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Double Stage Shrinkage Estimator of Two Parameters
Generalized Rayleigh Distribution
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Maha A. Mohammed
Ibn-Al-Haitham College of Education - University

Abstract:

I'his paper is concerned with double stage shrinkage estimator (DSSE) for lowering the mean
squared crror of classical estimator (MLE) for the shape parameter (o) of generalized Rayleigh
(GR) distribution in a region (R) around available prior knowledge (o) about the actule value (o)
as initial estimate in case when a scale parameter (1) is known as well as to reduce the cost of
L‘.\'PCI'H]'IL‘I'IE&IIIOI'IS.

In situation where the experimentations are time consuming or very costly, a double stage
procedure can be used to reduce the expected sample size needed to obtain the estimator.

This estimator is shown to have smaller mean squared error for certain choice of the shrinkage
weight factor y(-) and for acceptance mentioned region R.

Expressions for Bias, Mean square error (MSE), Relative Efficiency [R.Eff(-)], Expected
sample size [E(n/a.R)]. Expected sample size proportion [E(n/a.,R)/n], probability for avoiding the

second sample [p(c’lxe R)] and percentage of overall sample saved [E-:-p((?te R)*100] for the
n

proposed estimator are derived. Numerical results and conclusions are established when the
consider estimator (DSSE) are testimator of level of significance A. Comparisons with the classical
estimator and with the last studies shown the usefulness of the proposed estimator.

s oalddl)

alhe VI &Y sk (MSE) Waddl ey ya das gie Qi) (DSSE) Cila yall (63 Galith it Caad) 24 z !
Laed! a5 5dl (o) Adsesdl Slagledl Jsa (R) dikaid) 22 (GR) pladt M) 22558 (o) JSE) Aaladd (MLE)
sl el LS Ul ) ALY e glae (A) Qubal) Aadaa oS5 Ladic 5 0 il JS5 () Adkial)

Jymmnll diilie 585 Cpila jall (3 Gl Qs pl 6 Tlaa e i) ol Aad) GlS 51 2 gl SR ()5S Laxie
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(DSSE) AV Jlaay! o cilaliiuy) y sl il cybel (DSSE) g ma) ial (2 p(éeR)*100]
n |

sald i 5! il ol da Tl O sl ey (SpudSl il e S Al Cupal A L yina s gl 7 il
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1. Introduction

Several authors considered different aspects of the Burr Type X and Burr Type XII
distribution, see for example [6], [8] and [14]. Also, Burr Type X has been studied by [3] and [7].

Two parameters Burr Type X distribution and correctly named as two parameter generalized
Rayleigh distribution are introduced in [10] and [11]. They showed that the two parameters
generalized Rayleigh distribution can be used quite effectively in modeling strength data and also in
modeling general life time da.a. Different estimators are considered in [5] and they studied how the
estimator of the different unknown parameter behave for different sample size.
The two parameters generalized Rayleigh (GR) distribution has the following distribution function:-

F(X'.Ol.l)=[l—67“'\’:]u forx>0,a>0,A>0 (D
Thus, the probability density function (p.d.f.) of (GR) distribution is

Yy 2y o) (1 am(hx) ol o
f(x;on,?n):{“ooL Xe (I1-e ) for x > 0,a,A >0

o.w.

wi{2)

(2) adpe /galh aas 566 ) dplS e
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hete ! and A are the Qmpc and scale parameters respectively.

I this "."'wr we introduce the problem of estimating of the shape paramet f Gl
ih\,,.n..m.m \\'Ilh known scale parameter (L) when some prior information (mp) rcgar;irn (Ottlieo t]{l
value (1) available due past experiences such a prior estimate may arise for a)ny one ofzgmumﬁC uaf
weons | 12]. e Weare estimating o and : =
.. We belive wo is ¢lose to true value of o, or

"1 Wwe fear that «, may be near the true value of o, i.e.; S i i
i Ay ¢ value of a, i.e.; Something bad happens if a =
we donot know about 1L, i PP i

In such a situation it is natural to start with an estimator & (e.g. MLE) of o and modify it by
moving it ¢loser o ag, s0 that the resulting estimator, though perhaps biased, has smaller mean
square error than that of & in some interval around o. This method of constructing an estimator of
o that incorporates the prior value o leads to what is known as a shrinkage estimator.

