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1 Introduction

During the nineteenth century, the theory of regular geometric functions, which is an em-
inent field of complex analysis, was first originated by Riemann in 1850. It was amended in
1907 by Koebe who introduced the concept of univalent functions in his monograph. This
theory deals with various sorts of normalized univalent regular functions in the open unit
disk, such as p-valent, meromorphic, meromorphic p-valent, harmonic, and fractional
regular functions. Later, due to its great significance, it was developed and formulated by
famed mathematicians such as Lindeldf [1], who put forward the term of subordination
in the complex plane between regular functions, which is the generalization formula for
inequality on the real line. The idea of subordination has been utilized to investigate nu-
merous classes of functions studied in the theory of regular geometric functions. Over the
years, Miller and Mocanu [2, 3] in 2000 and 2003, respectively, introduced and developed
the differential subordination theory. In this context, operator theory is closely related to
the theory of regular geometric functions, special function theory, the latter being one of
the most studied areas of mathematics due to its numerous applications. In other words,
the study of linear and nonlinear operators is a crucial and delightful tool for attempting
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to generalize and define a lot of new geometric classes of regular functions associated with
special functions. Another tool, such as convolution product (Hadamard product), con-
structed by Hadamard [1] in 1899, is important to write many differential and integral op-
erators in terms of convolution of certain regular functions. These formalities bring ease in
further mathematical explanation. The first integral operator was studied by Alexander [4]
in 1915. This operator was termed Alexander integral operator. Afterward, in 1965, Libera
[5] presented an integral operator and discussed specified properties of starlike functions
under this operator. In 1975, Ruscheweyh [6] studied and presented the differential oper-
ator based on the convolution product technique for a class of regular functions. In 1975
and in 1990, the nonlinear integral operator was investigated and introduced by Pfaltzgraff
[7] and Pascu and Pescar [8], respectively. This operator is called an integral of the second
type. In 1983, another version of the differential operator (linear operator) was consid-
ered by Saldgean [9], namely Salagean differential operator. In 1984, Carlson and Shaffer
[10] proposed a convolution linear operator in terms of a certain class of special func-
tions including incomplete beta functions. Corresponding formulations were discussed
in 1989 by Srivastava and Owa [11], and they imposed the nonlinear types of fractional
operators (derivative and integral) in the complex plane, called fractional calculus oper-
ators in the sense of Srivastava and Owa operators. Since then, the interest in utilizing
classes of special functions has vastly increased till the present day. One of the basically
higher transcendental functions is the Hurwitz—Lerch zeta (HL-Z) function. The author
Srivastava has contributed significantly to the study of numerous features, extensions, and
generalizations of the HL-Z unction. For their main contributions, in 2007, Srivastava and
Attiya [12] first utilized and studied the HL-Z function to introduce an integral operator
on several subclasses of the class of normalized regular functions. This operator is called
Srivastava—Attiya operator. In 2011, Srivastava et al. [13] introduced a systematic investi-
gation of various integrals and computational representations for several classes of gener-
alized HL-Z functions. Furthermore, they studied their relationship with the H-function,
which derived the Mellin—Barnes type integral representations for nearly all of the gen-
eralized and specialized HL-Z functions. In addition, fractional derivatives related to the
generalized HL-Z functions were also examined. The relationship between the general-
ized HL-Z function and the H-function has been given its corrected version. Unification
and extension of the HL-Z function and two of its special cases connected with the Mittag-
Leffler type functions were discussed. In 2019, Srivastava [14, 15] provided an overview
of several recent evolutions involving the Riemann zeta (RZ) function, the Hurwitz zeta
(HZ) function and its generalized function, and the HL-Z function. In the same year, Sri-
vastava [16] systematically investigated several classes of the HL-Z function that include
the so-called A-generalized HL-Z functions. In 2020, Srivastava [17] exposed classes of
such widely discussed Srivastava—Attiya operators along with their generalized and ex-
tended versions. In 2021, Srivastava et al. [18] utilized the q-Srivastava—Attiya operator to
present a new class of normalized regular and bi-univalent functions correlating with the
Bazilevi¢ functions and the A-pseudo-starlike functions along with the Horadam polyno-
mials. They utilized the basic or quantum (or q-) extension of the class of HL-Z functions
which possess features with local or nonlocal symmetries to study the implementations of
such said functions that are motivated by the symmetric nature of quantum calculus itself.

