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1.Introduction and preliminaries

Rough set theory was developed by Pawlak in 1982 [8],
since then it has been widely applied in many fields, such as
machine learning data mining and pattern recognition and
the original rough set theory was developed framework of
set theory algebra and logic. We relied on proposition in
[21] and we built on some of the results in [1], [3], [4], [6],
[71, [10], [11], [12], [13], [14], [15], [17], [18], [19], [20]
and [22].

A directed graph (d. g. ) [16] is pair D = (V(D), E(D)) where
V(D) is a non-empty set (called vertex set) and E(D) of
ordered pairs of elements of V(D) (called edge set). An edge
of the from (@, @) is called a loop. If weV(D), the out-
degree of @wis [{ueV(D) : (@, u)€E(D)}| and in-degree of @
is [{ueV(D) : (u, @)€E(D)}|. Asubd.g.ofad.g.Disad.g.
each of whose vertices belong to V(D) and each of whose
edges belong to E(D). An empty d. g. [2] if the vertices set
and edge set is empty. The out-degree set of @ is denoted by
OD(w) and defined by: OD(@) = {ueV(D) : (a, u) € E(D)}
and in-degree set of @ is denoted by ID(a) and defined by:
ID(@) = {u € V(D) : (u, @) € E(D)}.Let D = (V(D), E(D))
be a d. g. The mixed degree system of a vertex @we V(D) is
denoted by MDS(w) and defined by: MDS(@) = {ODS(w),
IDS(@)}. Let D = (V(D), E(D)) be a d. g. the mixed degree
of a vertex @€ V(D) is denoted by MD(a) such that MD(®)
€MDS(@).The lower and upper approximations of H using
mixed degree systems are denoted by Ln(V(H)) and
Un(V(H)) and defined by Ln(V(H)) = {@€V(D); for some
MD(w) <V(H)} and U, (V(H)) = {@eV(D) ; for all MD(w)
NV(H)=4}21].

2. New approximation operators based on a
finite family of d. g. 's

In this section, some of their definitions and propositions
about new approximation operators on a family of d. g. 's are
studied and we gave examples in the case of properties that
are not true in general.

Definition 2.1. Let D = {D;; i =1, 2, 3, ..., n} be a finite
family of arbitrary non-empty finite d. g. 's. The n-lower and

n-upper approximations of H €D according to D are denoted
by L,(V(H)) and U,(V(H)), respectively and defined by:
Ln(V(H)) = Uiz Lmi(V(H)),Un(V(H)) = Nizy Umi(V(H)).

Definition 2.2. Let D = {D;; i =1, 2, 3, ... , n} be a finite
family of arbitrary non-empty finite d. g. 's. The n-boundary,
n-positive and n-negative of H =D according to D are
denoted by Bd,(V(H)), BOS,(V(H)), respectively and
NEG,(V(H)) anddefined by:

Bda(V(H)) = Uy(V(H)) -La(V(H)),
BOS,(V(H)) = La(V(H)),

NEG(V(H)) = V(D) -Un(V(H)).

Example 2.3. Let D = {D;; i = 1, 2, 3} be three d. g. 's
defined as:V(D) = V(D,) = V(D,) = V(Ds) = {@y, @, @,
@y, @5}, E(D1) = (@1, @i), (@1, @2), (@1, @5), (@2, @),
(WZI ZD'4), (m.?a ml)l (m.?a w_g), ((HE’ wZ)l (WE’ W4), (w51 ZD'S)}I
E(DZ) 7 {(wlv Z0-1)7 (ZU1, ZU5), (ZUz, Z3-3)7 (ZUz, ZU4), (ZU37 ZUl)v
(@3, @3), (w5, @2), (@5, @4), (@5, @5)} and E(Dy) = {(a@,
ZU4)7 (win ZUS)! (ZUZI ZUZ)! (ZUZ: ZU3), (ZU_;, ZUl)v (ZU3, Z3-3‘)1 (ZU.?:
ZU5), (ZU4, Z0-1)7 (10'4, ZUé‘)}
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Figure 2.1: d. g. D;.
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Figure 2.2: d. g. D2
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MDn(@1) = {{@1, @2, @s}, {@1, @3}}, MDp(@2) = {{@s,

P @}, {@n, @53}MDn(@5) = {{@, @35} {@,
b * @33} MDn (@) = {4, {@2, @s}} andMDy,,(@s) = {{@2, @,
T @s}, { @1, W5t}

The mixed degree systems based on D are given by:
Msz(WI) = {{ZU_z, ZUg}, {ZD'_z, ZU3}},MDm2(ZD'2) = {{ZUS" ZU4},
&3 {@s}} MDDy (@35) = {{@1, @5}, {@2, @53} MDy (@) = {4,
{@z, ws}} and MDy,(@5) = {{ @2, @4, @s}, {71, T5}}-
The mixed degree systems based on D3 are given by:
MDy(@;) = {{@s @5}, {@3}MDny(@2) = {{@2, @3},
{@:}}MDy(@35) = {{@s, @5}, {@2 @s}}, MDn(@s) =

L J

S

The mixed degree systems based on D; are given by:

Figure 2.3: d. g. D3.

@1, @,}} and MDy(@5) = {4, {@1, @5}}.

