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Abstract

This paper investigates the concept (a, f5) derivation on semiring and extend a few
results of this map on prime semiring. We establish the commutativity of prime
semiring and investigate when (a, ) derivation becomes zero.
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1. Introduction

The notation of semiring was first introduced by Vandiver in 1934, then many researchers had been
studying diverse kinds of semirings , it’s properties and different types of derivations on it. A nonempty
set say S together with two binary operations (addition and multiplication), this triple is called semiring,
if S with addition is a semigroup, S with multiplication is also semigroup and addition distributive with
respect to multiplication on S [1]. The only difference between ring and semiring conditions is there’s
no addition invertible elements in semirings but this property exist in rings since the set together with
addition define a group. If we suppose S any semiring and D: S—S be a map defined on S, then D is
called additive map if it preserves addition relation. Now, this additive map said to be derivation on S if
D (xy) =D(x) y + x D (y) for all xand y in S. Moreover (a, f) derivation introduced as d is derivation
on S and a, £ is two automorphisms on S such that d (xy) = a(x) d(y) + d(x) g(y) for all xand y in S [2].
We also used commutator which is defined in [3] as [x, y] = xy — yx with [x + v, z] = [, z] + [y, z] and
[xy, z] = x [y, z] + [x, z] y. We’ll also present some necessary definitions for this paper in the
preliminaries.

2. Preliminaries

Definition 2.1: - [4] A nonempty set S with the binary operation * said to be semigroup iff x »(y *z) =
(x xy) #zforallx,y,z €S.

Definition 2.2: - [4] A semigroup S called commutative iff x xy =y =x forall x,y € S.

Definition 2.3: - [4] A nonempty set S with two binary operation + and . is said to be a semiring iff the
following conditions satisfied:-

1- (S, +) Semigroup.

2- (S, .) Semigroup.
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3-X(y+z)=xy+x.z and (y+2z) x=y.x+z.x forallx,y,z€S.
Notation: Throughout this paper we shall assume that S contains 0 and 1.

Example 2.4: - [4] Let B = {0, 1} and +, . defined on B by the tables below:

+ [0 1 . 0 |1
0 0 1 0 0|0
1 1 0 |1

(B, +, .) is semiring.

Example 2.5: - [4] Let Z§ = {x € Z: x>0}, + and . are usual addition and usual multiplication, then
(Zg, +, ) is semiring but not ring.

Example 2.6: - Let S = {(a IZ) :a,b,c € Z§ } with usual matrices addition and multiplication of
integers, then S is semiring.

Definition 2.7: - [5] A semiring S is called additively commutative iff x +y =y + x forall x,y € S,
and called multiplicatively commutative iff x. y =vy. x for all x, y € S. Also S is called commutative
semiring iff it is both additively and multiplicatively commutative.

Definition 2.8: - [6] A semiring S is called additively cancellative iff x +y =x+ z implies y = z for all
X, ¥, Z € S, and it is called multiplicatively cancellative iff x.y =x. z impliesy =z forall x,y, z € S.
Also S called cancellative semiring iff it is both additively cancellative and multiplicatively cancellative.
Definition 2.9: - [3] Let S be a semiring, the set Z(S) = {x € S: x. y =y. x, for all x, y € S} is called the
center of S.

Lemma 2.10:- If S is multiplicatively commutative then Z(S) = S.

Proof: - It’s clear that Z(S) < S, we need only to show that S € Z(S).

Let x € S, since S is multiplicatively commutative then x. y =y. x, forall y € S, so x € Z(S).

We get S € Z(S), then Z(S) =S.

Definition 2.11: - [4] Let (S, +, .) be a semiring, an element 0 € S called zero of Siff x + 0 =x=0+ X
forall x € S, an element 1 € S called identity of S iff x.1 =x = 1.x forall x € S.

Definition 2.12: - [1] Let (S, +, .) be a semiring and T nonempty proper subset of S, T is called
subsemiring if it is semiring with + and . i.e. (T, +, .) is semiring itself.

Remark 2.13: - [2] If S is semiring with O and 1 then any subset of S which contain 0 and 1 is
subsemiring of S.

Definition 2.14: - [7] Let (S, +, .) be a semiring and | a nonempty subset of S, if:-

1-1¢1

2- a+beSforalla,bel.

3-raeSforallaelandreSs.

Then | is called Left ideal of S. Right ideal defined similarly. If I is both left and right,then we call it an
ideal.

Example 2.15: - Let Z¢ with usual addition and usual multiplication is semiring, < 2 > ={2n: for some
n€ Zg}isanideal of Z§.

1- 1¢ <2>.

2- Since usual addition closed under Z§ then it is closed under < 2 >,

3- Let2n, € <2>andn € z§ then n. 2n,=(2.n) n,€ <2 > since usual multiplication is associative.
So, <2 >isan ideal of Z§ .

