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Abstract. In this paper we define and study new concepts of fiberwise topological space over 8 namely fiberwise totally
topological space over B. Also we introduce the concepts of fiberwise totally closed and totally open topological space
over B. Also, we define and study the concepts fiberwise locally sliceable and fiberwise locally section able totally
topological space over 3. Furtherom we state and prove several propositions concerning with these concepts.
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INTRODUCYION:

In order to begin the category in the classification of fibrewise ( briefly. #.4¢+.) sets over a given set, named the
base set, which say B. A . #.2v., set over B consest of function p : G —» B, that is named the projection on the set G.
The fiber over b for every point b of B is the subset G, = »~1(b) of G. Since we do not require p is surjective, the
fiber Perhaps, will be empty, also, for every P* subset of 98 we considered G+ = = (P*) like a . #.wr.,set with the
projection determined by p over$”, the alternative Gg- notation is often referred to as G|*B*. We considered for
every set Z, the Cartesian product B x Z by the first projection like a #.«r. set B. If G and K are fiberwise set over
B, with projection p, and pgrespectively, function T': G — K is said to be fibrewise if pg o I' = pg, in other
words if ['(G,) c K, for every b € 3. As well as, we built on some of the result in [1, 3, 5, 8,10, 11]. For other
notations or notions which are not mentioned here we go behind closely I.M. James [2], R. Engelking [7] and N.
Bourbaki [4]

Defintion 1.1.[6]. A function p : (G, 75) — (B, £) is called totally continuous if the inverse image of every
open sub set of B is a clopen sub set of G.

Definition 1.2.[2]. Let (B, £) be a topological space. The #.« . topology on a #.«r. set G over P means any
topology on for which the projection p is continuous.

Definition 1.3. [2]. A fibrewise function ' : (G, t;) — (K, 1) is called a fibrewise continuous where G and K
are fibrewise topological spaces over P ; it for each g € G,, where b € P and every open set V of I(g) in K,
there exists an open set U containing g in G, suchthat'(U) S V.

Note. If G and K with projections p; and p, respectively, are #.4v. sets over B, a functionT : G — K is
named #.4v. function if p,, o I'= p; , or T' (G,) € K, forevery b € P .

Observe that a #.u function T : G — K over P limited by restriction, a #.w. function Ip+: G+ — Kg+ Over
PB* for every sab set Prof P.
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Definition 1.4. [2].The #.w function T : G — K, where G and K are #.w topological spaces over B is
named:

Continuous if for every g € G, ; b € B, the inverse image of every open set of I'(g) is an open setof g .

Open if for every g € G, ; b € B, the direct image of every open set of g is an open set of I'(g) .

Closed for every g € G, ; b € B, the direct image of every closed set of g is a closed set of I'(g) .

Defintion 1.5. [2].The #.«. topological space (G, t) over (B, £) is named #.2. closed, (resp., #.2v. open) if
the projection p is closed (resp., open)

Definition 1.6. [3]. Let (G, t¢) and (%B,£) be topological space. A function p: G — B is a local homeomorphism
if for every point g in G there exists an open set U containing g, such that the image is an open in B and the
restriction is a homeomorphism.

Definition 1.7.[2]. Let G be a space over B. suppose that that for each point b of B and each point G, there
exists a neighboruhood V of b and a neighborhood U of G such that the projection maps U homomorphically on
to V. Then G is discrete over B.

i.e: The condition is that the projectionp,; : (G, 15 ) — (B, £) is locally a homeomorphism and open map.

Definition 1.8. [7]. Assume that we are given a topological space G, a family {I;}ses of continuous functions,
and a family {I,},.0f topological spaces where the function Is:G — K that transfers geG to the point
{Ts (@)3ell sk is continuous, it is called the diagonal of the functions {I}};.s and denoted by
Vsesls orTy Ly .y if S={1,2,...,n}.

Definition 1.9. [9]. For every topological space G* and any subspace G of G*, the function ¢ : G —» G* define
by ¢(g) = g is called embedding of the subspace G in the space G* . Observe that ¢ is continuous, since ¢! (U)=G
N U, where U is open set in G*. The embedding ¢ is closed ( resp., open ) iff the subspace G is closed ( resp., open

).
Iberwise Totally Topological Spaces

In this section we establish #.«. totally topological spaces. Several topological properties on this space obtained
and studied.

Definition 2.1. Let (3 , £) be a topological space. The fibrewise totally topological (briefly, #.1+.T.t.s) on a
fibrewise set G over B mean topological on G for which the projection p is totally continuous.

Example 2.2. Let (R, 7,,) and (R, 7;,4) be a topological spaces. Define the function p : (R, 7,) = (R, Ting)
such that p (X) =x VX € R, then p isatotally continuous. Then (R, t,) is. #.w.t.s and f.4. T.1. 5.