It is an important aspect of estimation that one should be able to get an estimator quickly using

minimum experimentation. This also economizes cost of experimentation. To achieve this, double
stage shrinkage estimator were introduced.

A double stage shrinkage estimator procedure is defined as follows:
Let X2 1= 1.2, ..., n; be a random sample of n; from GR distribution and &, bt a "good" estimator

of o based on these n; observation. Construct a preliminary test region R in the parameter space
based on a, and an appropriate criterion.

If &, € R shrink @&, towards oo by shrinkage weight factor 0 < (&)< 1 and use the
shrinkage estimator y(a)a, +(1- y(&,))o,,, for estimate o.
If &, ¢R. obtain xa;2 i = 1.2, ..., n2, an additional sample of size nz and use a pooled estimator dp of

: . . n&, +n&
. based on combined sample of size n=n; +n, i.€e; &, = - 22

n
Thus. the double stage shrinkage estimator (DSSE) of a will be:
o [yapa, + (0= v, (G, if &, €R
Q= - . (3)

a, Jif a, €R
The motivation of this study was provided by the work of [4], [13], [2] and [1].
The aim of this paper is W0 employ the double stage shrinkage estimator (DSSE) a defined by
(3) for estimate the shape parameter (o) of two parameters generalized Rayleigh (GR) distribution

when the scale parameter (A) is known.

The expression of Bias, Mean squared error (MSE), Relative Efficiency [R.Eff(-)], Expected
sample size, Expected sample size proporation, probability for avoiding the second sample and
percentage of overall sample saved are derived and obtained for the estimator a.

Numerical results and conclusions due mentiond expressions including some constants are
performed and displayed in annexed tables.

Comparisons between the proposed estimator with the classical estimator (&) and with some

of the last studies are demonstrated.

2. Unbiased - Maximum Likelihood Estimator of o
In this section, we consider the maximum likelihood estimator (MLE) of GR distribution with

shape and scale parameter o and A respectively i.e. GR(a,A).
Assume Xi1. X12. -+ X1, be a random sample of size ni from GR(a,2) then the log-likelihood

function L(a.,2) can be written as:

L(ai)=c+n Ino+2n A+ Yinx, -2 x; +(a- DY In(l—e ™)
1=1 1=l 1=l

()

where ¢ is constant. _

In this paper we take A = 1 (A is known).

(2) alpe [gakh 3a8 567 Al dgdlS Al
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ol n, O
So, — = Zln(l —¢ )=0 -.(5)
tth. Ihc MLE of a. say @, is
ML
At n
(x_' = - = I (6)

Tns Zln(lfc ‘:)

Note that. if x|, GR(a. 1), then —(121]1(1 -¢ i ) ~ G(ny,1), see [8].

1=1

,
n o’

ie; B(a, )= o and var( @, ) = .
Mi | n - 1 M|][ (n, - 1)2(1‘1I —2)

Using (6). an unbiased estimator &, of o can be easily obtained as:

. n-1. n -1 !
a, =- o A7)

N, wmi Zln(1~

e B(a,) = aand var(a, ) = MSE(a,) =

...(8)

nl
3. Double Stage Shrinkage Estimator (DSSE) &
In this section, we consider the (DSSE) @& which is defined in (3) using a, defined by (7),

when t|i(:1, ) = K is a constant weight factor (0 < k < 1) for estimate the shape parameter o of GR
aistribution when & = 1.,

ka, +(1-K)a, Jif &, eR
a=9_  na, +n,a - (9

a, =—1—22 |ifdeR

n
where R is a pretest reg,lon for testing the hypothesis Ho: o = o9 vs Ha: a0 # ap with level of
2(n, - Da
significance (A) using test statistic funcion T(a, /a,) = —(—]—)—0
Q,
2(n, - Do, 2(n, -Na
ie. R= (n, )“,(' )%, ...(10)
b a

where a(= X[, ., ) and b(= )’(N,,n ), (1D

are re:pecuvely the lower and upper 100(A/2) percentile point of chi-square distribution with degree
of freedom (2n), [5]. [9].
The expression for Bias of DSSE (@ ) is defined as below

