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Abstract. We introduce a new class of harmonici multivalent functions define by generalized
Rucheweyh derivative operator .We also obtain several interesting propertiesi such as sharp
coefficienit estimates , distortioni bound , extreme points , Hadamardi product and other several
results. Derivative; extreme points.
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1. Introduction

continuous function f = u + iv is complex-valued harmonic function in a domain D < C if both u and
v are real harmonic in D , we can write f = h + g, where h and g analytic in D .We call h and g
analytic part and analytic part of . The Harmonic functions f'= 4 + g that are multivalent and sense
preserving in the open disk U = {s: |s| < 1} .So f = h + g is sense preserving and locally one-to-
one in D if |h'(s)| > |g'(s)| in D. See Clunie and Shell-Small [2](see also[4],[3]and[1]).

Let H be a class of all harmonic functions f'= 4 + g that are multivalent and sense preserving in the
open disk U where

h(s) =s¥ + X241 anst, g(s) = X2, byst 1)

Normalized by normalized by f (0) = h(0) = f;(0) — 1 = 0with f;(0) denotes partial derivative
of f(s) ats = 0 and we call h and g analytic part and co-analytic part of f respectively.

Now, we introduce a new class AJ4 (4, @, k,y) of function f € H where h and g of the form

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
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h(s) =s% — z ayst, g(s) = —Z b,,s (2)
I=w+1 I=w
Satistying

(SQ+1(D7~+W—1h(s))q+1)+(sq’rl(D7~+W—1g(s))q+1)+(25q (Dl+w—1g(s))q)

Red (1 + ke
e ( e ) sq(Dx+w—1f(s))q_zq(D7~+W‘1g(s))q

=>a 3)

Where
Where s = re'®,y,&a and 6 are real such that 0 < ¥y < 1,0 <a< 1,0 <é< l,a < k <
1,0 < r < 1. and DMVY~1£(s) is the Ruscheweyh derivative of fand is defined by

w

DMW-LE () = @SW « £(s)

=s"+ Z B,(MNa,st,A> —w

l=w+1 ]"(}\ 1)
+
Bn(}\) =
rA+w)(l—w)!

Also

DMW=1£(s) = DMW=1h(s) + DMW-1g(s) 4)
Where

q
(DX+W—1h(S)) W'q)'S + Zl =w+1 q)' Bl(l)als

(Dv-19(9))" =32, o BB’
Further, let H be the subfarmly of H consisting of harmonic functions f = h + g where
h(s) = s¥ — Y2 prlailst And  g(s) = —Zfiwlbllsl,aiz 0,b, =0 (5
Let AJ3 (A, a, k,y)be the subclass of functions f € H. To attempt the various properties of

Harmonic convex functions of from f =h + g and (5), we need the following sufficient condition
studied by J.M.Jahangiri[3]

2. Main Results

In the first theorem, we introduce a sufficient coefficient bound for harmonic functions in the class
A]}[O\" a, k’Y)

THEOREM 1:

Let f=h+ g Ei?fwith

i - )|{(l Q)(k+1)+(1_a)}| |
a
l=w+1 W 1-a) l

L {U-@)(k+1)+Q+2k+a)}

Z o bl | B0 < 1
CEE

Wherea;=1,0<a<1,A>-1,0 < k < oo. Then f is harmonic w —valent
InUand f € 4J5 (4, a, k,y)

PROOF:

We have
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( (Sq+1 (D;\+w-1h(s))q+1) + (o2 (Drow-1g()™™) . { 54 (DA+w—1f(s))q }

(1 + keiy)
+(25q(D7‘+W‘1g(s))q) —sq(D“W‘lg(s))q
€ sq(D“W‘lh(s))q _ sq(D7‘+W‘1g(s))q

\

=Re(%)2a

Wherea; = 1,0 < a < 1,4 > —1,a < k < 1. Then f is harmonic multivalent in U and f € AJq,
A, ak,y).
Here, we let

A s) = (1 + keiy) {sq“ (D"*’W‘lh(s))qul + 5q+1(DA+w—1g(s))q+1 + ZSq(D“W—lg(s))q} +

(Sq (D“W‘lh(Z))q _ Sq(D“W_lg(S))q)

And

BOLZ) = s (DM%1£(5))" — sa(DA+w1g(s))"