Actually, the connection between the theory of regular geometric functions and special
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function theory is very interesting and, therefore, other complex analysts who have made
significant contributions to the study of the related problems are such as [19-31], and [32].

Motivated by the above-mentioned previous works, in this study we impose a new lin-
ear complex operator associating incomplete beta functions with the HL-Z function of
certain meromorphic functions by employing the convolution techniques. Moreover, cer-
tain outcomes concerning the implementation of first-order differential subordination for
a new class are examined, including the said operator.

Since then, numerous techniques have evolved to study diverse classes of HL-Z and re-
lated functions. Among things, some classes of special functions were formulated by utiliz-
ing the theory of gamma functions and beta functions. The significant contribution of this
work is the enrichment of some areas of mathematics like operator theory closely related
to special function theory, and the convolution linear operator in terms of the HL-Z func-
tion is introduced. The regular geometric functions of meromorphic functions, which are
their generalized well-known subclasses, are defined. Some inequalities including linear
complex operators are imposed by employing differential subordination. In this study, we
deal with the generalized meromorphic HL-Z function structure and convolution product
to investigate a certain class of operators involved in geometric function theory.

In this mathematical study, the class of regular meromorphic functions f(z) is a crucial
gadget in developing this discipline and in almost all fields of mathematics. This class is

denoted by X and proposed as follows:
1 oo
_1 " 1.1
f(2) Z+HE:1az (1.1)

which are univalent in a complex punctured disk ©* = {z: 0 < |z| < 1}. The complex unit
disk is symbolized by © = {z: |z| < 1}. The functions f;(z) € X, for £ = 1,2, are defined as

fil)) =1+ > i, (1.2)
n=1

z

Further, the convolution products of fi(z) and f»(z) are formulated as

1 00
(fl *f2) =—-+ an,lan,2zn' (13)
z

n=1

For o € C\ {0};t #0,-1,-2,..., we impose the following special function E(p, ;2):

N |

E(o,7;2) =

00
>
n=0

(Q)n+1 n
© Z", (1.4)

n+l

where (x), = x (X + 1)1 is the Appell symbol or, namely, the Pochhammer symbol. Notice
that

1
E(o,1;2) = ;231(1,9,1;2),
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where

[e.¢]

21, 0,732) = )

n=0

()n(@)n 2"

(T n

is the famed hypergeometric function. Moreover, we recall a more general special func-

tion, namely Hurwitz—Lerch zeta (HL-Z) function, which was introduced in [12, 33]:

(1.5)

(0 € C\{0,-1,...};c e Cwhenze® =2*U{0};R(¢) > 1 when z € 99).

Considerable special cases for (z, ¢,0) involve the Riemann zeta function ¥ (g) =
PB(1, g, 1), the Hurwitz zeta function ¥ (g, o) =P(1, ¢, o), the Lerch zeta function /. (/) =
Plexp®™, 5,1), (¢ € R,R(s) > 1), the polylogarithm L. (z) = 2(z, 5, 0), and others. For
recent outcomes on ‘B(z, ¢, o), see [34, 35], and [36]. By utilizing equation (1.4), we intro-

duce
Geo(@)= (1 +o)§[m<z, $,0) =0+ ﬁ]
1 /1 ¢
LR e

Corresponding to E(g,7;2), G, (2) is given by (1.4) and (1.6) consistently, and utilizing
the convolution product for f € X, we provide the following convolution (linear) operator

L.s(0,T)on X:

L (0, T)f(2) = E(0,7;2) * Gg 6 (2) % f(2)

_ 1 + (Q)m—l (1 +0 )ganzn’ (Z c :D*) (1'7)

z ~(Dwi\n+o

Following this, we introduce a certain new class for meromorphic functions containing

the convolution linear operator (1.7).