Example2.3. LetG={1,2,3}, 7, ={G, ¢, {1} . {2.3}} té ={¢ . {2,3}, {1} ,G}, B={a,b}and £L =
{B, ¢, {a}, {b}}. Define p:(G, t5) =»(B, L) by p(1) =b, p(2) = p(3) = a.Then the projection function p is
totally continuous. Thus (G, t;) is #.w. T.t.s.

Example 2.4. Let G={a,b,c,d}, 1, ={G, ¢, {d},{ab}, {ab.d}}and i ={p ,G,{a,b,c}, {c,d},
{c}} . Define the identity function p: (G, 75) = (G, 75) by p(@) =gV g € G, then (G, t¢) iS f.av.t.5.Thus p is
totally continuous .Then (G, t;) is #.w.T. .t.s.

Example 2.5. Let (R, 7,), (R, D) be two #.w.1t.s,. Define p: (R, 1,) = (R,D); p(X) =xV x € R. Then p
is not continuous and not totally continuous. Then (R, t,,) is not. #.«. T.t. s.

Remark 2.6. Every fibrewise totally topological space is fibrewise topological space.

Proof: Clear that by Define 2.1

The convers of Remark 2.6 need not true in general .

Example 2.7. LetG=B={a,b,c}, 7 ={G, o ,{a},{b},{a,b},{a,c}}and L={B, ¢, {a},{b,c}}.
Definep : (G,15) = (B, L)by p(@) =b, p(b) =a, p(c) = c. Clearly the projection function p is continuous,
then (G, t) is #.w. t.s. But p is not totally continuous. Thus (G, 74) is not #.w. T.t.s.

Remarks 2.8.
In #.u. totally topology, we work over totally topological base space (8, £), if B is a point — space , the theory

changes to that of ordinary topology.
A #.w totally topological space over B is just a topological space (G, t¢) with a totally continuous projection p

(G,76) — (B, £)
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The coarsest such totally topology is obtained by p , in which the clopen of (G, t; ) is exactly the inverse
image of the open set of (B, £) ; called , the #.w.indiscrete totally topology.

We consider the totally topological product $xZ , for every topological space Z, as a #.«v. totally topological
space over B by the first projection.

Definition 2.9. The #.w. function I: (G, 76) —( K, ) where (G, 7¢) and ( K,np) are #.w. T.t.s., over (B, £)
is said to be :

Totally continuous if for every point g eGy;be B, the inverse image of every open set I'(g) is a clopen set contain
g.Tiscalled totally continuous.

Totally open if for every point g € G, ; b € P, the image of every clopen set of g is an open set of I'(g). I is
called totally open.

Totally closed if for every point g € Gy ; b € 8, the image of every clopen set of g is a closed set of I'(g). T is
called totally closed.

Example 2.10. Let G={a,b,c}, 7, ={G, ¢ ,{a}.{b,c}} ,K={e, fg}andn = {K, ¢, {e}, {f g}} .Let B =
{1,2,3}, £ = {‘]3, o, {1}, {2,3}}.Define Pe:G > Bsuchthat pg(a) =1, p;(b) =2, ps(c) =3 . Define pg:K -
Ps.tpxle) =1, p(f) =2 ,p(g =3 .LetTl:G » Ks.tsuththatT'(a) =e,,[(b) =fand'(c) =g.ThenTis
totally continuous, totally open and totally closed

Example 2.11. Let G={gy,8,},7c ={G, ¢, {81}, {823} , K={ky, k; }and n = {K, p}.Let B = {by, b,} ,
L={B,e}. Define  ps;:G—>B  such  thatp;(g,) = by, ps(g2) = b,.Define py, :K— Bs.t py(ky) =
b, ,pi(ky)=b;. Let T: (G, t;) = (K,n) s.t, I'(g,) = kq, ['(g;) = k,.Then T is totally open and not totally close.

LetI:G — K be a #.w. function, G is #.«r.set and K is a #.w. t. 5., over B. We can give G the induced ( resp.,
totally induced ) topology, in the ordinary sense, and this is necessarily a #.u«. t ( resp., totally induced ).We may
refer to it, as the induced (‘resp., totally induced ) and note following characterizations.

Proposition 2.12. Let T : (G, tg) —(K,n) be a #.4¢. function, where (K, n) is a #.wv. totally topological space
over (B, £ ) and G has an induced #.w. topology. Then for every #.w. totally topological space (Z , o) a #.w.
function ¥ : (Z ,0)— (G, 1) is totally continuous iff the composition T o ¥ : (Z, g) — (K, n) is totally
continuous.

Proof. =) suppose that ¥ is totally continuous. Letze Z ;b € P and let V beopensetof (T o ¥)(z)=k € Kp
in K. Since T is totally continuous then =1 (V) is clopen set containing ¥(z) = g € G» in G . Since ¥ is totally
continuous then ¥ }(I'}(V)) is clopen set containing z € Z in Z and Y X(I"Y(V)) = (T o ¥) (V) is clopen set
containing z € Zy in Z . Then T o V¥ is totally continuous .