We want to show that

[A(A4,s) + (1 — a)B(4,s)|—|A(4s) — (1 + a)B(4,5)|>0.
But

A4, 2Z2) + (1 — )B4, s)|—14A(4,s) — (1 + a@)B(4,s)|

=|(1 + kel {(sq+1 (D“W‘lh(Z))qH) + sa+1(prw-15(5)) T 4 250 (priw-1 g(s))q} +
(57 (D*w1h(2))" — 59D 1g()T) + (1 — @) (s7 (DM**-1r(s))" -
s(Drw=1g(9))")| - [(1 + ketr) {so (D+v-th(s))"" +sar1(Dr+w1g(2) " +
259(Dw=19(5))"} = (1 + @ (59 (D h(s))" = sa(Dr w19 ()"

=|(1 +kel?) (041 (DMw—lh(s))q“) +@-a)(s7 (DM @) ) + (1+

ke) (Za+1(DMw-1g())"") + (2ke + a) (s1(Dw-1g(s))")
ket) (5941 (D2 1h(9) " ) + (-0 (29 (D h() ") + (1 +

ket) (5951 (D2 19(5))""") + (2 + 2kel + ) (s9(D*+19(2))")

—|(1+
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= (1 +ke™) <( _q—1)| z - 1)|Blo‘)als>
w!
+2—-a) ((W— |S + Z (l_—q)!BlO\)alsl>
+ (1 + ke'Y) (z i—4-D B,(Wb,s )

+ (2ke¥ + a) (z BlO\)bls ) |

[ee)

- ! I
(1+ket) ((w—WTn+ 2. m‘?lmaﬁl)

l=w+1

w! -l
+(—a) ((W_q)!sp + z —(l—q)!BlO\)alSl>

l=w+1

+ (1 + ke'v) <Z I—q=1 B(Mb;s

+ (2 + 2keY + a) (2 #Bl@\)blsl)
I=w '

> |2 (14 ke W — ) + 2 - @) IsI - Z?iwﬂ(l_l—;)!((l —)(1+ke) +

2 - a)) B,(M)a;st — Z;”W(ll—!q)' ((l — (1 +ke) + (2ke™ + a)) B,(M)b;st | —

= q). ((1 +ke")(p—q) +a)sP — ;‘,‘;W“(l_l—’q)! (- (1 +ke™) + (~0)) B,Was* -
»e (l—q)! ((l — (1 +ke®) + (2 + 2ke' + a)) B,(M)b;st |

v 1-a)ls|?| 1 N (l—l—!q)l((l—q)(1+k)+(1_a))
—alls -
( )' l=w+1 )'(1 )

(w q
Z“

q), (- +k)+1+2k+a))
This completes the proof of theorem.

The harmonic function

B (Mlalls|*?

BMbylIs|™ | =0
e
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°° T(1—a)
f(s) =s" + 2 I (W q) T;s'
l=w+1 (l )|((l q)(1+k)+(1—0())
f' (1 - 0() _

= ),((l OA+k)+@1 +2k+a))

Where), 2, |T;| + 272,15 = 1.
Putting g=1, in the above theorem, to obtain
COROLLARY I:
Let f=h + g € H with
Il -
> el +
1-

=2

c (l+a)

Ibz

IA

1—a la;| + () |bz|>Bz(7\)

k < oo. Then f is harmonic p-valent in U and f

4 (
i(l{l(k +1) - k — a} ik +1) + k+a}
1,0 <

Wherea;=1,0<a<1,A>~—
€Al (A, a, k, 7).

We note that the result obtained by [5].

THEOREM 2:

Let f=h+ g defined by (5). Then the necessary and sufficient condition for the function f to be in
the class AJ;- (4, a, k,y) is the subclass ofAJ5 (A, @, k,¥), is that

G (l_l—!q),((l—q)(1+k)+ (1-a))

lay|
l=w+1 (W CI)' (1 )
= ),((l q)(1+k)+(1+2k+a))
Z -0 byl |B (D) <1

(W q)'
(6)
Wherea1= 1,0 <a< l,a <k < 1,4 > -1,0 <y < 1land
r'aA+1
B,(») =
rA+w)(l—w)!