The lower approximation, for all H €D, are given in the table:

V(H) LV (H)) LoV (H)) Lns(V(H)) Ln(V(H)
{@} {@.} {@.} {@s} {@s, @5}
{@:} {z.} {z.} {@2 @5} {72, @4 @5}
{@s} {1} {@.} {@s} {@4, @5}
{@} {1} {@.} {@;, @5} {@1, @4 @5}
{@s} {1} {@2, @4} {@s} {@2, @4 @5}
{@;, @2} {1} {z} {@2, @5} {@2, @4, @5}
{1, @5} {@, @5 @} {@,, @5, @} {@s} {71, @5, @4, @5}
{@, @4} {=.} {=.} {7, @4 w5} {@2 @4 @5}
{@,, @5} {@2, @, @5} {@, @, @4, @5} {@s} {71, @2 @4, @5}
{@2 @5} {@s, @} {@s @} {72 @5, @5} {@2, @s5, @4 @5}
{@2,@.} {@.} {@} {@,,@,, @s} {@,,@,, @4, ws}
{2, @5} {1} {@z, @4} {@2, @5} {@2, @4, @5}
{@s, @} {@2, 0.} {@2, 2.} {@;, @5} {@,,@,, @4, ws}
{@s, @5} {@.} {@2, 2.} {@s, @5} {@2, @5, @4 w5}
{@4, @5} {z.} {@2, 24} {@,, @5} {w,, @2, @4, w5}
{71, @z, @5} {@;, @5 @,} {@2. @35 @,} {@2 @3, @5} V(D)
{@, @2, @} {@.} {=.} {@,, @2, @4, w5} {@,, @2, @4, @5}
{@, @2, @5} {@,, @2, @4, @5} {@,, @2, @y, @5} {@2, @5} {@, @2, @4, w5}
{@;, @5, @} {@;, @2, w3, w,} {@;, @2, w3, w4} {@;, @4, ws} V(D)
{@,, @3, ws} V(D) V(D) {@s, s} V(D)
{@, @4 @5} {@2 @, ws} {@, @2, @y, @5} {@, @4 w5} {@,, @2, @4, w5}
{@z. @5, ws} {@z, @5, @4} {@z,@5, @} {@1, @z s, ws} V(D)
{@2 @5, @5} {@s @} {@2. @35 @,} {@2 @5 @5} {@2, @s5, @4 @5}
{@2 @4 w5} {@4 @5} {@2. @4 @5} {@, @2 @5} {@,, @2 @4, @5}
{@3, @, @s} {@2. @4} {@2, @4} {@,, @5 @5} V(D)
{@,, @2 @3, @} {2 @5, @4} {@, @2 @35, @4} V(D) V(D)
{@:, @2, @5, @5} V(D) V(D) {@2,@;, @5} V(D)
{z,, @2, w4, @5} {@,, @2, @4, @5} {@,, @2, @4, @5} {@,, @2, @4, @5} {@,, @2, @4, @5}
{371,@'3, Wy, w5} V(D) V(D) {1317173, Wy, w5} V(D)
{@2, @3, @4, w5} {@;, @3, @, ws} {@;, @3, @, ws} {@1, @z s, ws} V(D)
V(D) V(D) V(D) V(D) V(D)
¢ {=.} {=.} {@s} {@4, @5}
The upper approximation, for all H €D, are given in the table:
V(H) Un.(V(H)) Un:(V(H)) Uny(V(H)) Un(V(H))
{@} {@:} {@:} {@.} ¢
{2} ¢ ¢ {a:} ¢
{@s} {@;} {@;} {@s} {@s}
{=z.} $ ¢ {@, @} ¢
{@s} {@s} {@s} ¢ ¢
{72} {@;, @5, @5} {@;, @5, @5} {@2. @4} ¢
{z, @5} {@;, @5, @5} {@, @5} {@s, @,} {5}
{@,, 0.} {@,, @2, @5} {@,, @5} {z, @4} {@}
{@, @5} {@, @5} {@;, @5} {@.} é
{@z, @5} {@,, @5} {5} {@z @5} {5}
{@2, @4} ¢ ¢ {71, @2, @4} ¢
{@z, @5} {@s} {@s} {@2 @5} ¢
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{@;, @} {@s} {5} {@,, @ @} {5}
{@;, @5} {@,, @2, @5, @5} {@,, @2, @5 @5} {@s} {5}
{ZU4, ZUs} {072, ws} {072, ws} {071,134} ¢
{@;, @2, @5} {@,, @2, @5, @5} {@,, @3, @5} {@:, @ @} {5}
{@;, @, @} {@1, @2, @5 s} {@,, @5, @5} {71, @, @} {@}
{@;, @2, @5} {@1, @5, @s} {@1, @5, @s} {2, @5, @} {@s}
{@;, @5, @} {@1, @2, @3 @5} {@1, @5, @s} {1, @5, @} {@;, @5}
{@;,@;, @5} {@,, @2, @5, @5} {@,, @2, @5 @5} {@;, @} {5}
{1, @4 @5} {@;, @2, @5} {@,, @2, @5} {@, 0.} {@:}
{@z o5 @} {@, @5} {@s} {@,, @2 @35, @4} {@s}
{@,@;, @5} {@,, @2, @5, @5} {@,, @2, @5, @5} {@,, @5} {@:, @5}
{2, @,, @s} {@2, @5} {@2, @5} {@1, @2, @3, @4} {@:}
{@s, @4, @5} {@,, @5, @5, @5} {@,, @5, @5, @5} {@,, @5, @} {7, @5}
{@1,@,, @5, @} {@,, @5, @5, @5} {@,,@5, @5} {@1, @, @5, @} {7, @5}
{@,, @5, @5, @5} {@,, @5, @5, @5} {@,, @5, @5, @5} {@:. @5, @} {@,, @5}
{@,, @2 @4 @5} {@, @, @5 @5} {@, @, @5 @5} {@,, @2 @35, @4} {@:, @, @5}
{@,, @5, @4, w5} {@1, @y, @5, w5} {@1, @y, @3, w5} {@,, @5 @} {@,, @5}
{@2, @5, @4, @5} {@1, @y, @5, w5} {@1, @7, @3, w5} {7, @2, @5, @} {@1, s, @5}
V(D) {@1, @5, w3, w5} {@1, @5, w5, ws} {w1,@2 @5 o} {@;, @5, w5}
¢ ¢ ¢ ¢ ¢
The boundary according to D, for all H €D, are given in the table:
V(H) Bdm,(V(H)) Bdm.(V(H)) Bdm,(V(H)) Bdn(V(H))
{@} {@} {@} {@.} ¢
{a} ¢ ¢ ¢ 4
{@s} {5} {5} {@s} {5}
{@} ¢ ¢ {@} ¢
{@s} {5} {@s} ¢ ¢
{@,, @2} {@,, @35, @5} {1, @3, @5} {z} ¢
{@;, @5} {@:} ¢ {@s, @} ¢
{@1, 7.} {1, @2, @s} {@1, @5} ¢ ¢
{@, @5} {@:} ) {z.} ¢
{@2, @5} {@:} ¢ ¢ ¢
{@2, 7.} ¢ ) {@.} ¢
{@s, @5} {@s} {@s} {as} ¢
{@s, @} {@s} {5} {@s, @} {5}
{@s, @5} {@, @s, @5, @5} {@,, @5, @5} ¢ ¢
{@,, @5} {@2 @5} {@s} {z} ¢
{@1, @2 @5} {@2 @5} {@s} {@.} ¢
{@,, @2 @} {1, @5, @3, @5} {@,, @5, @5} ) ¢
{@1, @2, @5} {@s} {@s} {@3, @} {@s}
{@, @5 @} {@s} {@s} {@s} [
{@,, @5, @5} ¢ ¢ {=z.} ¢
{@, @4 w5} {z} ¢ ¢ )
{@2 @5 @} {z} ¢ {@.} )
{@, @5, @ws} {@,, @2, @5} {@, @5} ¢ ¢
{@s, @4, @5} {@:} ¢ {@3, @} ¢
{@3, @, @5} {@,, @35, @5} {@y, @35, @5} {=@.} ¢
{@1, @2 @3, @4} {@s} {@s} ¢ ¢
{1, @2, @3 @5} ¢ ¢ {@, @4} ¢
{@, @2 @4, @5} {5} {5} {@s} {5}
{@,, @, @4, @5} ¢ ¢ ¢ ¢
{@2, @3, @, w5} {z} {@:} {z} ¢
V(D) ¢ ¢ ¢ [
¢ ¢ ¢ ¢ [