&) suppose that I" o WV is totally continuous let z € Zy in Z ;b € B and U is clopensetof ¥ (z) =g € Gpin G .
Since I' is open then , I (U) open set containing I'(g) = I' (¥ ( 2)) = k € Kpin K . since I'o ¥ is totally continuous,
then (I' o V) (I' (U)) =¥ (V) is clopen set containing z € Z» in Z , then ¥ is totally continuous.

Proposition 2.13. Let T : (G, tg) —(K,n) be a #.4.T. continuous function, where (K, n) is a #.w.T.t.s over
(B, £)and (G, tg) has an induced #.w.1.. Then for every f.w. T.t.s (Z, o) a #.w. function ¥ : (Z ,0)— (G, 1)
is continuous iff the compositionT o ¥ : (Z, o) — (K, n) is totally continuous.

Proof: The proof is like to previous Proposition 2.12

Proposition 2.14. Let T : (G,t¢) — (Km) be a #.40. function where , (K, ) #.w totally topological space over
(B, £) and G has an induced #.w. topology. Then for every #.w. totally topological space (Z,0), the surjective
#.a. function ¥ : (Z, o) — (G, 1) is totally open iff the compositionT o ¥ :(Z,0) — (K, n) is totally open

Proof:=) suppose that ¥ is totally open.Let z € Z,, ; b € P and U be a clopen set of Z then ¥(U) is open set
containing W(z) = g € G»in G . Since W is surjective, then T is open then I (¥(U)) is open set containing T (g) =
k€ Kpin K. And T (P(U)) = (T o P) (U) is open in K where U clopen in (Z, o) , then (T o V) is totally open

<) suppose I" o ¥ is totally open. letz€ Z ; b € P . Let U be clopen set of z in Z since T'e ¥ is totally open,
then T o ¥ (U) is open set containing (T o ¥) (z) = k € K in K Since T is continuous , then T™Y(T o ¥ (U)) is open set
of ¥(2)=g € Gpin G. But T* (I' o ¥) (U) = ¥ (U) open in G, then ¥ is a totally open .
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Fibrewise Totally Closed and Fibrewis Totally Open Topological Spaces

In this section we introduce the #.w.totally closed and #.w.totally open topological space over . several
topological properties on these concept are studied

Definition 3.1. The fibrewise topological (G , tg) over (B , £) is called fibrewise totally closed ( briefly,
#.w. T. Q) if the projection p is totally closed.

Example3.2.LetG={1,2,3},tc={G, o, {1} .{2,3}},B={c,d ,e}and £ ={P {d}, {c,e}}. let
Pc (G,t)— (P ,L)suchthat pg (1) =d ,pg (2) =eand p¢ (3) =c, then pq is totally closed .Then (G, t)
isfw.T.G.s.

Example 3. 3. Let (IR, 7,,) , (IR, 7;,4) be topological space. Define function p : (IR, ) = (IR, Ting) ; 2(X)
=XV X €IR. Then p is not totally closed since {0} is closed in (IR, 7,,) then p({0}) = {0} € (IR, 7;,4) i.e., {0}
not closed in (IR, T;,,4) -

Remark 3.4. Every fibrewise totally closed is fibrewise closed topological space.

Proof : Clear that by Define 3.1

The convers of Remark 3.4 need not true in general .

Example 3.5. Let G={1,2,3},t¢ = {G, ¢ ,{1}}, = {a,b,c} and £ = {P, ¢, {c}, {b,c}}. Define the function
Pe: (G, 15) » (B, L); p(1) = pe(2) = a, pg(3) =b . Then pg is closed since the family of closed in G is t§ =
{G, @,{2,3}} and the family closed set in P is L={$B, @, {a, b}, {a}}, then every closed set in G is closed set in
B.Thus (G, 1g) F.r. S.1.5.. But p is not totally closed since {b,c} open set in P and p~1({b, c}) ={3} is not
open in G .Thus (G, tg) isnot f.w. T.S.s.

Proposition 3.6. Let T: (G, 1) — (K;n) be a &.#.w. function, where Gk are f.ur.t.s over B, if K is
fw.T.G.s.,then Gis fw. S.

Proof . Suppose I':(G,7)—(K,n) be a closed #.w. function and K is #.w. T. &.. i.e., the projection function py:
(k,m) — (P, L)is.T.S. To show that G is #.wr. S. i.e., the projection function pg: (G, 1) —> (B, £) is closed
.Now, let F be a closed subset of G, , where be$, since T is T. &, then I'(F) is closed in subset of ky,,where be$.
Since p g is T. &, then py (T (F)) is closed in (P, £), but p,(T(F)) = (px °T)(F) = p¢ (F) is closed in(P , £).
Thus, pg isclosedand (G, 1) is f.w. S.