Definition 1.1 For @w,n(-1 <n<w <1)and 0 <k < 1, the function f € ¥ is a subset of

the class AS (o, 7;k; 0, 1) if it achieves the subsequent stipulation:

1 (—z(/:g(@,f)f(Z))/ _K) BELSLINAPNS (1.8)

1-x\ z(L5(0,7)f(2) 1+nz

2 Preliminary outcomes
This section reviews the lemmas which will be employed to acquire our main conse-

quence.

Lemma 2.1 Let f € %, 0,7 € C such that 9,7 ¢ Z;, k,c € N, 9 >0, 0 € R. Then the
following identities hold:
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1.

2(L5(0 + 1,7 (2) =0(L5(0, ) () — (0 + DL (0 + 1, 7)f (2), (2.1)
2.

z(ﬁf, (0, ‘L')f(Z))/ = r(ﬁg (o, + 1)f(z)) —(t+ 1L (0, 7)f(2), (2.2)
3.

AL @0 @) = 5 (1= DL (@0 (e) - 5 L5 (0,1 @) 3)
4.,

2(L5(0 + L, 7)f(2) = 0L (0, 1) (2) - (0 + DL (0 + 1, 1)f (2), (2.4)
5.

L5, @) = (0 + VLS, (0, 1) (D) = (0 + DL (0. 1) (2), (2.5)
6.

2(L5(0, 1) (D) = L5 (0, T + V) (2) — (t + L (0, T (). (2.6)

Proof By using series expansions of separate functions, these identities can be attained. [
Lemma 2.2 ([37]) Let w be a univalent function in ©, and let ¢ and p be regular in a
domain D including (D) with p(a) # 0 when a € w(D). Set H(z) = zo' (2) p(w(2)) and q(z) =
¢(w(2)) + H(z). Consider that

(i) H is starlike univalent in ®,
(ii) Forz € ®, 91(2—({;)) > 0. If t is regular with $(0) = w(0), (D) C D and

y
0(t(2) + 2t (2)p(t(2)) < 0(w(2) + 20 (2)p((2)), (27)
then
tz) < w(z) (z€D)

and w is the best dominant.

Lemma 2.3 ([38]) Let w be a convex univalent in ®, and let t € C, m € C* = C\{0} with

a1+ 2O a0, (Z) .
o' (2) T
If tis regular in © with t(0) = h(0) and

THz) + 1zt (2) < T(2) + T2 (2), (2.8)
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then

) <wz) (ze®)
and w is the best dominant.
3 Geometric features

Theorem 3.1 Let w € C*. Iff € ¥ and [J is convex univalent in ® with J(0) = 1. If f and
J attain any one of the following pairs of stipulation:

1.
. zJ"(2) 1.(1
91{1+ 70 } >max{0,th(ﬂ>}, (3.1)
7 (2L 0, 1) (2)) + (1 =) (zL5 (0, T)f (2)) < T(2) - 92T '(2), z€D, (3.2)
2.
N zJ"(2) o-1
§h{1+ 70 } >max{0,iﬁ(7>}, (3.3)
n(zﬁg (-1, ‘L')f(Z)) +(1- n)(zL’f, (o, ‘L')f(Z)) < J(2) - jS 1zj’(z),
ze®, (3.4)
3.
, zJ"(2) 1
S)i{l+ 70 } >max{0,—(n+1)ﬂt(;)}, (3.5)
MeLE (o) (D) + (1-m)(eLs (0,7 @) < T (@) - —=27 (@),
ze®, (3.6)
4,
2J"(2) af T
S)f{l+ 70 } >max{0,)1(n>}, (3.7)

7 (2L5(0,T + 1)f (2)) + (1 — 1) (2L5 (0, T)f (2)) < T (2) — %zj’(z), zeD. (38)
Then

zL3(0,7T)f(2) < T (2) (3.9)
and [J is the best dominant of (3.9).