Bias(a/o,R)=E(a-a)

- J’ [ [K(é, - o)+ (o, - @)]f(&, (&, dé dét, +

a,=0 @eR

[ [[a.-a]t@)f@,)da da,
_ a,=0 ek ~
where R is the complement region of R in real space and we derived the p.d.f. of &, (i=1,2) as
below.

(2) ke /ol 228 568 gl gl i
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I'(n)-(n, - Ha

-0 0.W.
we conclude.

f(a,)= for &, > 0.0 >0 ...(12)

NPT S, P !
Bias(ot/ (X'R) - 0‘{(“‘, 1)J()(a*‘b*) - ]_:E[(n| - I)Jl(a*.b*) - ‘In(a*.h*)l

(13
b* )_,m 1e y
where J (a*.b*)= |y~ f=0.1.2
ﬂ! r(l'll) Y Lt .(14)
(n-Do i n
also v = CR a*=C -a,b*={" -b,u=—2% (the ratio of second sample size to first
1 n,

. S Q1T — a . . '
sample size).,n =n, +n, and  =— (the ratio of prior estimate ay to actual value a)

(1% ‘
The Bias ratio |B(:)] of DSSE (&) is defined as :
- Bias(a/a.R
B(a) = ( ) ...(16)
o

I'he expression of Mcan squared error [MSE(-)] of G derived as below:-
MSE(a/ . R) = E(a - a)’
= [ [k -0+ (2, - )] £(6,)f(é,)dé, dd, +

@,=0 aeR

j [ [&,- o] £(6,)f(é,)dé,dé,

a,=0 a

. > eR
and by simple computations, one can get:

1 Y( 1 weX [ &l P
g 2 12 P aF —1) * hk)
MSE(a/a.R) =« {(C. 1)*J,(a*,b )+(l+u] [n,—Z](l+u) [n,u—Z) (l+u] [(n, = 1)" J,(a*.b*)

2(n, — |)J,(a*,b*)+]0(a',b*)]—(lru)- -(n ul_z}'l"(a*’b*) }
|

L(17)
Now. the Efficiency of @ relative to & denoted by R.Eff( & /o,R) is defined by:
-~ MSE(a
REff(a/a,R)= (&) .(18)

MSE(a/a,R)-[E(n/a,R/n]

where E(n/a,R) is the Expected sample size, which is defined as:

E(n/a.R)=n[l—E—u—».lu(a*,b*)], ...(19)
+u
see for example [10], [11]. [12] and [13].
As well as the Expected sample size proportion E(n/a,R)/n equal to
- J,(a*.b¥) ...(20)
l1+u
Also, we have to define the percentage of the overall sample saved (p.o.s.s.) of & as:
569 do jad! dall idpo

(2) alae /gald das
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-(21)

probability of a voiding the second sample (stage).

Gl yll 920

P.0s.s. = El—".l“(a"‘.b"‘) *100
n

And. finally, P(& € R) represent the

4. Conclusions and Numerical Results - ) ) ! ‘
The computations of Relative Efficiency [R.Eff(-)] and Bias Ratio [B(-)], Expected sample size