Proposition 3.7. Let T : (G, t) — (K,n) be a totally closed #.2¢. function, where G,k are fibrewise topological
space over (B, £):

(@) If K is fibrewise closed, then G is fibrewise closed . [2]

(b) If K is fibrewise totally closed, then G is fibrewise totally closed.

Proof:The proof is similar to the proof of Proposition 3.6

Proposition 3.8. Let T : (G,tz) — (K1) be a T. &.#.w-. function, where (G, tg) and (K, n) are f.wr. T.t.s,
over(B , L) ThenGisfw. T.S. ifKisa f.w.S.

Proof : AssumethatI" : (G, t;) — (K, n)isaT.&., i.e., every clopen setin G is closed in K by Define 3.1.

A fiberwise function T and ( K,n) is .#.w. S, then the projection function pg.(K,n) = (B, L) is closed . i.e.,
every closed set in K is closed in B. To prove (G,z;) is #.w. T.G. i.e., to prove the projection function pg :
(G,15) = (PB,L)isT. S. Since G,K are T.t.s., then ¥ open subset of K is clopen in G say F{ by define T.t }. Now,
letge Gy ; beP and F clopen setof g since I' is T. S., then T (F) is closed set of I" (g) since I' (g) = k € K» in
K and pye. is closed , hence p. (I' (F)) is closed set in B . But (pg.o I') (F) =pc(F) since (px o I') (F) is closed set
in B, then pg (F) is closed set of F. Thus, pgis T. &, then G is f.wr. T. G.

Proposition 3.9. Let (G,z¢) is a #.wr.T.t. 5. over ( B,£). Assume that (G, §;) is £.w.€. for all member (Gj, §;)
of a finite covering of (G,t¢). Then (G,z¢) isa f#.w.T. S.

Proof : Let (G,7¢) isa #.w. T.t.s. over (8,£) ,then the projection function p: (G, ;) —(B,L) exist . To show
that ( G,75) is a f.w.T. S, i.e., To show that p ¢ is T. . Now, since (Gj,6;) is a f.w. S, then the projection

function Paj: (Gj,ch) - (B, £) is closed for all member (G;, 5;) of a finite covering of ( G,z;) . Assume that F is

clopen subset of ( G,z;) since ( G,7;) is a #.w. T.t.s. , then p; (F) =U ((G,,a,) n F) which a finite union of

closed sets then pgis T. ©. Thus, (G,t5) isa f.w.T.G.
Proposition 3.10. Let (G, t;) be a #.w. T t. s, over (B,£). Then (G, t¢) is a #.u.T.G iff for every fiber Gy, b €
B of G and every clopen set E of G» in G, there exists an open set O of b in P such that Go < E
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Proof : =) suppose that (G, 1) isa #.w. T.S i.e., the projection function pg : (G, Tg) — (B.£L) is T.&. Now ,
let be(B,L£) and E be clopen set of Gy, in (G, t¢) ,G-E is clopen set in (G, t¢) ,this implies p¢ ( G-E) is closed set
in (B,£) since the projection function is totally closed by Define 3.1, let O= B — p; ( G-E) , then O is an open set
of bin (P,£) and Go = p (B — pc(G —E)) isasubset of E. i.e., Gog € E

&) Suppose that the assumption hold and p; : (G, 75) — (B,£) .

To show that (G, 75) is #.w. T.S. Let F be clopen setin G

, the p; (F) is closed, let b € B — p. (F) is open in P and every clopen set E of G» in G. By assumption there
is open O of b such that O c B— p; (F). Hence, B — p; (F) is open in PB. Hence , p; (F) is closed in P .Then the
projection function p; is T.S.Then (G, t;) isf.w. T.G.t.s.

Definition 3.11. The #.w . topological space (G, t¢) over (B,£) is called .4 totally open ( briefly, #.4+.T.O.)
if the projection p is totally open.

Example 3.12. Let G = B ={g;, 8,83 }7c ={U \ U € G }and £ = {$B, ¢, {g;}}. Define function p¢: (G,t¢) —
(B, L) such that p¢ (g)=g;, V g € G.Then pg; is open since VvV U open set in G, then p; (U)={g,} € L. Thus
(Gtg) is #awr. open . and Pe is a T.0. Vv U clopen sets in G,thenps(U) = {g} €
L .Thus (G, tg5)isa #.w.T.O.

Example 3.13. Let (IR, 7)) , (IR, 7;,4) be topological space. Define function p: (IR, 7)) = (IR, 7;4) ; (X) =
XV X € IR . Then p is not totally open since (0, 1) is open subset of (IR, t,,) then p((0,1))=(0,1) ¢ (IR, Tjnq) »
and (0,1)¢=[0,1]in (IR, t,) then p([0,1])=[0,1] € (IR, Tjpnq) -

Remark3.14. Every #.w . totally open is #.«+ open topological space.

Proof : Clear that by Define 3.11

The convers of Remark 3.14 need not true in general.