PROOF:

Since A3 (4, a, k,¥) <CAJ3(4, @, k,y), then the “necessary” part follows from Theorem (1) for the
“sufficient” part, we show that (6) does not hold good implies that f ¢ AJs (A, @, k,y). Now,

a function f € AJy (4, a, k, y)if and only if

s (D7‘+W_1f(s))q+1
(Drw=1£(s5))*

Re{ (1 + ke')

Therefore,
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>0 7)

{(W CI) (1 a)lsl Zl=w+1 (l—q)! +(1—0() IallBlO\)lsl }
oo ! (l—q)(1+k)) !
e \ z:I=W(l q)'(+(1+2k+ ) lbllBlO‘)lsl ) -0
{Z Yltw+1 = )||al|Bl(7\)|S| + X2 W= ),lbllBlO\)lsll}

The last inequality must hold for alls, |s| = r < 1. Choosing the values of Z on the positive real

axis where 0 < |s| = r < 1 we must have,

[ [FE0-oSntol 00 eancor=] \

| | 2w l‘q)’(i(lqjgci]:))'b”BlO‘)rl R N I
| =

| St B 452 (B 271

\

We note that if the condition (6) does not hold, then the numerator in (7) when r goes to 1 is
negative.

\_

This is a contradiction for f(2) € Ay (A, a, k,y) and the proof is complete.

In the next theorem we obtain the extreme points of the closed convex hulls of
AJ;x(A4, a, k,y) denoted by clco AJ+ (4, a, k,y)

THEOREM 3:
The function f(Z) € clco AJ3 (4, a, k,y) if and only if
£(5) = X2 (Tuhn(s) + Spgn(s)) ®)
Where
w— )'(1 © l

h,(s) =sY, hi(s) =s" — 1 st, l=w+1Lw+2,..

(l—q)'(l q)(1+k)+(1+a)

1-a)
1
gi(s) =s" — Il (W q) st l=ww+1,..
U——C[)'(l_q)(1+k) +(1 +2k+a))

Z(Tl +Sl) =1, Tl >0 and Sl =0

l=w
In particular the extreme points of A3 (A, @, k,y) are {h;}and {g;}.
PROOF:
Let f be written as (8). Then we have

o oo (1 )
1
f(S) = Z (Tn + Sn)ZW = Z n! (W q) Tps™
n=w n:w+1(n—.61)| ((n - q)(l + k) + (1 - a))BnO\)

(1-a)

i (w q)' S 5"

e (= DA+ + L+ 2k + ) B, ()

Then,
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- (l_l—!q)!((l -~ +k) +(1-a))B,(N)

|ay|
e = q)'(1 @)
E(n ).((n q)(1+k)+(1+2k+a))Bn(7\)|bn|
s q)'(1 2
= Z Tl+25l_1 T, <1.

- I=w+1 l=w
Then f€ clco AJ3 (4, a, k,v)
Conversely,assume that f€ clco AJy- (A, a, k,y) . Putting

Ty (= DA +10 + (1 - @)BO

T, = : la;l, l=w+1,w+2,..
(w - q)'(1 @)
l!
(l_—q),((l—q)(1+k)+(1+2k+a))
Sl= - |bl|, l=W,W+1,...
(w - q)'(l @)
Tl:l_ZTl-l_le
l=w+1

then $2,(T+S)=1,0<T, <1(=w+1w+2.)0<5S <10 =ww+1 )
Thus, by simple calculations we get

F(s) = D (T (@) + Si91(5)
l=w

And the proof is complete
THEOR@ 4:
Let f € AJsy(A4, a, k,y) .Then

(w— q)'(1 @)

F@)] < (1 + byl + -
B g2t [+ 1= (1 + ) + (1= )]

(W%!q)!((W_CI)(l+k)+(1+2k+a))

1- b, | |rw+t
w0 -
Jsl=r<1 ©)
and
(1-a)
If(s)l = (1 + |by, Dr” + o 1)(W q)'
w+1(7\)m[(w +1-q¢)A+k)+1—-a)]
(W= @ +K) + (1 +2k +a))
1— (W 9! ) |t
ﬁ(l —a)
Jsl=r<1

PROOF: We have
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FEI< A+ 1bDr? + ) (il + [bDr
=2

< (1 + by + ) (el + b Dr+:
=2

= (1+ |b,Dr”
) o %[(wﬂ—q)mmm—anl |
+ a
(w+1)! !
W+1O\)M[(W +1- Q)(l + k) + (1 — (l)] n=w+1 (W q)| (1 )
(w+1)!

w+l-g@+k)+(1—-0a)]

wri=oil
+ (W+ 1 q)' |bn| B[(}\) TW+1

W=
(1-a)
< (14 by D + (WH)(W o
Bw+1(7k)m[(w +1-A+k)+ (1 -a)]
i (- +K)+1-a)
« 3| ) ozl
l=w+1 m(l —a)

T (=D +10+ (1 + 2k + )

|by| | By (A) rv*t
w!