[E(n/c.R)]. Expected sample size proportion [li(nf’a.R)/n]. I)’efcentage of the overall Sample.saved
(p-0.s.5.) and propability of a voiding the second sample [P(a € R) ] were used for the estimator
@ . These computations were performed using MathCAD software program for n, = 4,68 10, |,
16.18. u(=no/ny) = 0.5, 1, 2. 4, 8, 12, £ (= a/a) = 0.25(0.25)2, A = 0.01.0.05,0.1 and k = 00|
0.1(0.1)0.9.
Some of these computations are given in the tables (1)-(8).
The observation mentioned in the tables lead to the following results:
i.The Relative Efficiency [R.EMM(-)] of G are adversely proportional with small value of A especially

when £ = 1. i.e. A = 0.01 yicld highest efficiency t

ii. The Relative Efficiency [R.Ef1(-)] of @ has maximum value when a=ao(C=1), for each ny, A, and
decreasing otherwise (£71). This feature shown the important usefulness of prior knowledge which
given higher effects of proposed estimator as well as the important role of shrinkage technique and
its philosophy.

i Bias ratio [BC)) of @ are rcasonably small when a=ay for each n, A, and increases otherwise. This
property shown that the proposed estimator @ is very closely to unbiasedness property especially
when a o, )

i\.IIh: I'flictive interval of & [the value of @ which makes R.Eff(-) of & greater than one] is
0.5.1.5].

v.bias ratio [B(-)] of @ are reasonably large with small value of u.
VLRG0 ) is decreasing function with increasing of the first sample size n,, for each A and £.

vii. The Expected value of sample size of @ is close to ni, specially when > 1 and start faraway
otherwise.

. : n
viri.Percentage of the overall sample saved [-—i.’o(a*,b*) * 100} is increasing value with increasing
n

vitlue of 'u (u - n>/ny) and L.

IR x ) is an increasing function with respect to u. This
estimator using small n, relative to n, (or large n2) whic
observation cost.

v he considered estimator O s better than the classical estimator especially when axay,
given the cffective of @ relative to & and also given an im
the augmentation of efficiency may be reach to tens times,

vicThe considered estimator G s more efficient than the estimators introduced by [8], in the sense of
higher efficiency. ’

property shown the effective of proposed
h given higher efficiency and reduce the

this will
portant weight of prior knowledge, and
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Table (1): Shown Bias ratio |B(:)] and R.E.ff of &t w.r.t. A, n, and { when u =2

g
. . e ]
. A n, | Eiiﬁ' 0.25 0.75 1 1.25 1.75 2 _'
4 | REf() [0513 2342 6.923 3.076 0.508 0291 |
B0 (- 0.122) (= 0.17) (0.035) | (0.268) (0.754) | (0.997) |
i ¢ | REff() [09 1.215 6.288 1.743 0.238 0.135
001 1B (-28x10"Y (- 0.105) 0.037) | (0.257) (0.748) | (0.993)
o | REf) 0956 0.864 2.958 0.829 0.114 [ 0.065
B(-) (- 0.138) (- 0.02) (0.034) | (0.234) (0.743) | (0.991) |
Lo | REMC) [ 0.965 0902 2.196 0.65 0.09 0.051 |
-0 1By (0) (- 7x107%) (0.028) | (0.218) (0.74) | (0.991)
[ | R.EM) 0.722 1.627 3.90 2.38 0.477 0.277 1
4B (—0.013) (- 0.092) (0.065) | (0.276) | (0.742) | (0.968) |
TR [0.904 1.041 3.042 1.423 0.226 0.129
LR TR (— 16 x10 °) (- 0.038) (0.05) (0.243) (0.726) | (0.958)
0.05 |REM() | 0956 0.942 1.617 0.748 0.108 0.062
| 16| 30 (0) (=3x1077%) (0.025) | (0.185) (0.71) (0.953)
| REf() | 0.965 0.959 1.341 0.63 0.086 0.049
| 20 | g (0) (-72x10°Y (0.016) | (0.158) (0.704) | (0.953)
Table (2)