Proposition 2.4. Let D ={D;;i=1,2, 3, ..., n} be a finite
family of arbitrary non-empty finite d. g. 's, then the
following hold for every H, K €D:

(L2) Lo(V(D)) = V(D),

(Ly) If V(H)EV(K), then Ly(V(H)) SL(V(K)),

(Ls) La(V(H) NV(K)) €L(V(H)) N Ly(V(K)),

(L7) La(V(H)) = V(D)- [Un(V(D) -V(H))],

(Us) Un(9) = ¢,

(Uy) If V(H)SV(K), then U, (V(H)) cUL(V(K)),
(Us) Un(V(H) NV(K)) SUL(V(H)) N Un(V(K)),
(Us) Un(V(H) UV(K)) 2U,(V(H)) UUn(V(K)) and
(U7) Un(V(H)) = V(D)- [La(V(D) -V(H))].

(Le) La(V(H) UV(K)) 2L(V(H)) ULy(V(K)), Proof.
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(L2) By (L) in Proposition (2.3.1) in [21], we have
Lni(V(D)) =V(D)vi=1,2,...,n

=U", Lu(V(D)) = V(D)

=Lq(V(D)) = V(D).

(Lo Let H cK, then by (L) in Proposition (2.3.1) in [21],
we get Lyy(VH))SLni(V(K) Vi=1,2,...,n

= Ui Lmi(V(H))E UL, Lmi(V(K))

=Ln(V(H)ELa(V(K)).

(Ls) Let V(H) NV(K) € V(H) and V(H) NV(K) €V(K), then
by Proposition (2.3.1) in [21], we have that

Li(V(H) NV(K) € Ln(V(H) A Lw(V(H) NV(K))
SLmi(V(K))

= Ui Lni(V(H) NV(K)) € Uil Lni(V(H)) A UL Lmi(V(H)
NV(K)) U Lui(V(K))

=La(V(H) NV(K)) € La(V(H)) A Lo(V(H) NV(K))
SL(V(K)).

=Ly(V(H) NV(K)) € Ly(V(H)) NLA(V(K)).

(Le) Let V(H) €V(H) U V(K) or V(K) cV(H) UV(K), then by
Proposition (2.3.1) in [21], we have that

Lmi(V(H)) & Lni(V(H) U V(K)) V Lni(V(K)) SLni(V(H) U
V(K))

=UiL Lni(V(H)) € UL Lni(V(H) U V(K)) V Ui Lni(V(K))
CUi Lmi(V(H) U V(K))

=Ln(V(H)) € Lo(V(H) U V(K)) V Lo(V(K)) EL(V(H) U
V(K)).

=Ln(V(H)) ULy (V(K)) ELA(V(H) U V(K)).

(Ly) Let weL,(V(H)) © @eUl_, Ly V(H)

& weLy,V(H)

< by (L;) in Proposition (2.3.1) in [21], we have @ ¢
Un[V(D)-V(H)]

=€ V(D) - [Uy(V(D)-V(H))]

SLy(V(H)) = V(D) [Un(V(D) -V(H))].

(Us) By (Uy) in Proposition (2.3.1) in [21], we have Uni(¢) =
Ni=1,2,...,n

=N Uni(¢) = ¢.

=Un(d) = 4.

(Uy) Let H €K, then by (U,) in proposition (2.3.1) in [21],
we have U, (VH)SU(VIK) Vi=1,2,...,n

=N Uni(V(H)E N Uni(V(K))

=Un(V(H))ELa(V(K)).

(Us) Let V(H) NV(K) € V(H) and V(H) NV(K) €V(K), then
by Proposition (2.3.1) in [21], we have that

Uni(V(H) NV(K)) S Uni(V(H) A Un(V(H) NV(K))
QUm,(V(K))

=N, Uni(V(H) NV(K)) € N7 Uni(V(H) A N7 Ui V(H)
NV(K)) €N Uni(V(K))

=Uy(V(H) NV(K)) € Uy(V(H)) A Un(V(H) NV(K))
SU(V(K)).

=Uy(V(H) NV(K)) € Un(V(H)) NUR(V(K)).

(Ug) Let V(H) €V(H) U V(K) or V(K) €V(H) UV(K), then by
Proposition (2.3.1) in [21], we have that

Uni(V(H)) € Umi(V(H) U V(K)) V Uni(V(K)) EUmi(V(H) U
V(K))

SN Un(VH) € N U(V(H)
NIZ; Uni(V(K)) NIy Uri(V(H) U V(K))
=Uy(V(H)) € Un(V(H) U V(K)) V Ur(V(K)) SU(V(H) U
V(K)).