Example 3.15. Let G = {g1,82.83 }» 7c = {G, @,{g1} }, B = {by, by, b3 }and £ = {P, ¢, {b,}} .Define the
projection function pg: (G,tg) — (B, £) such that pg (g1) = by, p¢ (82) = bz and p; (g3) = by. the projection
function pg is open, then(G,t¢) is #.w. 0. But the projection function pg is not T.O., since {g,, gz}closed in
G,then pg ({g,, 83} = {by, b3} )& L, i.e.; {by, bz}is not open in B. Thus (G,t¢) is not #.w. T. O.

Proposition 3.16 let T : (G, 7) — (K, i) be open #.w. function ,and where G,K are #.wr.T. t.s. over 3.
(@: fKisf.w.0,then Gis f.w. 0. [2] .
(b): If If Kiis #.wr., T.O., then G is f.w. O

Proof : (b)

Suppose that T': (G, t6) — (K, n) because open #.2v. function and K is #.«. T. 0., i.e., the projection function
»x. (k,n)— (B, £)isT.0.To show that G is #.2v. open i.e., the projection function pg: (G, ) — (B, L) is open
.Now, let E is open subset of ky, , since pg is T.0., then pi(T(E))is open in B, but pk(T(E)) =(px°T)(E) =
pc(E) isopeninB. Thus, pg isopenand G is #.w O

Proposition 3.17. LetT : (G, t6) — (K, n) be T. 0. #.w. function , where (G , 1) and (K, n) are #.2v. T. t. 6.
over (B,£) . If (K, n) isf.w. O., then (G, t6) is #.w. T. 0.

Proof : Suppose that T : (G, 76) — (K, n) isa T.O #.w-. function and (K, n)isa f.w. O. t.s.. i.e., then the
projection function p« : (K, n) — (B,£) is open . To show that (G, 7¢) is #.4. T.O. i.e. to prove the projection
function p: (G, t6) — (PB,L£) is T.O . Now, let E b a clopen subset of G, , be(B,£) . Since I is T. O, then T'(E) is
a open subset of k,, , be($PB,L).since pi is open, then mK(F(E)) is open subset in (B, L), but(pgk °T)(E) = pe(E)
is open, then pg is T.O. Then (G, 1¢) is #.wr. T.O. t.s.

Proposition 3.18. let T: (G, 76) — (K, n) be a #.a. function where (G, 7¢) and (K,n)are #.w+.T 1. 5., over (B,£)
. Let that the product : idexT: (G, T¢) Xg (G, T6)—(G, T6) X (K,m). If : ide x T is totally open and (G , 7¢) is
#.4w T.O. Then Titself T.O.

Proof: Consider the following Diagram
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ide X

G xsG . Gxp K

v

FIGURE 1. Diagram of Proposition 3.18

Proof: Let m,: G XzsK— K be the projection function surjective and open , since (K, n) is #. w. 0. but the
projection function m,: (G Xg G,7¢ Xy Tg) = (G,7¢) is T.O. since(G,7¢) is #w.T.O t.s. And the product
function id G X I':G X G — G Xg K is an open. Then the composition function is T.O. Then I': (G, 7) — (K,n) is
T. O, by the Proposition ( 3.16) .

Proposition 3.19. (a) Let {G;} be a finite family £.u. 0. s., over B.Then the £.w. t., product G =IgG; is also
open [2].

(b): Let {G;} be a finite family of #.«r. T. 0., space over 8.Then #.w.t . product G =IlgG; is also T. 0.

Proof :(b)

Let {G;} be a finite family #.4«. T. 0. Suppose that G =IIgG; is a #.w. t.s.,B, then p: G =IgG; — P is exist. To
show that p is T. 0., . Now since {G;} be a finite family of #.«. T. 0., then the project p;: G; » B is T. 0., for each i
. Let E be a clopen subset of G, then p(E) = p (l‘[gB(Gi n E)) = Mg pi(G; N E) which is afinte product of open sets

and hence p is T. 0. Thus the fibrewise topological product G =IgG; isa f.w T. 0.

Proposition 3.20. Let T : (G,tg) = (K,n) be a surjection #.ur. continuous where ( G,tg) and (K,n)
are f.w.T. t.s, over (B,£) .Then (K,n) is g.w. T.G. (resp.,, T.O ) if ( G1g) is g T.S. ( resp., T.0.).
Proof : Suppose that ' : (G, tg) — (K,n) is continuous fibrewise surjection and ( G,tg ) is .. T.G. (resp., T.0.)
i.e., the projection function p¢: (G, t5) = (B, L) is T.&. ( resp., T.0.). To show that (K,n) is #.w. T.G. ( resp.,
T.0.) i.e., the projection pg: (K,n) - (B, L) is T.G. (resp., T.0.) . Let E be a clopen subset of K}, .be®B since I' is
continuous fibrewise surjection , then T"*(E) is closed ( resp., open ) subset of Gy, .beB.Since ( G,t¢) is T.S. (
resp., T.0.) , then P; is T.S. (resp., T.0.) , then pG(F(E)) is closed ( resp., open ) in (%B,£).