Shown Bias ratio [B(-)] and R.E.ff of O w.r.t. A, n; and C{whenu=26

i N 1
A o, gi-fs"' 0.25 0.75 1 1.25 175 2 1
o, TREf() [ 0301 2.442 25.507 3494|0434 | 0256
| 4 1B (—0.145) 102 1 0.015) (0.254) [ (0.748) | (0.993)
——TREM) 0942 0.837 14.97 1.562 0.218 0.123
| 8 | g (—35x10 %) (—0.134) (0.016) (0.245) | (0.744) | (0.991)
001 R.Eff(-) | 0.98 “Tos12 3.927 0.591 0.105 0.061
161 5 (- 0.178) (— 0.03) (0.015) (0.22) | (0.74) | (0.991)
I . 0.737 2.539 0.425 0.082 0.048
:* 20 J Eﬁf“ : ?6?85 ooy joo) (0.204) | (0.738) | (0.99) |
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[1.475 9.375 0.385
0.69 | . A4 (0.028) (0247) (0.77 tll_ll
r | R (- 0.135) — 1 10.726, oy
4B COND s 4.529 Pk N S
i ﬁ REM ()0%(1 N ) | (- 0.059) (0.021) (0.219) (0‘7”’) ::"“11' ‘I
¥ 1B 2D ) e 1.742 G2 1 0.0gs ong" |
0.05 tREf 08 310 1) LO01) | (0.166) (0703 ||
sy O 513 11381 0361 0,066 (s,
. 942 3 0
l o | REM() | 0985 L1310 [(68x10 ) [ (0.141) ©069) | (o,
B O ammSes 3
Ta?)lc (‘) . 3 w.r.t. A, n, and Cwhenu=10
Shown Bias ratio |B(-)] and R.E.fTof O w.r ! B o
W L. — T = (128 1. P
Ta [REE [ oc 0.75 ! 125 s
' Bias - LY, 47.744 3.313 0.428  Trsie
o 2.062 0.24
REff(-)  0.208 =3 (0.25) (0.74
- 0.209 96 x10 ") : 146) | (0.
SoBO Coasy e 0.063 1344 W*&ﬁ%’\
REM) 10949 ‘ A 0.01) 0241) | (6.743, il
B() (-36x10 ) (-0.142) : 7 “————“——-___I_J_‘_
R4t [ — LR LA | 0.987 0.47 4.28 : 0.449 0.098 0.058
- 89 (- 0.032) (93x10°%) (0.216) | (0.739) (0.99)
(Sl 1 NS 7 2.649 0.31 0.077 0.046
‘ REM) | 099 0.62 . 3 62 67"7 )
20 0 (- 0.012) (77 x10°°) (0.2) (0.737) (0.99)
; B() (0) 13333 2126 (0328 015
R.Eff() 0.613 1.16 3.333 1 (':l'? 183
‘e (- 0.018) (- 0.147) (0.018) (0.239) | (0.722) | (0.955
& R H‘ﬂ-} 0971 0.588 5.174 068 2116") ?{.)I _}5;1) ?60357)
T T et Lo ey i
> R Ef: 987 0.793 L. . -3 . '
o g:;m } ?0)8 (—6IJ><IO'3) (68x10 %) 0.161) | (0.7) (0.951)
‘ »o | REF() 099 0916 1393 0215 N 0(.)05;4) ?(.)0555”
1 B() 7,._(071__\_h— 15x10°%) (43x10°%) (0.136) | (o. :
Table (4) )
Shown Bias ratio |B(-)| and R.E.ff of & w.r.t. A, n, and Cwhenu =12
1 Y — ;._ -
A ';.'E"' 1025 0.75 1 1.25 1.75 5
' ey er?‘ﬂ“i T0’15 1.893 59.067 3.202 0418 06293;’)
4 B() -0.153) (-0211) (81 x10°%) (0.249) | (0.746) f) 2
g REf() 0948 0.535 23.054 1.253 0.201 0991) |
B() 37 %104 (- 0.144) (85x10 % (0.24) | (0.743) O
MO TRERD "0.989 0421 4388 o4 s il e |
° BO (o019 (- 0.033) (79x10 % 0.215) | (0.73 0045 |
o REMC) 10992 0.574 2.68 : 0.273 0.077}7) 0.99)
T B() () (- 0.012) (65x10 (0.199) 1(0.13 o171
T, TREM) 10578 1.038 14.866 1.957 0.3031 (0.954)
Y B Loy | (-0.15) (0.015) (0.237) | (0.721) 0
o REA) | 0975 — 0.525 5.366 0.726 0-"‘(‘,,) (0.952)
. B() ~22x10 9 (- 0.066) (0.011) (0.211) (0(-;3; 0,042
0,05 [—ﬂ REf) 0,989 0.76 1.79 10276 0.063 0.951)
= 1 B() (0) (- 63x10 %) (57x10 % (0.159) | (0.7) —(O—(,;j””
5o | REfC) 10992 0.902 . 1.396 To21e 0.05 o | (0.95)
Pl o | 109100 1Gexio Yy | @135y | 0.0 | @
Table (5) e '
Shown Probability of a Voiding Second Sample w.r.t. A, U,y and ¢
. B re—
u [n (A 0.25 8.7 1 T8 T (3 |
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1