—1-a)
w—q)

(w — q)'(1 @)
Bwﬂ(m%[(w F1-@A 4+ +(1-a)]

<@+ |b,Drv +

(w—(+k)+(1+2k+a))

1— (W CI)' o Ibwl 7,.W+1
() 1-a
<@+ |b,Drv
w!
N w—q) 1-a
(w+1)! » w+1l—-@Q+k)+(1—-a)

W I-—qibwn
w — 1+k)+(1+2k+a

(W= +k)+( ))Ib ) e
w+l-¢Q+k+(1—-0a)

The next inequality can be proved by using similar arguments. This completes the proof of theorem.

Now we define the convolution of two harmonic functions. If f(z) and g(z) be given by

f(s) =" = X2 lanls’ = X2, 1b,1859(s) = 5% — X2, 4alcilst — X2, 1d, |5t
Then the Hadamard product of f(Z ) and g(2) deﬁned by

(f *9)(s) = f(5) x g(5) = 5" Z allcils! —Zlbludlls (10)

l=w+1

THEOREM 5:
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Let f(s) € AJsx(4, a, k,¥) and g(s) € AJ3(A, a,k,¥) Thenfor0 < f <a < 1, we have

(f*9)(s) € Al (L a,k,y) < AL ak,y)
PROOF:
we have

f*g(s) =2% - Z lalle;|st —Zlb [ldy,|s™

l=w+1
By noting that |c,,| < 1 and |d,,| < 1, the theorem follows easily by using the condition (6).The proof of
this theorem is complete.

In the next theorem we show that TSy (A, o, k, y) is closed under convex
combination of its members.
THEOREM 6:
Let fori = w,w + 1,.. the function
L fi(s) =s" — Zf=w+1|ai,l|sl + Zfiwlbi,Lls_la_
Belong to AJ3c (A, a, k,y) .Then Yoo, u;fi(s)belongs to AJsr (A, @, k,y) ,where Yoy =1,0<
<lLi=12, -
PROOF:
Since f;€A]x (4, a, k y) (i=1,2, - ), then from (6), we have

z(l q),((l q)(1+k)+(1—a))| |
A

l=p+1 (W Q)'(l )
z(l q),((l QA +k)+ 1+ 2k + )

w — q)'(1 )

For2,wi =1,0 < pi <1, we may write the convex combination of f; as

2m=sw— > (Y)Y (Y o)

l=w+1 l=w

|bin| |BLO) <1

Thus
I

B,(D) i|a,
(1 2 1 (Zlﬂlazl)

q), (= q)(1 +k)+ (1 +2k+a)

B,(A) i|b;,
1-o l (Zull l|>

l=w+1

(W q)'

O

(w q)'
—((- q)(1+k)+(1 a)) ——((-g)(1+K)+(1+2k+a))
=Y M R e q) Bi(May,| + + X2, & q) Wi Bi(V)|by| ¢ <
o1~ ——(1-a)

- . p- q)' w-q)!

=1 i =1 L
Then X2, 1, fi € AJ3c (A, @, k,¥) The proof is complete.
THEOREM 7:
The class AJ3; (A,0, k,y) is convex set.
PROOF:

Let fi, f, be the arbitrary elements of AJ; (A, &, Kk, y).Then for every t(0 < t < 1), we show that
(1 —t)f; + tfy € AJ3r (A, o, k,Y) ,thus we have

(1 - t)fl(s) + th =s" - Z%O:w+1[(1 - t)lan,ll + tlan,zl]sn - Zg}:w[(l - t)lbn,1| + t|bn,2|](§)n
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And
ﬁ(z—qxuknu—m

B[ = O|ay| + t]az|]
a-

l=w+1

(w q)

= q)'(l O +k) + (1 +2k + a)
Z Bl(}\)[(l - t)|bl,1| + t|bl'2|]
(W q)l(l )

),(l Q)(1+k) +(1-a)

B, |az,1|
l=w+1 (W—q)' 1-a

q),(l q)(1+k)+(1+2k+a)

Bi(M)|by,|
| (p q)' a-

(gl -A+k)+(1-a)

el Y C-q) BNy
: (w— q)'(1 %)

ﬁ(l—q)(1+k)+(1+2k+a)

w! BW|b,|p<s-+t=1
1=WW((W —(A-a)1+k) + (k—a))
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