=Up(V(H)) UUy(V(K)) SU,(V(H) U V(K)).

(U7) By substituting V(D)-V(H) for V(H) in (L;) we have
Un(V(H)) = V(D)- [La(V(D) -V(H))].

U V(K) V

Remark 2.5. Let D= {D;; i = 1, 2, 3, ... , n} be a finite
family of arbitrary non-empty finite d. g. 's and H, K €D,
then the following are not true in general:

(L2) La(V(H))S V(H),

(L3) Ln(¢)= ¢;

(Lg) La(V(H)) = La(La(V(H)),

(Lo) La(V(H)) = Un(Ln(V(H)),

(L1o) V(H) < La(Un(V(H)),

(La1) La(V(H)) SLa(La(V(H)),

(L12) La(V(H) NV(K)) =La(V(H)) NLA(V(K)),

(Us) V(H) SUL(V(H)),

(Uz) Un(V(D)) = V(D),

(Us) Un(V(H)) = Un(Un(V(H)),

(Ug) Un(V(H)) = La(Un(V(H)),

(Uso) V(H) 2U,(La(V(H)),

(U11) Un(V(H)) 2Un(Uy(V(H)),

(U1z) Un(V(H) UV(K)) =Ux(V(H)) UU,(V(K)) and

(LU) La(V(H)EUR(V(H)).

The following two examples illustrate the previous remark.
Example 2.6.

(L2) LetH = (V(H), E(H)): V(H) = {@2}, E(H) = {(@2, @)},
then L\WH)= {@, @, @} Therefore,
Ly(V(H))ZEV(H).

(Ly) LetH = (V(H), E(H)): VH) = ¢, E(H) = ¢, then
Ly(V(H))= {@, @s}. Therefore, L (4)# 6.

(Lg) LetH = (V(H), E(H)): V(H) = {@3}, E(H) = {(@3, @)},
then Lo(V(H))= {@:, @5}, Le(La(V(H)))= {@1, @2, @, @5}
Therefore, Ln(V(H)) #L,(L,(V(H)).

(Lo LetH = (V(H), E(H)): V(H) = {@&1, @&, @5}, E(H) =
(@1, @), (@1, @), (@1, @5), (@4, @), (@, @), (@5, @),
(@5, @s)}, then Ly(V(H))= {@1, @2, @y, @s}, Un(Lo(V(H)) =
{@;, @, w3}. Therefore, L,(V(H)) #Un(L.(V(H)).

(Lzg) LetH = (V(H), E(H)): V(H) = { @3}, E(H) = {(@3, @3)},
then U,(V(H))= {@3}, Ly(U.(V(H)) = {@,, @s}. Therefore,
V(H) & La(Un(V(H)).

(Lzz) In Example (2.7). LetH = (V(H), E(H)): V(H) = { @,
@3}, E(H) = {(@2, @2), (@2, @3), (@3, @s)}, then L(V(H))=
{@s, @}, Lo(Li(V(H))) = {@z, @} Therefore, L,(V(H))
ZLn(Ln(V(H)).

(Lzz) LetH = (V(H), E(H)): VH) = {@;, @}, EH) = {(@3,
@), (@1, @), (@2, @), (@, @)} andK = (V(K), E(K)):
V(K) = {ZD'1, W5}, E(K) = {(ZD}, ZU1), (ZU1, ZD'5), (ZD'5, @'5)},
then Ly(V(H))= {@1, @y, @5}, La(V(K)= {@:, @2, @y, ws}.
H NK = (V(H NK), E(H NK)): V(H NK) = {@;}, then
Li(V(H) NV(K) = {@, @} So, Ly(V(H) NV(K))
#Ln(V(H)) NLy(V(K)).

(Uy) LetH = (V(H), E(H)): V(H) = {@, @5}, E(H) = {(@,
@), (@5, @), (@5 @s)}, then Uy(V(H))= 4. Therefore,
V(H) € Uy(V(H)).

(U2 Ly(V(D)={@1, @z, @s}+ V(D).

(Ug) LetH = (V(H), E(H)): V(H) = {@:, @3, @}, E(H) =
(@1, @), (@1, @), (@3, @), (@3, @3), (@4, @), (@4, @)},
then U, (V(H))= {@1, @5}, U (Uy(V(H)))= {@s}. Therefore,
Un(V(H)) #Un(Un(V(H)).

(Ug) LetH = (V(H), E(H)): V(H) = {@, @3, @ws}, E(H) =
{(@2, @2), (@2, @3), (@3, @s5), (@3, @), (@5, @), (@5, @5)},
then Uy(V(H))= {@, @5}, La(Un(V(H)) = { @2, @3, @4, @5}
Therefore, U,(V(H)) =L, (U, (V(H)).
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(Uzg) LetH = (V(H), E(H)): V(H) = {@s}, E(H) = {(@s,
@s)}, then Ly(V(H))= {@2, @, @5}, Un(La(V(H)) = {@:}.
Therefore, V(H) 2 U, (L.(V(H)).

(Uzz) In Example (2.7). LetH = (V(H), E(H)): V(H) = {a@,
@z}, EH) = {(@1, @), (@1, @2), (@2, @2)}, then U (V(H))=
{wl, >, w_:g}, Un(Un(V(H))) = {wl, w3, W5}. Therefore,
Un(V(H)) €U, (Un(V(H)).

(Uzz) LetH = (V(H), E(H)): VH) = {@3, @,} andE(H) =
{(@3, @), (@, @)}, K = (V(K), E(K)): V(K) = {@3, @},
E(K) = {(@3, @3), (@3, @5), (@5 @s)}, then Uy(V(H))=
{@3}, Up(V(K))= {@5}. H UK = (V(H UK), E(H UK)): V(H
UK) = {3, @, ws} then U, (V(H) UV(K)) = {@;, @3}. So,
Un(V(H) UV(K)) #=Un(V(H)) UUy(V(K)).