Proof Differentiating the following function:

H(z) =zL5(0,T)f(2), z€D,
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by using identities (2.1)—(2.6), we consistently gain the following:

z2L5 0, 7)f (2) = H(z) - ¥2H (2), (3.10)
zﬁﬂQ—Lﬂﬂ@:?ﬂd+Q_lﬁf&L (3.11)
oL5 (0,0 () = Hi) + THD, (3.12)
l+o
and
zL5 (0,7 + 1)f () = H(z) + %Z”H’(z). (3.13)

Now, subordination stipulations (3.2), (3.4), (3.6), and (3.8) are consistently equivalent to

H(z) - ndzH (z) < T (z2) - n 92T (), (3.14)
(o) + ——2H (2) < T(2) + ——27"(2), (3.15)
o-1 o-1
(o) + ——2H () < T@) + ——27"(2), (3.16)
o+1 o+1
and
Hz) + %z%/(z) <T@+ +§zj/(z>. (3.17)

Successively, by employing Lemma 2.3 to each of the subordination stipulations (3.13)—
(3.17) with suitable choices of T and 7, we gain assertion (3.9) of Theorem 3.1. O

Theorem 3.2 Let w € C*,-1 <n<w <1, and f € T. If any one of the following pairs of

stipulations is attained:

L.
“”_1<31m<1), (3.18)
Inl+1 9 b
7 (2L5 (0, 7)f (2)) + (1 - W) (2L5 (0, ) (2)) < 11++ Z;’ZZ . Ei‘n'z’;j , (319
2.
'm_1<m<311) (3.20)
n]+1 T
n(zﬁg (0-1, T)f(Z)) +(1- 77)(2£§ (0 T)f(Z))
- l+wz (o —n)mz . (3.21)
L+nz  (o-1)(1+nz2)
3.

-1 1
W= o nm( L), (3:22)
n]+1 b4

Page 7 of 15
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7 (2L5,1(0, ) (D) + (1 - 1) (2L5 (0, 1) (2)) < 11++sz " (0(71)_(1”171;72)2’ (3.23)
4.,
:Z:: <m<%), (3.24)
7 (2£L5 (0,7 + f(2) + (1 - ) (L5 (0, T)f (2)) < 11++ZZZZ (311?7);22 . (325)
Then
2L5(0,7)f (2) < 11:&;2, ze®D, (3.26)

and 11:7; is the best dominant of (3.26).

Proof Taking J(z) = ¥*2%, we see that

1+nz
ZJ”(Z)) 1—nl
N1+ > , z€9.
( J'(2) 1+n

Hence, assumptions (3.18), (3.20), (3.22), and (3.24) imply that stipulations (3.1), (3.3),
(3.5), and (3.7) are consistently in Theorem 3.1. Thus from Theorem 3.1 we acquire asser-
tion (3.26). O

Setting @ =1 and 1 = —1 in Theorem 3.2 yields the following.

Corollary 3.1 Let w € C* and f € X. If any one of the following pairs of stipulations is
achieved:

1.
1
5)%(—) <0,
Eid
W1 l+z 2z
7 (2L (0, T)f () + (1 - ) (2L (0, T)f (2)) < - +m9(1 e ze®,
2.
‘R(Q—_1> >0,
T
1+z 2z
m(zL5(0 - L,1)f (2)) + (1 - ) (2L5 (0, T)f (2)) < Tz @D+
3.

