Let X be a fibrewise Lindeldf and fibrewise regular space over B. Then X is fibrewise normal.
Proposition 4.12
Let X be a fibrewise regular space over B and let K be a fibrewise Lindelsf subset of X. Let
{Vi =1, ....n, ..] be a covering of Ks, where beB by open seis of X. Then there exists an
nbd W of b and a covering {U; : j=1, .... n, ...} of Ky by open sets of Xw such that the
closure Xw/lcl(U)) of U; in Xw is contained in V, for each .
Proof: Write V=Vyu ...UVu .., 50 that X-V is closed in X. Hence KN(X-V)isclosed in K
and so fibrewise Lindelof. Applying the previous result to the nbd V, of Ky W(X-V)y we obtain
an nbd W of b and an nbd U of Kw(X-V)s such that XuNel(U3cV,. Now KNV and KNiX-
V) cover K, hence V and U covers Ky, Thus U=U, is the first step in the shrinking process.
We continue by repeating the argument for {U), Vs, ..., Vi, .. 1, 50 as to shrink V3, and so on.
Hence the result is obtained.
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Proposition 4.13

Let 9 : XY be & Lindeisf fibrewise surjection, where X and Y are fibrewise topological
spaces over B, If X is fibrewise regular then so is Y.

Proof: Let X be a fibrewise regular. Let y be a point of Y}, where beB, and let V be a nbd
of yin Y. Then ¢™(V) is an nbd of the Lindelaf 9"(y) in X, By proposition (4.10), therefore,
there exists an nbd W of b in B and an nbd U of 9"'(y) in Xw such that the closure Xw/cl(l))
of U in Xw is contained in @' (V), Now since Dy is closed there exist o nbd V* of vin Yw
such that «p"(V)cU, and then the closure XuNel(V*) of V* in Xy is comained in V since
cl(V‘Fd(w(&o"(V‘)))’w(cl(w'l(v‘)))C(P(clﬂl))cw(w"(V NEV.

Thus Y is a fibrewise regular, as asserted.
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