Definition 2.16:- [1] Let S be a semiring and | a nonzero ideal of S, the set Z(I) ={a€l:a. b=Dh. a,
b € I} called the center of I .

Lemma 2.17:- If | is commutative as semiring then Z (1) = I.

Proof: - Trivial.

Definition 2.18: - [8] A semiring S is called semiprime if whenever x S x =0 implies x=0 for all x € S.
Definition 2.19: - [8] A semiring S is called Prime if whenever x Sy = 0 implies either x =0 or y = 0 for
allx,y €S.

0
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Definition 2.20: - [8] A semiring S is called n-torsion free iff whenever nx = 0 then x = 0 for all x € S,
where n #0.
Lemma 2.21:- Let S be a prime semiring and | a nonzero left (right) ideal of S, then Z (I) € Z (S).
Proof: - Let0#a€ Z(l),since Z(l) < I, thena € I.
Letx € S, then x a € | (By definition of left ideal).
Since a € Z (1), we have [xa, a] =x [a, a] + [x, a] a =0 then,
[x,ala=0forallxeS .. (D
Replace x by xy in (1), wherey € Swe get [xy,a]a= x[y,ala+[x,a] ya=0.
By using (1) we get [x, a] ya=0 for all x, y € Sand forall a € I.
Then[x,a]S1=0.
By primness either [x,a] =0 or I = 0.
Since | nonzero ideal of Sthen [x,a] =0 forallxeSanda € |
ThenzZ (I) € Z (S).
Lemma 2.22: - Let S be a semiring and | a nonzero ideal of S, if | commutative as semiring then | € Z
(S) and if S prime then S is commutative.
Proof: - Since | commutative as semiring then | = Z (1) by (Lemma 2.16)
By (lemma 2.21) we have Z (1) € Z(S), then | € Z(S).
Now, If S prime
Letx,yeSandac€l
Thenax € Z(S)
i.e.[ax,y]=0forally €S
alx,y]J+[a ylx=0=>al[x,y]=0foralla€l
Thenl[x,y]=0=1S[x,y]=0
Now by primness of S we get either =0 or [x,y] =0
Since | nonzero ideal then [x, y] = 0 for all X, y € S, Then S commutative.
Definition 2.23: - [2] Let S be a semiring, a function f: S —S is called additive map if it is preserve
addition relationi.e. f(x +y) =f (x) + f (y) forall x, y € S.
Definition 2.24: - [2] An additive map d: S—S is called derivation on Sifd (xy) =d (X) y + x d (y) for
allx,yesS
Definition 2.25: - [8] Let S be a semiring and «, f are two automorphisms of S, an additive map d: S—S
is called (a, p) derivation on Sif d (xy) =a (X) d (y) +d (x) B (y) forall x,y € S.

Example 2.26: - [2] Let S = {(8 tc)) :a, b, ¢ € Z§ } with usual matrices addition and multiplication is

semiring. Suppose o: S—S defined by a ((3 tc))) = (8 g) and PB: S—S defined by ((3 E)) =

00 ) o a byy_ (0 by .. .
(0 C) . Define a derivation d: S—S by d ((0 C)) = (0 0) , dis (a, B) derivation on S.
Since d is derivation on S (i.e. additive map), we will only check if d (xy) = o (X) d (y) +d (X) B (y).

Now, Let x = (al bl) andy = (az bz) ,

0 ¢ 0 ¢
diy=(5 @ rhe),

c0)d)= (] “P2) andd(pe)=(] 2.

Then a (x) d (y) + d (x) B (y) = (8 a1 b, (J)r b1Cz)

We get, d (xy) =a (X) d (y) + d (X) S (y) then d is (a, ) derivation on S.

Lemma 2.27:- Let S be a prime semiring. Suppose that « and $ are two automorphisms of S and d: S—S
is (o, f) derivation such that for all x € S, a. d (x) =0 or d (x). a= 0, where a € S, then eithera=0ord =
0.

Proof:- Leta. d (x) = 0.

Since d is (o, ) derivation of S, then d (xy) = a (X) d (y) +d (X) 8 (y) forall x,y € S.

Thena. (a(x)d () +d(x)B ()= a.a(x)d(y) +a.d(x) 8 ()= a.alx)d(y)=0.

Since a is automorphism of S we get,a S d (y) = 0.

By primness of S eithera=0o0rd (x) =0 forall x € S. i.e. eithera=0o0rd =0.