But p¢(T'(E)) = (p¢ o I (E)

2c(F(B)) = px(E)

Where pk(E) is closed ( resp., open ) in (B, £). Then the projection function pk: (K,n) - (B, £) is T.G., ( resp.,
T.0.) . Thus (K,n) is #.w .T.S. (resp., T.O.)

Proposition 3.21. If (G, 1) is a .. t.s. over (B, L).Also (G, 1) is fF.w. T.S. ( resp., T.0.) over (B, L).
Then(Gg, %) isa #.w.T .S, (resp., T.0.) for every subspace B~of .

Proof: Suppose that (G, T) is a #.2v.T. t. s.over (B, £).Also (G, 1) is ... T.S,, (resp., T.0.) .i.e., the projection
function pg: (G, 1) > (B, £) is .S, (resp., T.0.).To show that (Gg:, T+ ) is #.wr. T.S. (resp.T.0.) over (B*, L")
i.e., the projection finction pgg+: (GsB*,TsB*) - (B L) isT.G,  (resp. T.0.). Now, let E be a clopen subset of
(G,t)where p¢(E) is closed ( resp., open ) by Define 3.1 and 3.11 , then

EN G is clopen in (G, Ty ) and
Py (E N Gy) = p6(E N Gy)

Pop(E N Gye) = p(E) N P(Gy)

#ep(ENGyp) = pe(E) N P*

Then p(E) N B~ is closed ( resp., open ) setin B~ , then pgy+ is T.S,, (resp., T.O. ): Then (G;B*,rqy) isT.G, (
resp., T.0.)

Proposition 3.22. Let(G,t) be a #.w.t.s. over (B, £). Also (Gg; Ty ) is Fw.. T.S. t.s.over (B;Ly;) for
every member of a open covering of B. Then G isa #.w. T.G., (resp., T.0.) . t.s. over (B, £) .

Proof: Let (G, t) be a #.w. t.s. over (B, L) then, the projection pg : (G, t) = (B, L) exist.To prove that p is
T.G. (resp., T.0.). Since Gg;is #.wr. T.S,, (resp., T.0.) over B for every member open covered of B ,then the
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projection pg;. Ggj — B is T.S,, (resp T.0.). Now, let E be clopen set of Gy, be®B, p(E) =U pg; (E N G‘—Bi) which is
a finite union of closed set (resp., open set) of (B, £). Thus, pg is T.S,, (resp., T.0.) and (G, 1) is T.S,, (resp T.0.)
Far. t.s. over (B, L).

Fibrewise Locally Sliceable and Fibrewise Locally Section Able Totally Topological Space

In this section, we generalize #.1v. locally sliceable and #. v locally section able totally topological space over
(B, £) . Some topological properties related to these concepts are studied.

Definition 4.1. The #.4.T.t. s, (G, t¢) over (B,£) is called locally sliceable ( briefly,£.S.) if for every point
g € Gpbe B, , there exist open set W of b and section § : W — Gy such that s (b) =g.

The condition implies that p is totally open since if U is a clopen set of g in G then 71 (Gy NU) < p (U)
is open set of b in W and thus in

Example 4.2. Let G ={1,23},1¢ ={G o {1},{2},{3},{1,2}},{1,3},{2,3} PB={xyzland £ =
{‘B, o, {x}, {y, z}}. The function p: (G, t5) = (B, L) such that p(1) =z, p(2) =x,p3) =y.Then p is totally
continuous,thus (G, tg) is #. w.T.t.s.,. LetGy ={2},G, ={3} , G, = {1} and let W open sub setof P and
section § : W — Gy suchthatS(x) =1,8(y) = 2 and §(z) = 3. Then (G, tg) is 2. S.

Remark 4.3. Every locally sliceable fibrewis totally topological spaces are fibrewis totally open.

Proof: Clear that by Define 4.1

The converse of Remark 4.3 need not true in general .

Example 4. 4. A function p : (R,I) - (R, T1,); p(X) = x Vx € R,then p is T.S. (resp., T.0.), sinces every
clopen set in (R, I) is a closed ( resp.,open) set in (R, t,). But p is not totally continuous, since every open set in
(R, t,) is not a clopen set in (R, I). Thus (R, I) is not #.w.T.t.s, and not £. S.

The class of £. S.T 1. 5., is finitely multiplicative as stated in .

Proposition 4.5. Let {(G;, t))}j'- 1be a finite family of £.S. #.w.T.t.5, over (B, L) .The #. 4T 1., product G =
Mg Gj is £.S..