(LU) Let H = (V(H), E(H)): VH) = {@, @3}, E(H) ={(@>,
@), (@2, @s), (@3, @3)}, then L(V(H))= { @z, @3, @4, @5},
Un(V(H)) = {@3}. Therefore, L,(V(H))ZU,(V(H)).

Example 2.7. Let D = {D;; i = 1, 2, 3} be three d. g. 's
defined as: V(D) = V(D;) = V(D) = V(D3) = {@;, @, @3,
Wy, ZU'_;}, E(DI) = {(wlv ZU1), (ZU'1, ZUz), (ZU1, Z0-5)7 (ZUz, ZU3)!
(w2, @), (@2, @s), (@3, @1), (@3, @3), (@5, @2), (@5, @),
(ZD'5, wS)}’ E(DZ) = {(ZU], zD'l)’ (ZD'_Z, Zﬂ'z), (ZU_Z, Zﬂ'g), (ZUz, Z3'3)1
(@2, @), (@3, @1), (@3, @3), (@5, @2), (@5, @), (@5, @)}
and E(D;3) = {(@1, @), (@1, @5), (@2, @3), (@2, @), (@3,
@), (@3, @3), (@3, @s), (@5, @), (@5, @), (@5, @5)}.

Figure 2.4: d. g. D;.
The lower approximation, for all H €D, are given in the table:

iy

it g

iz

g

Figure 2.5: d. g. D,.

L

it it

(] iz

Figure 2.6: d. g. Ds.

The mixed degree systems based on D; are given by:

MDn (@7) = {{@;, @2, @5}, {@1, @33}, MDp(@2) = {{@3,
@y, o5}, {@, @5t} MDy(@s) = {{@: @3} {@
@3} MDDy (@) = {¢, {@2, @5}} andMDy, (@5) = {{ @2, @4,
os}, {@1, @2, ws}}

The mixed degree systems based on D are given by:
MDy.(@;) = {{@1, @2, @5}, {@1, @33} MDy(@2) = {{@3,
10'4}, {10'1, ZUS}}v Msz(wj’) = {{ZU1, ZD'3’}1 {le ZD'3’}}7
MDy.(@,) = {¢, {@2, @s}} andMDp(a@5) = {{@2, @y, @5},
{@1, @s}}.

The mixed degree systems based on D are given by:

MDn (@) = {{ @1, @5}, {@1, @5}}, MDny(@2) = {{@s, @4},
{ZUg}},MDmS(ZUg) = {{wb ZU_;}, {ZUz, ZU3’}}v,\/IDrT13(ZU4) = {¢v
{@2, @s}} and MDy(@5) = {{ @2, @4, @s}, {@1, @s}}

V(H) Lm(V(H)) Lm.(V(H)) Lms(V(H)) Ln(V(H))
{@:} {@} {@} {z} {z}
{@2} {z} {@} {=@} {z}
{@s} {@} {@} {z} {z}
{@.} {@.} {@.} {@.} {@.}
{@s} {@.} {@.} {@s,@.} {@s,@.}
{@;, @7} {@.} {@.} {@.} {@.}
{@;, @5} {@,, @, @} {@, @5, @} {@,, @ @} {@,, @ @}
{7, @} {@.} {@} {z} {z}
{@1, @5} {@2,@,} {@2,@4, w5} {@1,@2, @4, w5} {@1, @2, @4, w5}
{@2 @5} {@3, @} {3, @} {@3, @} {@3, @}
{@2 @4} {z} {@} {z} {z}
{@2 @5} {=@} {@} {2, @} {@2, @}
{3 .} {z} {@2, @} {2, @} {@2. @}
{3, @5} {=@.} {@} {2, @} {@2. @}
{@4, @5} {@.} {@.} {@2, .} {@s,@.}
{@;, @5, @5} {@1, @5, @} {@, @5, @} {@1, @5, @} {@1, @5, @}
{@, @, @} {@.} {@.} {@.} {@.}
{@, @3, @s} {@1, @2, @y @5} {@, @3, @y @5} {@, @3, @4, @5} {@, @3, @4, @5}
{W1,ZU3, 574} {wlij’v 174} {ZU1,ZUZ, @3, ZU4} {ZU'Lle, @3, 174} {w'z,wzl @3, 134}
{@,, @5, @5} {@,, @3, @5 @.} V(D) V(D) V(D)
{@:, @4, @ws} {@, 0.} {@2,@4 @5} {@1, @2, @4, w5} {w1, @2, @4, w5}
{@2 @5, @} {@s, @} {@,, @5, @,} {@,, @5, @} {@,. @5, @}
{@, @3, @s} {@s, @} {@;, @} {@:.@s, @} {@:.@s, @}
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{@,, @4 ws} {@4, @5} {@,, w5} {@,, @4 ws} {@,, @4 ws}
{@s @4, @5} {@2, @4} {@2 @4} {@2, @4} {@2. @4}
{Wz.wz, @3, Z/74} {wzywsn 074} {w1,072, @3, w4} {wazy @3, ZU4} {wazy @3, W4}
{1, @5, @3, @5} V(D) V(D) V(D) V(D)
{@1, @2, @4, @5} {71, @2 @4, @5} {1, @2, @4, @5} {@1, @, @y, @5} {@,, @, @, @5}
{@1, @5 @4, @5} {71, @2, @35 @,} V(D) V(D) V(D)
{@;, @5, @4, @s} {@;, @5, @4, @s} {@2, @5 @4 @s} {@,, @5, @4, @s} {@2, @5, @4, @5}
V(D) V(D) V(D) V(D) V(D)
¢ { w4} { 074} { w4} { W4}
The upper approximation, for all H €D, are given in the table:
V(H) Un,(V(H)) Un,(V(H)) Uns(V(H)) Un(V(H))
{Wz} {071} {071} {wz} {ZU1}
{@2} {@s} ¢ [ ¢
{@s} {@;} {@;} {@s} {@s}
{=z.} ¢ ¢ ¢ ¢
{@s} {2, @5} {@s} {@s} {@s}
{z, @} {@, @5, @5} {@, @5, @5} {@,, @5, @5} {@, @5, @5}
{75} {7, @, @5} {71, @, @5} {@;, @5} {@, @5}
{z, @4} {@,, @2, @5} {@,, @2, @5} {@;, @5} {@, @5}
{@;, @5} {@,@,, @5} {@;, @5} {@,, @5} {@;, @5}
{@z @5} {@;, @3, @5} {@y, @5} {@s} {@s}
{@z, @4} {@s} ¢ ¢ ¢
{@, @5} {@2, @5} {@s} {@s} {@s}
{@;, @} {5} {@s} {@s} {@s}