1
ﬂi(—) >0,
T

1
g p—
7 (2L5,,(0: ) (@) + (1 - 7)(2L5 (0, T)f (2)) < AR

+z 2rz

Page 8 of 15
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1+z 2nz

—t 5 Z€D.
1-z t(1+2)
Then
1+z
zZL5 (0, T)f (2) < ——
1-z

Lz

s is the best dominant.

and

Theorem 3.3 Let 7 (z) be a nonzero univalent function in © with J(0) =1,y € C*,a, B €
C,whilea + B #0 and f € X. Consider that f and J attain the stipulations

azl; (0, 7)f(2) + BzLS (0, T)f (2)

wip #0 (z€D)
and
zJ"(2) 2J'(z)
SR{I + 70 - 7@ } >0 (ze®). (3.27)
If
az(L5,1(0,7)f (2)) + Bz(LS o, T)f(Z))/} zJ'(z)
1 , 3.28
y[*' oLs, (0 0f @+ BLi0 @ | TR (3.28)
then
0zlon@lf@)+ bLs @@ 4 (3.29)

oa+p

and [J is the best dominant of (3.29).

Proof From Lemma 2.2, we consider

(@) =0, mw:}

_2J'(2)

B2) =27 (@) (T (2)) = 70

and

H(z) = P(2).

By utilizing (3.27), P3(z) is univalent starlike in ®. Further, we obtain

- <Z’H’(z)

e >>0 (zeD).

Page 9 of 15
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Next, let p be a function formulated as follows:

b(2) = [azﬁiﬂ(g, )f (2) + BzL5 (o, f)f(Z)]y zeD) (330)
a+p
Then p is regular in © with p(0) = 7(0) = 1 and
' (2) [ az(L,1(0,T)f(2) + Ba(LS (o, f)f(Z))/}
o N T et @ B @ (331
Using (3.31) in (3.28), we gain
zp'(2) R '(2)
plz) T
This means that
0(p(2)) +20'@p(p(2) < 9(T (@) + 2T (&) (T (2)).
So, from Lemma 2.2, we deduce
p2) < J(2) (z€D),
and J (z) is the best dominant. This is quite the assertion in (3.29). O

Settinga =0, 8 =1,and J(z) = 11:’;’; in Theorem 3.3, itis clear to find out that hypothesis

(3.27) holds whenever —1 < 5 < @ < 1, and therefore we acquire the next outcome.

Corollary 3.2 Let -1 <n<w <landy €C*. Let f € ¥ and assume that

2L (0, 7)f(2) #0  (z€ D56 € No;o > -1).

If
[1 . z(LS (0, t)f(Z))/} . (@ -n)z
Ls(0,7)f(2) (1+w@2)(1+nz)
then
y l+oz
[zﬁg (o, ‘L')f(Z)] < Tz (3.32)

and 11++_z;rzz is the best dominant of (3.32).

Theorem 3.4 If f is univalent meromorphic starlike of order §(0 <§<1) in ©* and if
1-9)= 5,058 <1, then

(zL5 (0, T)f(2)" < (1-2)*. (3.33)

The function (1 — z)* is the best dominant of (3.33). Especially, |zL5 (0, T)f (2)| is bounded
by 2209 in @,
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Proof Since

2(Ls(0,T)f(2)  1+(1-20)z
T Lo0f) | 1-z

(ze®),

we have

|:1 ) z(LS (o, t)f(z))’:| . 2ez
"W T eofe | (12

Therefore, takinga =0 = ¢ =0,8 = 1,0 = 7, and J(2) = (1 — 2)* in Theorem 3.3, we gain
(3.33). Thus, it is clear to achieve that (1 — z)%* is univalentin ® if 0 < e < 1. O

Theorem 3.5 Let y € C* and x,o,8 € C with a + B #0. Let J be univalent in © with
J () =1 and

5)%(1 + Z\‘;(S)) >max{0,-R(x)} (z€D). (3.34)

Assume that f € X attains

azL; (0, T)f (2) + BzL5 (0, T)f (2)
oa+ B

Z0 (zeD).