Proof : Let g = (g;) be a point of G, , b € B, so that g; = m;(g) for every index j . Since G; is £.S.T.t. s, there
is an open set W; of b and section &;: W; — G;|W; where §;(b) = g;.Then the intersection W = W,; n
W, n..NnW, isanopensetof bandsection §: W — Gy is given by ( ;0 §)(W) = §; (W) for every index j
and every pointw € W, then (G, tg) is4.S. T.t.s.

Proposition 4.6. Let T : (G, 1) — (K, ) be a continuous #.w.surjection, where (G , 1) and (K ) are
F.w.Tts,over (B,L).IF(G,1)is£. S, then (K,n)is?.S.

Proof : Let k €K ;b€ PB. Then k= p(g), forsome g € G, If G is£.S., then there exists an open set W
of b and asection § : W — Gy such that § (b) =g. ThenT oS8 : W — Ky is a section such that § (b) =k . Then
(K,n)is?.S.

Definition 4.7. Let #.w.T.t.s., (G, T) over (B, £) is called #.wr., discrete (briefly, #.w.D.) if the projection
p is totally local homeomorphism.

i.e: The projection : G — B is totally local a homeomorphism and totally open map.

Example 4.8. Let G = {g;,g,}, 7 = {G, @, {g1}}, & = {0, G, {g,3},B = {1,2} and £ = {$, @, {1}}. Define the
function »:(G,tg) = (B, L) wherep(g,) = 1, p(g,) =2- We have G, = {g,},G, = {g,} - Let §;: {1} —»
{g,} such that §;(1) = g;,8,: {2} - {g,} such that §,(2) = g,. Then p is totally locally homomorphism and
thus (G, tg) is #.w. D. t.s.

Remark 4.9. Let (G, 1) be the #.4.T ..., over (B, £). If (G, 7) isthe #.w.D.T.t.s, then (G, T) is locally
sliceable and totally open

Proof: Clear that forever point b of ¢ andevery g of G, there isclopenset U of g in G and open set W
of b in B where p maps U homomorphically onto of W where W is every covered by U. Then the
F.w.D.T.ts, are locally sliceable there for is #.w .totally open.

The class of #.4. D.T 1. 5., are finitely multiplicative .

Proposition 4.10. Let {(G;, tj)}jL, be afinity of #.w.D.T.t.s, over (B,£). Then the #.w-.T.t. s, product G =
Mg G T; is #.w-. discrete .

Proof :Let ga pointin G where g € Gy ; b € B, then there is for every index j a clopen set U; of m; (g) in G,
where the projection p; = p, m; maps U; homomorphically onto the open p; (Uj) = W of b.Then, the clopen Ilg
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U; of g is mapped homomorphically onto the intersection W = n W; which is open of b. Then G=(IyGj,T)
isthe #.w. D.T L. 5.

Proposition 4.11. LetT : (G, t) — (K ,n) be a function over B, where (G , 1) is the #.4.D.T .t. 5., over
(B,L)and (K, n) is totally open over (B,£).Then T is totally continuous.

Proof:Let k € K be open setin K and let g be a point of T'"1(K). Then there exist U set clopen in G i.e. ,U is
open and closed of g , then U is neighboruhood of g and a neighboruhood V of p (g) by define (4.7).

There for U n p~1(W) is a neighboruhood of g contained in I'~1(W). Thus T is totally continuous.

Proposition 4.12. If (G, 1) is #.w.T t. 5., over (B,£), then (G, 1) is#. w. D, iff (G, T)is#.w.T.O. and the
diagonal embedding

Y :G —GXg G is totally open.

Proof :=) suppose that (G, t) is #.«w.D., then (G, T) is a #.w.T., open {by remark (4.9). To prove that y is
totally open, i.e., to show that y(G) is open in G xq G. So,let g € Gy, b € P, and let E be aclopen set of g in
G, where W = p (E) is open setof b in B and p maps E totally homomorphically onto W . Then , E xg E is
contained in y (G) since if not , then there exist distinct e,e* € Gw, where w € W and e, e* € E contradiction.
Then y(G) is open set , hence vy is totally open.

&) Suppose that (G, 1) is #.w-. totally open and The diagonal embedding y :G —Gxg Glet g € Gp; b€ P,
then y(g) = (g ,g) such that t X t clopen set in Gxg G which is contained in y(G). we claim t X t clopen set is of
the from E xg E, where E is a clopen set of g in G . Then p|E is totally homeomorphism. Therefore, (G , 1) is
F.w.D.T.ts.

Open subset of #. w.D.T.t.s., are also #.ww.discrete .In fact we have

Proposition 4.13. A function T : (G, t) — (K, 1) is a totally continuous #. 1. ,.injection where (G, t) and (K,
n) are £.w.T. 0 t.s., over (B,L£). If (K, n) is . w. D, then (G, T) is so.