{@s, @5} {@1, @, @5 @5} {7, @, @5 w5} {7, @5, @5 @5} {71, @, @5 @5}
{@4, @5} {@2 @5} {@2, @5} {@2, @5} {@z @5}
{@, @2, @5} {@, @, @5 @5} {71, @, @5 w5} {@,, @5 @5} {@,, @5 @5}
{@1, @, @} {71, @2, @5, w5} {1, @5, @3, @5} {@,, @5, @5} {@, @5, @5}
{@,, @2, ws} {@1, @, w3, w5} {@;, @5, w5} {@,, @5, @5} {@,, @5, @5}
{@,, @5, @} {@1, @, w3 w5} {@1, s, @5, w5} {@,, @5, w5} {@, @3, ws}

{@, @3, w5} {@1, @, w3, w5} {@1, @3, @5, w5} {@1, @, @3, @5} {@1, @, @3, ws}
{@,, @4 w5} {@;, @2, w5} {@;, @2, w5} {@, @2, w5} {@,, @2, w5}
{@z @3 @.} {@;, @35 @5} {@, @5} {@s} {@s}
{@2 @3, @5} {@, 5, @5 @5} {@1, @, @5 @5} {7, @5, @5 @5} {7, @, @5 @5}
{@z @4 @5} {@2 @5} {@2 @5} {@2, @5} {@2 @5}
{@2, @4 @5} {@,, @, @5 @5} {7, @, @5 @5} {7, @5, @3 @5} {71, @, @5 @5}
{@, @2, @5, @} {@1, @2, @3 @5} {71, @, @5, w5} {@,, @5, @5} {@, @5, ws}
{@1, @, @3, w5} {@, @2, @3 @5} {71, @, @5, w5} {71, @, @3, @5} {@1, @, @3, ws}
{@, @2, @4, @5} {@1, @, w3, ws} {71, @, @5, w5} {@1, @, w3, @5} {@,, @, @3, w5}
{@, @5 @4, @5} {@1, @5, w3, w5} {71, @, @5, w5} {@,, 5, @3, @5} {@;, s, @3 w5}
{@2, @35, @4 w5} {@1, @, w3, w5} {71, @, @5, w5} {@1, @, @3, @5} {@,, @, @3 w5}
V(D) {@1, @, @5 @5} {1, @, @5 @5} {7, @5, @5 @5} {7, @, @5 @5}
¢ ¢ ¢ ¢ ¢
The boundary according to D, for all H €D, are given in the table:
V(H) Bdm,(V(H)) Bdm.(V(H)) Bdm,(V(H)) Bdn(V(H))
{@} {@} {@} {@} {@}
{=:} {@s} ¢ ¢ ¢
{@s} {@s} {@s} {@s} {@s}
{=z.} ¢ ¢ ¢ ¢
{@s} {@s, @5} {@s} {@s} {@s}
{@;, @} {@;, @3, w5} {@;, @3, w5} {@;, @3, w5} {@;, @,, w3}
{@,, @5} {@:} {@:} ¢ ¢
{@, @4} {@, @2, w5} {@, @2, @5} {@:, @5} {@;, @5}
{@, @5} {@, @5} {@,} ) )
{@2 @5} {@, @5} {@:} ) )
{@z,@,} {@s} ¢ ) @
{@2, @5} {@2 @5} {@s} {@s} {@s}
{@3, @} {@s} {@s} {@s} {@s}
{@s, @s} {@:, @2, @3 @5} {@,, @s, @5, w5} {@,, @5, @ws} {@,, @5, @s}
{@y, @s} {@s, @5} {@s, @5} {@s} {@s}
{@1, @z, @3} {@y, @5} {@s, @5} {@s} {@s}
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{@,, @, @} {@, @2, @3, @5} {@1, @5, @5, @5} {@,,@s, @s} {@;,@s, @ws}
{@,,@,, @s} {@s} {@s} {@s} {5}
{@,, @ @} {@, @5} {@s} {@s} {@s}
{@,, @5 @5} {@s} ¢ ¢ [
{@:, @4, w5} {@1, @5} {@} ¢ [
{@,, @5, @} {@;, @5} {@} ¢ ¢
{@2, @5, @5} {@:, @2, @s} {@:, @2, @s} {@1, @5} {@1, @5}
{@:, @4, @5} {@2} {@2} ¢ ¢
{@s, 7, @s} {@,, @5, @5} {@,, @5, @5} {@,, @5, @5} {@,, @5, @5}
{1, @2, @3, @4} {@2, @5} {@s} {@s} {@s}
{@, @2, @5 @5} ¢ ) ¢ ¢
{@), @2, @y, @5} {@s} {@s} {@s} {@s}
{73, @4, @5} {@s} ¢ ¢ )
{@2, @;, @4 @5} {@:} {@:} {@:} {@:}
V(D) ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢

3. Generalization of some Pawlak's concepts
and definition using a finite number of d.g.'s

In this section, we introduced generalization of some
Pawlak's concepts, offer some definition using a finite
number d. g. 's and we gave examples to illustrate these
definitions.

Definition 3.1. Let D = {D;; i =1, 2, 3, ..., n} be a finite
family of non-empty d. g. 's. A subd. g. H €D is called:

(a) R-definable (or R-exact) d. g. if Bdn(V(H)) = ¢,

(b) R-roughd. g. if Bd,(V(H))=¢.

Remark 3.2. On the contrary to the case of classical rough
set theory, there exists some subd. g. H €D for which
Bdy(V(H)) = ¢ but L,(V(H))=U,(V(H)). For example,
consider H = (V(H), E(H)); V(H) = {@2, @3 w@s}, E(H) =
{(@2, @2), (@2, @3), (@3, @3), (@3, @s), (@5, @2), (@5, @)}
La(V(H)) ={ @2, @3, @, @5},

Un(V(H)) = { @, @5} and

Bdy(V(H)) = ¢.