Set

E(z) = |:O[Z‘C§+1(Q’ t)]CS)++ﬂ/3ZE§ (0, 7)f(2) :| 14
[ (Eista TV s petLste )]
als, (0, T)f(2) + BLs (0, T)f (2)

If
E(z) < x T (2) + 2T (2), (3.35)

then

|:az£§+1(g,r)f(z) + BzLS (Q,r)f(z)}y <7, (3.36)

oa+p
and J is the best dominant of (3.36).

Proof The evidence for this theorem is similar to that of Theorem 3.3, and we draw major
steps. Let p(z) be a function given in (3.30). So, (3.31) leads to

(3.37)

2L5,1 (0, 0)f (2) + B2(Ls (o T )f(Z))’]'

, B o
zp'(2) = J/P(Z)[l T aLs (0 1)@ + BLS (0.0 @)

In this case, we take

p(a) = xw, p@=1, aeC

Page 11 of 15
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PB)=2T'@), p(T@)=2T() (D),
and
p(2) =(B2) + T(2) = x T (2) +2T'(2), (z€D).

From (3.34), it yields J3(z) is starlike in © and that

2@ T
m{m(z) }‘m{““ 70 }>°'

Besides, by substituting the expressions for p(z) and zp'(z) from (3.30) and from (3.37)
consistently, we obtain

9(p(2) + 20" (2)p(p(2)) = xp(2) + 20’ (2) = E(2).
Assumption (3.35) is equivalent to
9(p@) +20'(2)p(p(2)) < 9(T (@) + 2T (2)p(T (2)).
So Lemma 2.2 gains
p(z) < J(2).
This last statement gets the assertion of (3.37). O

Taking J(z) = 222, (-1 <n<w <1),a =0, and B = 1 in Theorem 3.5, we deduce the

1+nz’

following.
Theorem 3.6 Lety € C*,-1 <n<w <1, and

In| -1
Q=

rEsE (3.38)
Iff € X attains
2L5(0,7)f(2) 70 (z€D)
and
[2£5 (0, ) (2)]” [x + y(l + %)] < 11++ Z’ZZ N Ei‘ngj . (339)
then
[2£5(0, 1) ()] < llijzz, (3.40)

and 1“;; is the best dominant of (3.40).

1+

Page 12 of 15
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Proof In this case

, zJ"@\ o Jl-nz| _1-1nl
§)i<1+ j/(z))_m{l+nz}>1+|n| (zeD).

Therefore, stipulation (3.34) gives (3.38). By utilizing Theorem 3.5, we conclude that as-

sertion (3.40) holds. |
Againsettinga =1,=0=¢=x =0,a=1,and J(z) = }—z in Theorem 3.6, we get the
following.

Corollary 3.3 Let f € ¥ be such that zf(z) #0 for z € ©, and let y € C*. If

v zf'(z) 2z
(@) [V (1 ) )] T

then

1+
z, (3.41)

(Zf(z))y < 1-2

and i—j is the best dominant of (3.41).
4 Conclusion

Special functions such as Hurwitz—Lerch zeta (HL-Z) functions have been continuously
developed. Indeed, the theme of developments formula for HL-Z functions and correlated
functions has a long history, which can be traced back to Goldbach and Euler [14]. This
research looked at a convolution complex operator in complex punctured unit disk for-
mulated for meromorphic regular functions. Based on the said operator, a new subclass of
meromorphic functions is studied. Differential inequalities are investigated utilizing the
theory of first-order subordination. Inclusion and subordination theorems are obtained
using the techniques of differential subordination and identities utilizing the Hurwitz—
Lerch zeta function. Numerous intriguing special cases of the fundamental theorems are
highlighted in the form of corollaries. The proposed operators can be employed to gen-
eralize other types of convolution, differential, and integral operators such as fractional
operators or to establish several classes of normalized regular functions.
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