Proof: Consider the diagram shown below

G " | GxgG
r > 'x T
14
K K xq K

FIGURE 2. Diagram of Proposition 4.13

Since T is totally continuous then I' X T is totally continuous . Now y(K) is n x m totally open in K xg K, by
Proposition (4.9), since K isa #.w.D. s0y(G) =y(I'*(k)) = (Tx )™ (y(k)) isa t X T clopenin GxgyG .
Thus , the conclusion follows from Proposition (4.11). Theny : G — G XgG is totally open.

Proposition 4.14. LetT' : (G, t) — (K, n) beanaT. 0. #.w., surjection function, where (G, t) and (K, n) are
F.w.0.Tt.s., over (B,L). If G isaf.w.D., then K is £ w.D.

Proof : From figure (4.1) , with , if G is a #.w.D., then A(G) is an T x T totally open in G xg G , by
proposition (4.12). Hance

Y(K) =y(I'(G))

y(K)=( x T) (v(G))

Then y(K) isann x 7 totally open in K Xg K. Thus the conclusion follows again Proposition (4.12).

Proposition 4.15. If £ : (G, 1) = (K,n)and T': (G, 1) — (K, n) are totally continuous #. wr.function , where
(G,1)isaf.w.T.t,and (K, n)isaf.w.D.T t.s., over (B,L). Then the coincidence set K (€ ,T)of € and T is
clopen G.

Proof: The coincidence set is precisely y"1(€ x ™! (y (K)), where

G-5GxgG—— K xg K & K

FIGURE 3. Diagram of Proposition 4.15

Then the result by proposition (4.12). Such that , take K, £ = id; , and T' = Sop where § is a section. We
conclude that § is an totally open embedding when G isa #.w.D T t.s.
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Proposition 4.16. If T': (G, t) — (k, 1) is a continuous #. 4. functions , where (G, t) is #.w.T 0., and (K, 1)
isa f.w.D.Tts., over (PB,£). Then, the #.w., graph € : (G, 1) — (G, 1) Xy (K, n) of T' is an totally open
embedding.

Proof: The #.wr. graph is defined in the same way as the ordinary graph , but with values in the
#.w.T.t, product. Therefore , the diagram shown below is commutative .

£ >
g Gxg K
r > T X idg
Y
K K xg K

FIGURE 3. Diagram of Proposition 4.16

Since y(K) isan 1 X 7 - totally open in K Xg K, by proposition (4.11) , £ (G) = (I' x idg)™* (y (K)) isan
T X n—totally openin G xg K, then & is totally open embedding.

Proposition 4.17. If (G, 1) is #.w. D.T .t.s.,0ver (B,£), then for every point g € Gy, b € B, there is an open set
w of b such that a unique section § : w — G, exist satisfying § (b) = g .We may refer to § as the section
through g.

Definition 4.18. The #.w.T .5, (G, T) over (B,£)is called locally section able (briefly,£.8.) if every point b €
P, admitsa open set w and a section §:w — Gy .

Example 4.19. Let G={g,,8,},7Tc ={G, ¢, {g}} . let B,={3,4}, L={B, ¢,{3}}.let p:(G,tc) —
(B, L) . where p(g,) =3, p(g2) =4 . We have G; = {g,}, G, = {g,} . Let S; : {3} — {g,} where §;(3) =g;, S,
{4} — {g,} where 5,(4) = g,. then (G, 15) is £.6.

Remark 4.20. The #.4. non — empty locally sliceable totally topological spaces are locally section.

Proof: Clear that by define (4.1) and by define (4.18)

The converse of Remark 4.20 in not true, since the locally section able totally topological are not necessarily
fibrewise open.

Example 4.21. G =(-1, 1] c R with (G, T), the natural projection onto B =R | Z ; (B,£) then p: G — P is
not totally open , hence (G, t) isont #.4v. T. 0., then (G, 1) is £.5. but not £. S.

The class of locally section able totally topological space is finitely multiplicative as we show next.

Proposition 4.22. Let { (G; 7; )} be a finite family of locally section able totally topological space over (B,£)
.Then the #.w.T.t.s.,product G =TIlg G; is a locally section able.

Proof: Given a point b of %, there exist an copen set W; of b and a section §; : W; — G; | W; for every
index j . Since there are only a finite number of indices , the intersection W of the open sets W; is also an open
setof b,and asection §: W — (IlgG))w is given by m; o S(W) = §; (W) , forw € W, then G =TIz G; isa
locally section able.

Our last two results apply equally well to each of above three properties.

Proposition 4.23. Let (G, 1) be a #.w.T.t.s., over (*B,£). Suppose that (G , t) is locally slice able , #.w.
discrete or locally section able over (8,£). Then so is Gg+ over P8* for every open set B~ of P

Proof: clear that

Proposition 4.24. Let (G, t) be a #.w.T.t. 5., over (B,£). Assume that G%B,- is a locally sliceable #.w.®., or
locally section able over 9B; for every member 9B; of an open covering of B. Than sois G over .

Proof: Clear that .
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