In classical rough set theory, it is obvious that the
intersection, the union and the difference of two definable
sets is also definable [5].

Remark 3.3. On the contrary to the case of classical rough
set theory, the intersection (union and difference) of two R-
definable d. g. 's is not necessarily R-definable as the
following example illustrates.

Example 3.4. According to Example (2.3)

(@ H, Kare two R-definable but H NK not R-definable.
LetH = (V(H), E(H)): V(H) = {@, @3, @1}, E(H) = {(@,
), (@1, @y), (@3, @), (@3, @3), (@, @)} and K = (V(K),
E(K)): V(K) = {@m, @3, @y}, E(K) = {(@2, @), (@2, @3),

(@2, @), (w3, @3), (ws, @y)} are two R-definable. But V(H)
NV(K) = {@3, @,} is not R-definable.

(b)

(c) H, Kare two R-definable but H UK is not R-definable.
Let H = (V(H), E(H)): V(H) = {@s}, E(H) = {(@5, @5)} and
K = (V(K), E(K)): V(K) = {@, @2}, E(K) = {(@1, @), (a1,
@>), (@, @,)} are two R-definable. But V(H) UV(K) = { @,
@2, ws} is not R-definable.

(d) H, Kare two R-definable but H —K is not R-definable.
Let H = (V(H), E(H)): V(H) = {@, @5, @4}, E(H) = {(@1,
), (w1, @), (@3, @), (@3, @3), (@y, @), (@4, @)} and K
= (V(K), E(K)): V(K) = {@1, @}, EK) = {(@1, @), (a1,
wy), (@y, @), (@, @)} are two R-definable. But V(H)
-V(K) = {a@3} is not R-definable.

Now, we are going to generalize the definition of accuracy
measure of approximations by using a finite family of
arbitrary d. g.'s.

Definition 3.5. Let D = {D;; i =1, 2, 3, ... , n} be a finite
family of non-empty arbitrary d. g. 's. The n-accuracy
measure of the approximations,(V(H)) of H €D, is defined
as:
Bdn(V(H
m(V(H) = 1 200N

Using the accuracy of the approximations 7,(V(H)). Another
definition of R-rough and R-exact graphs is introduced as
follows:

Definition 3.6. Let D = {D;; i =1, 2, 3, ... , n} be a finite
family of non-empty d. g. 's. A subd. g. H €D is called:

(a) R-definable (or R-exact) graph if 7,(V(H)) = 1,

(b) R-rough graph if 0 < 7,(V(H))< 1.

Example 3.7. According to Example (2.3), we have the
following table

Table 3.1: 70,(V(H)), 7m(V(H)), 7m:(V(H)) and n,(V(H)) for all H D.

V(H) 1n,(V(H)) m(V(H)) ms(V(H)) m(V(H))
{@,} 4/5 4/5 4/5 1
{@.} 1 1 1 1
{@s} 4/5 4/5 4/5 4/5
{z.} 1 1 4/5 1
{@s} 4/5 4/5 1 1
{@;, @} 2/5 2/5 4/5 1
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{@;, w3} 4/5 1 3/5 1
{@;, @} 2/5 3/5 1 1
{@;, @5} 4/5 1 4/5 1
{@>, w3} 4/5 1 1 1
{@2, o} 1 1 4/5 1
(o5} 4/5 475 455 1
{@;, @} 4/5 4/5 3/5 4/5
(@, @5} 15 215 1 1
{2, @5} 35 475 455 1
{@;, @, @3} 3/5 4/5 4/5 1
{@;, @, @} 1/5 2/5 1 1
{@;, @, @5} 4/5 4/5 3/5 4/5
{@;, @3 @,} 4/5 4/5 4/5 1
{@;, @3, @5} 1 1 4/5 1
{@;, @4, @5} 4/5 1 1 1
{ @z, @3, @} 4/5 1 4/5 1
{ @z, @3, @5} 2/5 3/5 1 1
{@;, @4, @5} 4/5 1 4/5 1
{@3, @4, @5} 2/5 2/5 4/5 1
{@;, @, @3, ©.} 4/5 4/5 1 1
{@,, @, @5, @5} ! 1 3/5 1
{@;, @2, @y, @5} 4/5 4/5 4/5 4/5
{@,, @35 @, @5} 1 1 1 1
{@,, @3, @y, @5} 4/5 4/5 4/5 1
V(D) 1 1 1 1

P 1 1 1 1

In the above table, for instance, we see that the degree of
exactness of the subd. g. H = (V(H), E(H)): VH) = {@3, @y,
(U5}, E(H) = {(ZU_;, ZD'3), (ZD'3, Z0-5)! (ZU47 ZU4), (ZU};, ZU4), (ZU'5,
@s)} by using D; equals to 40% and by using D equals to
40% and by using D3 equals to 80%. But when we use D =
{D;; i =1, 2, 3}, the degree of exactness of the subd. g. H
equals to 100%

Proposition 3.8. Let D = {D;; i=1, 2, 3, ..., n} be a finite
family of arbitrary non-empty d. g. and H €D, then the
following statement are true:

@ Lmi(V(H)ELA(V(H)),

(b) Un(V(H))EUni(V(H)),

(¢) Bdn(V(H))<Bdmi(V(H)).

Proof. The proof (a) and (b) by Definition (2.1). The proof
of (c), on can use (a) and (b).

Corollary 3.9. Let D = {D;; i =1, 2, 3, ..., n} be a finite
family of arbitrary non-empty d. g. 's and H €D, then
n(V(H)) = max {nmi(V(H)):i=1,2,...,n}.
Proof. By using Proposition (3.8)
Bdy(V(H)SBdm(V(H));i=1,2,...,n

= [Bdy(V(H))| < [Bdni(V(H))|

have

(©),

we

Example 3.11. In Example (2.3), we have,

(@)

(b)

(©)

R-bottom equal (H =g K) if L,(V(H)) = L,(V(K))

Let H = (V(H), E(H)): V(H) = {@:}, E(H) = {(@1, @)}
and K = (V(K), E(K)): V(K) = {@5}, E(K) = {(@3, @3)}
then Ly(V(H)) = {@, s}, L.(V(K)) = {@, @5}
Therefore, L,(V(H)) = L,(V(K)).