Similarly for d (x). a=0.
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3. Results

Theorem 3.1:- Let S be a cancellative prime semiring. Suppose that « and £ are two nonzero
automorphisms of S and d: S—S is (a, ) derivation. If d acts as homomorphism on S thend =0 on S.
Proof: - Since d is (a, B) derivation of S, then

dxy)=a(x)d(y)+d(x)g(y) forallx,y €S (1)
Since d acts as homomorphism on S, we get
d(xy)=d(x)d(y)forallx,y €S .. (2)
From (1) and (2) we get:
a()dy)+dX)py)=dX)d(y) forallx,y €S .. (3)

Replace x by x r in (3), where r € S, we get:
a(xn)d(y)+dxr)pgy)=dxr)d(y)
Since d acts homomorphism on S and «, £ automorphisms of S then
a()a(r)d(y)+dx)dr)py)=dx)d(r)d(y)
=d(x)d(ry)
=d(X) [a(r)d(y) +d(r) (Y]
=d(X)a(r)dy)+dx)d(r)Ay)
Then by additively cancellative property we get:
a(x)a(r)d(y)=d(x)a(r)d(y)
Now, by multiplicatively cancellative propertywe get:
a(X)=d(x)forallxeS .. (4)
Replace x by x y in the above equation we get:
a(xy)=d(xy)
Since a is automorphism of S then
a (x) a(y) =d (xy)
Since a = d from relation (4) then
a(x)d(y)=a(x)d(y)+dx)A(y)
By additive cancellative property the result is:
dx)sy)=0
By (Lemma 2.27) and since f#0thend =0on S.
Theorem 3.2: - Let S be a cancellative prime semiring. Suppose that « and £ are two nonzero
automorphisms of S and d: S—S is («, ) derivation such that o and # commute with d. If d acts as anti-
homomorphismon Sthend=00nS.
Proof: - since d is (a, ) derivation of S

Thend (xy)=a (X)d (y)+d (X) g (y) forallx,y € S .. (1)
Since d acts as anti-homomorphism on S

Thend (xy)=d (y)d (x) forall x,y € S .. (2)
From (1) and (2) we get:

a(Xdy+dX)py)=dy)dx) forallx,yeS .. (3)

Replace x by x y in (3) we get:
a(xy)d(y)+d(xy)gy)=d(xy)d(y)
Since d acts homomorphism on S and «,  automorphisms of S, then
a()a(y)d(y)+d(y)d)sy)=d(y)dxd(y)
=d(y) d (xy)
=d (y) [ () d (y) +d (x) BY)]
=d(y) a(x)d(y) +d(y)d(x)Ay)
Then by additively cancellative property we get:
a(X)a(y)d(y)=d(y) a(x)d(y)
Now, since a commute with d and by multiplicatively cancellative property we get:
a(y)=d(y)forally e S .. (®
Replace y by x y in the above equation we get:
a(xy)=d(xy)
Since a is automorphism of S, then a (X) a (y) =d (x y).
Since a = d from relation (4) then a (x) d (y) = a (x) d (y) +d (x) g (y)
By additive cancellative property the result is:
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dXx)sy)=0
By (Lemma 2.27) and since # #0 thend=0o0n S.
Lemma 3.3:- Let S be a semiring and | a nonzero ideal of S. Suppose that o, 8 are two automorphisms
on S and d: S—Sis (a, B) derivation such that d onto on I. If [d (u), a] =0 forallu € l and a € S, then a
ez (.
Proof: - Since [d (u), a] =0 forallu e I, then[d (I),a] =0foralla €S.
Sinced isontoon I, thend (I) = I.
Then[l,a]=0foralla€s.
Thena e Z ().
Theorem 3.4: - Let S be a 2-torsion free prime semiring and | nonzero ideal of S. Suppose that o and
are two nonzero automorphisms of S and d: S—S is («, ) derivation on S such that d onto on I, and d
commute with @and £. If d (xy) = d (yx) for all x, y € I then S is commutative.
Proof: - For any element ¢ € | such that d (¢c) = 0, We have d (z ¢) = d (c 2).
Letc =[x, y] where x, y €.
Since d is (a, f) derivation on S then,
a(2)d(c)+d(@)B()=a(c)d () +d(c) B (2)
Since d (¢) = 0 we get:
d@p)=a(c)d() (D)
i.e.[c,d(2)]=0forallzel
By (Lemma 3.3)wegetce Z () forallc €l
Then [x, y] € Z (). That’s mean:

[a, [x,y]]=0foralla€l ... (2
Replace y by x y in (2) we get:
[a, [x, xy]] =0

[a,x] [a, y]=0 .. (3)

Replace y by y ain (3) we get:

[, x] [a, ya] =0

[a,x]y[x,a]=0forallx,y,a€l

[a,x]1[x,a] =0

[a,x]SI[x, a] =0.

By primness of S, either [a, x] =0 or | [x, a] = 0.

If [a, x] = 0 for all @, x € | then | is commutative.

If1[x,a]=0,thenlS[x,a] =0.

By primness of S and since | is nonzero ideal we get [x, a] =0 forall x,a € I.

Then | is commutative.

By (Lemma2.22) we get S is commutative.