[ » 0.0 10216 0.893 0952 [0.976 [0.991 [0.99
[ 4_.4_0_-‘_’5__1_0;(291 _ [ 0.668 0.5:23 8.376' 10952 1095
. e -"8'8; 5321? o062 0851 [0.942 10988 [0.99
| {205 (S0l J03 o612 [0806 0944 095
110 [16 | 505 678><|0 | 0.147 0.544 |0.837 |0.983 |0.99
| 42 1 0.029 0.264 | 0.606 | 0.929 | 0.95
12 20 ‘88: 8 0.055 0.409 | 0.771 | 0.981 [0.99
[ COR B L S 7.1 | 0.159 [0.511 [0.921 [095 |

Table (6) Shown Expected Sample Size of 0. w.r.t. A, u, and  when n; =4

4
ulA 0.25 0.75 1 125 [1.75 |2
5 0.0% ] 10.271 | 4.859 [ 4381 4.192 [ 4.075 | 4.080
“10.05/11.793 ] 6.655 [ 5414 4.803 | 4.384 | 4.40
6 | 001228126578 |5.143]4.575[4.226 | 4.240
0.05 12738 [11.965]8.242[6.408]5.153]5.20

Table (7) Shown Expected Sample Size Proportion w.r.t. A, u, n; and §

G
u nm | A 025 1075 |1 1.25 [ 1.75 |2
2 |4 0.01 [ 0.856 | 0.405 | 0.365 [ 0.349 | 0.340 | 0.340
0.05 [ 0.983 | 0.555 ] 0.451 [ 0.40 [ 0.365 | 0.367
6 |8 0.01 [ 1 0.468 [ 0.27 [0.193]0.153 | 0.151
0.05 0.743 1 0.475 [ 0.309 [ 0.190 | 0.186

I
10l 16 0.01 | 1 0.866 | 0.496 | 0.239 | 0.106 | 0.1
0.05 |1 0.974 [ 0.760 | 0.449 | 0.155 | 0.136
1
1

0.01 0.949 | 0.623 | 0.289 | 0.095 | 0.086
0.05 0.993 ] 0.853 ] 0.528 | 0.150 | 0.123

12120

Table (8) Shown' Percentage of Overall Sample Saved w.r.t. A, u, n; and §

g

rEran 0.25 075 1 25 [175 |2
— 1001 [ 14410 59.505 | 63.492 | 65.068 | 66.039 | 66.000
2 |4 |oo0s [T.723 44.542 | 54.883 | 59.977 | 63463 | 63.333
o0l [0.045 53.157 | 72.976_| 80.726 | 84.715 | 84.857
, 6 |8 |00s [276x10°" 25.698 | 52.493 | 69.096 | 80.954 | 81.428
001 [253x10 " [ 13408 [ 50397 [ 763505 |89.404 | 89.999
110 |16 005 [135x10 " | 2644 | 24.032 [ 55058 |84.456 | 86.363
1 0.01 |292x10°" 53097 | 37.734 | 71.142 [ 90.537 | 91.385
[ 12120 fo05 [218x10 7 0.667 14.655 [47.164 | 85028 | 87.692
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