R-top equal (H =g K) if U,(V(H)) = U,(V(K))

Let H = (V(H), E(H)): V(H) = {@s}, E(H) = {(@3, @)}
and K = (V(K), E(K)): V(K) = {@1, @5}, E(K) = {(a1,
@), (@3 @), (@3 @3} then U,(V(H)) = {a@s},
Un(V(K)) = {@3}. Therefore, U,(V(H)) = Uy(V(K)).
R-equal (H = K) if (H =& K) and (H =z K)

Let H = (V(H), E(H)): V(H) = {@1, @5}, E(H) = {(a1,
@), (@1, @s), (@5, ws)} and K = (V(K), E(K)): V(K) =
{@2, au}, E(K) = {(@2, @2), (@2, @), (w2, @)} then
L.(V(H)) = {@, @2, @, @5}, Li(V(K)) = {@, @2, @,
@s}, Un(V(H)) = ¢, Uy(V(H)) = ¢. Therefore, Ly(V(H)) =
La(V(K)) and Un(V(H)) = Un(V(K)).

Definition 3.12. Let D = {D;; i=1, 2, 3, ..., n} be a finite
family of non-empty arbitrary d. g. and subd. g. 's H, K €D.
Then

(@)

H is called R-bottom included in K (denoted by H i K)

[Bdn(V(H))| _ |Bdmi (V(H))I if I_‘"(V(H))QL"(V(.K))’ . .
0] = V)l (b) H is called R-top included in K (denoted by H S K) if

—y q IBARG D] g Bdmi V() Un(V(H))SU(V(K)),
v 4] (c) His called R-roughly included in K (denoted by H Si

= 7(V(H)) = max {nm(V(H)):i=1,2,...,n}

Definition 3.10. Let D = {D;; i =1, 2, 3, ..., n} be a finite
family of non-empty arbitrary d. g., then the subd. g. 's H, K
cD are called:

(@ R-bottom equal (H =g K) if L,(V(H)) = L,(V(K)),

(b) R-top equal (H =g K) if Uy(V(H)) = Un(V(K)),

(c) R-equal (H =g K) if (H = K) and (H =g K).

K) if (H & K) and (H 5 K).

Example 3.13. In Example (2.3), we have,

(@)

H is called R-bottom included in K (denoted by H < K)
if Lo(V(H))SLa(V(K))

Let H = (V(H), E(H)): V(H) = {@3}, E(H) = {(@3, @3)}
and K = (V(K), E(K)): V(K) = {@z}, E(K) = {(@, @)}
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then Ly(V(H)) = {@z, @5}, La(V(K) = {@1, @, @s}.
Therefore, L,(V(H))SL,(V(K)).

(b) H is called R-top included in K (denoted by H Ty K) if
Un(V(H))SUn(V(K))
Let H = (V(H), E(H)): V(H) = {@2, @5}, E(H) = {(@,
@2), (@2, @s), (@5, @)} and K = (V(K), E(K)): V(K) =
{@1, @2, @3}, E(K) ={(@1, @), (@1, @2), (@2, @), (@3,
@), (@3, @)} then Uy(V(H)) = ¢, Un(V(K)) = {@s}.
Therefore, Up(V(H))SU,(V(K)).

(c) H is called R-roughly included in K (denoted by H &x
K) if (H cg K) and (H S K)
Let H = (V(H), E(H)): V(H) = {@1, @2, @5}, E(H) =
(@1, @), (@1, @2), (51, @s), (@2, @2), (@s, @), (@5,
@5)} and K = (V(K), E(K)): V(K) = {@1, @5, @}, E(K)
= then L,(V(H)) = {@1, @2, @, @5}, Li(V(K)) = V(D),
Un(V(H)) = {@s}, Uy(V(H)) ={a@:, @s}. Therefore,
Ln(V(H))<SLa(V(K)) and Uy (V(H))SUR(V(K)).

Definition 3.14. Let D = {D;; i =1, 2, 3, ..., n} be a finite
family of non-empty arbitrary d. g. and subd. g. 's H, K €D.
Then

(@) @&r V(H) if @ELL(V(H)),

(b) @€RV(H) if @eU,(V(H)),

(c) @€r V(H) if @eL,(V(H)) and @€U,(V(H)).

Example 3.15. In Example (2.3), we have,

(@) @&r V(H) if @eL,(V(H))
Let H = (V(H), E(H)): V(H) = {@.}, E(H) = {(@, @)},
then L,(V(H)) = {@;, @, ws}. Therefore, @€x V(H).

(b) @&RV(H) if @eUy(V(H)),
Let H = (V(H), E(H)): V(H) = {@1, @3}, E(H) = {(@1,
@), (w3 @), (w3 @)}, then Uy (V(H)) = {a@3}.
Therefore, @€RV(H).

(c) @€r V(H) if @eL,(V(H)) and @€U,(V(H)).
Let H = (V(H), E(H)): V(H) = {@, @3 @5}, E(H) =
{(ZUZ! le), (ZUz, ZD'3), (ZU.?: ﬁfg), (ZD'5, ZD’z), (ZU_L;, ZD'_;)}, then
Li(V(H)) = {@2, @3, @, @5}, Uy(V(H)) = {@2, @5}
Therefore, @€g V(H).

4. Conclusions

A generalization of approximation operators in rough set
theory is introduced using a finite number of a finite d. g. 's
and based on mixed degree systems. Proposition (3.8) and
Corollary (3.9) show the effectiveness of this new approach
in increasing the accuracy of the approximation of d. g. 's
since 7,(V(H)) = max{nmi(V(H)):i=1, 2, ..., n}. Itis clear
from Proposition (3.8) that by using the lower and upper
approximation defined in Definition (2.1); we decrease the
boundary region of this d. g. by using the lower and upper
approximation defined in Definition (2.2.1) in [21].
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