Lemma 3.5:- Let S be prime semiring. Suppose that « and f are two nonzero automorphisms of S and
d: S=Siis (o, p) derivation on S. If d acts as homomorphismon landd =0on I thend=00nS.
Proof: - Letsvel,wherese Sandv e l, thend (sv)=0

Since d acts as homomorphism then,

d(s)d(v)=0 .. (D
Since d is (a, p) derivation of S then,
a(B)dV)+d(s)p((v)=0 ...(2)

From (1) and (2) we get:
d@)d(v)=a()d (V) +d(s)s V)
Since d = 0 on | then,
D(@)p(v)=0forallseSandvel ...(%3
By (lemma 2.27) either g (v) =0 forallve lord(s)=0forallse S
But £ nonzero, then d (s) =0 for all s € S.
Thend=0o0nS.
Theorem 3.6: - Let S be a cancellative prime semiring. Suppose that o and £ are two nonzero
automorphisms of S and d: S—S is (o, £) derivation on S. If d acts as homomorphism on | then d =0 on
S.
Proof
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since d is (a, ) derivation of S

Thend (uv) =a (U)d(v) +d () g (v) forallu,vel .. (1)
Since d acts as homomorphism on S

Thend (uv) =d (u)d (v) forallu,vel .. (2)
From (1) and (2) we get:

aWdW+dWANVW)=d@d() uvel .. (3)

Replace v by vtin (3), wheret € I, we get:
advt)y+d@Uupvt)y=d@u)d(t)
Since d acts homomorphism on | and «, 8 are automorphisms of | then,
adV)dE+dupMd®)=du)d(v)d®
=d(uv)d(t)
=[a(u)d(v) +d(u)sW]d®©)
=a(u)dV)d(t)+d(u)s(v)d®
Then by additively cancellative property we get:
d(ugV)d@=d)pv)a{)
Now, by multiplicatively cancellative propertywe get:
dt)=p(@t) foralltesS ... (4
Substitute (4) in (3) we get:
d(u)d(v)=a(u)d(v)+d(u)d(v)
By multiplicatively cancellative property the result is:
ad(M)=0
Replace u by ur, wherer € S
aur)d(v)=0
aU) a(d(v)=0
Since a automorphisms of S then
a(u)Sd(v)=0
By primness either #(u) =0foralluelord (v)=0forallu el
But o is nonzero, thend =0on |I.
By (Lemma 3.5) we getd =0 on S.
Lemma 3.7:- Let S be a prime semiring. Suppose that o and S are two nonzero automorphisms of S and
d: S=Siis (o, p) derivation on S. If d acts as anti-homomorphismon landd=0on I thend =0on S.
Proof: - Letsvel,wherese Sandvel,thend (sv)=0
Since d acts as anti-homomorphism then,

d()d()=0 .. (D
Since d is (o, ) derivation of S then,
a(S)dW)+d(s)p((v)=0 ...(2)

From (1) and (2) we get:
dV)d(s)=a(s)d () +d(s) s (V)
Since d =0 on | then,
d(s)p(v)=0forallseSandvel ...(3)
By (Lemma 2.27) either g (v) =0 forallve l ord(s) =0 foralls€ S
But  nonzero, we get d (s) =0 for all s € S.
Thend=0o0nS.
Theorem 3.8: - Let S be a cancellative prime semiring. Suppose that « and £ are two nonzero
automorphisms of S and d: S—S is (e, £) derivation on S such that d commute with « and £. If d acts as
anti-homomorphismon I then d =0 on S.
Proof: - Since d is («, ) derivation of S

Thend (uv) =a (u)d(v)+d(u)p(v) forallu,vel - (1)
Since d acts as anti-homomorphism on S

Thend (uv)=d(v)d (u) forallu,vel ..(2)
From (1) and (2) we get:

aWdW)+dupNv)=dMv)d@u) uvel .. (3)

Replace v by v tin (3), where t € I, we get:
au)dt)y+du)p(vt)y=d(vt)d(u)
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Since d acts anti-homomorphism on | then
a(u)dd®+d)pv)d)=d()dy)du)
=d(t)d(uv)
=d (O [a(u)d(v) +d(u)sW)]d ()
=d@®a()d(v)+d(®)du)sVv)
Since a commute with d and by additively cancellative property we get:
d®)gW)du)=du) s A
Now, since f commute with d and by multiplicatively cancellative property we get:
dt)=p(@t) foralltesS .. (4
Substitute (4) in (3) we get:
dv)d@u)=a(u)d()+d()d(u)
By multiplicatively cancellative property the result is:
ad()=0
By (Lemma 2.27) either o (u) =0 forallu e l,ord (v) =0forallv el
But, « is nonzero, thend (v) =0 forall ve I,thend=0onI.
By (Lemma 3.7) we getd =0 on S.
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