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Abstract. We introduce a new class of harmonici multivalent  functions define by generalized  

Rucheweyh derivative  operator .We also obtain several interesting propertiesi such as sharp 
coefficienit estimates , distortioni bound , extreme  points , Hadamardi  product and other several 
results. Derivative; extreme points. 

Keywords: Multivalent Functions, Harmonici Functions Defined By Ruscheweyh Derivatives 

1.  Introduction 
continuous function � = � + �� is complex-valued harmonici function in a domain � ⊂ ℂ if both u and 

v are real harmonici in D , we can write � = ℎ + 
̅, where  ℎ and 
 analytic in D .We call ℎ and 
 

analytic part and analytic part of  f .   �ℎ Harmonic functions f = h + 
̅ that are multivalenti and sense 

preservingi in the open disk � =  {� ∶  |�| <  1} .So � = ℎ + 
̅ is sense preserving and locally one-to-

one in D if |ℎ�(�)| > |
�(�)| in D. See Clunie and Shell-Small [2](see also[4],[3]and[1]). 
 

Let ℋ be a class of all harmonic functions f = h + 
̅ that are multivalent and sense preserving in the 

open disk �  where ℎ(�) = �� + ∑ ����  ,   
(�) =  ∑ ��������        ������                    (1) 
Normalized by normalized by � (0) = ℎ(0) = ��(0)  −  1 =  0 with  �� (0)  denotes partial derivative 

of f(�)  at � =  0 and we call ℎ and 
 analytic part and co-analytic part of  f  respectively.     
Now, we introduce a new class �!ℋ(", #, $, %) of function � ∈ ℋ where  ℎ and 
  of the form  
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ℎ(�) = �� − ' ����  ,   
(�) =  − ' �����
���                             (2)       �

�����  

Satisfying  

ℛ -.1 + $/34 5�6789:;7?@8A(�)B678C�5�6789:;7?@8D(�)B678CEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE�5F�69:;7?@8D(�)B6CEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE
�69:;7?@8G(�)B6H�69:;7?@8D(�)B6EEEEEEEEEEEEEEEEEEEEEEEEEE I ≥ #             (3) 

Where  

Where � = K/L, γ, ξ, α and P are real such that 0 ≤  % <  1, 0 ≤ # <  1, 0 ≤ R <  1, # <  $ ≤ 1, 0 ≤  K <  1.  and  �T�UH��(�) is the Ruscheweyh derivative of f and is defined by �T�UH��(�) = ��(1 − �)T�U ∗ �(�) 

= �� + ' W�(λ)����, λ > −w�
�����  

W�(λ) = Yi(λ + l)Y(λ + w)(l − w)! 
Also 

                         �T�UH��(�) = �T�UH�ℎ(�) + �T�UH�
(�)EEEEEEEEEEEEEEEE                     (4)   

Where  9�T�UH�ℎ(�)B[ = �!(�H[)! �� + ∑ �!(�H[)!������  W�(λ)����                                      9�T�UH�
(�)B[ = ∑ �!(�H[)!����  W�(λ)���� 
Further, let ℋ\  be the subfamilyJof ℋ consisting of harmonicJfunctions  � =  ℎ +  
̅  where 

   ℎ(�) = �� − ∑ |��|��������  And     
(�) = − ∑ |��|��, �� ≥ 0 , �� ≥ 0����      (5)    
      Let �!ℋEEEEE(", #, $, %)be the subclass of functions � ∈ ℋ\ . To attempt the various properties of 

Harmonic convex functions of from  � = ℎ +  
 ̅ and (5), we need the following sufficient condition 
studied by J.M.Jahangiri[3] 

2.  Main Results   
In the first theorem, we introduce a sufficient coefficient bound for harmonic functions in the class �!ℋ(λ, α, k,γ). 

THEOREM 1:  
Let  � = ℎ +  
 ̅ ∈ ℋ with 

' ] ^!(^ − _)! {(^ − _)($ + 1) + (1 − #)}`!(` − _)! (1 − #)
�

����� |��|
− ' ^!(^ − _)! {(^ − _)($ + 1) + (1 + 2$ + #)}`!(` − _)! (1 − #)

�
��� |��|a W�(λ) ≤ 1 

Where a1 = 1, 0 ≤ α < 1, λ > −1,0 ≤  $ <  ∞. Then � is harmonicJ` −valent 

In U and � ∈ �!ℋEEEEE(", #, $, %) 
PROOF:  
We have 
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ℛ
⎩⎪⎪
⎨
⎪⎪⎧.1 + $/34 g5�[�� 9�T�UH�ℎ(�)B[��C + 9�[��.�T�UH�
(�)4[��BEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

+92�[.�T�UH�
(�)4[BEEEEEEEEEEEEEEEEEEEEEEEEEEEE h + - �[ 9�T�UH��(�)B[
−�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEI

�[.�T�UH�ℎ(�)4[ − �[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEE
⎭⎪⎪
⎬
⎪⎪⎫

= ℛ 5�(�)W(�)C ≥ # 

Where��  =  1, 0 ≤  # <  1, " >  −1, # <  $ ≤  1. Then � is harmonic multivalent in � and � ∈ �!ℋ 
(", #, $, %). 
Here, we let �(λ, �) = .1 + $/34 n�[�� 9�T�UH�ℎ(�)B[�� + �[��.�T�UH�
(�)4[��EEEEEEEEEEEEEEEEEEEEEEEEEEEEE + 2�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEEEo +9�[ 9�T�UH�ℎ(�)B[ − �[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEB       
And W(λ, �) = �[ 9�T�UH��(�)B[ − �[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEE 

We want to show that 

|�(", �)  + (1 −  #)W(", �)| − |�(", �)  − (1 +  #)W(", �)| ≥ 0. 
But 

|�(", �)  + (1 −  #)W(", �)| − |�(", �)  − (1 +  #)W(", �)| 

=p.1 + $/34 n5�[�� 9�T�UH�ℎ(�)B[��C + �[��.�T�UH�
(�)4[��EEEEEEEEEEEEEEEEEEEEEEEEEEEEE + 2�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEEEo +9�[ 9�T�UH�ℎ(�)B[ − �[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEB + (1 −  α) 9�[ 9�T�UH�ℎ(�)B[ −�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEBp − p.1 + $/34 n�[�� 9�T�UH�ℎ(�)B[�� + �[��.�T�UH�
(�)4[��EEEEEEEEEEEEEEEEEEEEEEEEEEEEEE +2�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEEEo − (1 +  α) 9�[ 9�T�UH�ℎ(�)B[ − �[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEBp 
=p.1 + $/34 5�[�� 9�T�UH�ℎ(�)B[��C + (2 − α) 9�[ 9�T�UH�ℎ(�)B[B + .1 +$/34 9�[��.�T�UH�
(�)4[��EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEB + .2$/3 + #4 9�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEBp − p.1 +
$/34 5�[�� 9�T�UH�ℎ(�)B[��C + (−α) 9�[ 9�T�UH�ℎ(�)B[B + .1 +$/34 9�[��.�T�UH�
(�)4[��EEEEEEEEEEEEEEEEEEEEEEEEEEEEEB + .2 + 2$/3 + #4 9�[.�T�UH�
(�)4[EEEEEEEEEEEEEEEEEEEEEEEEBp 
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= q.1 + $/34 rs `!(` − _ − 1)! �� + ' ^!(^ − _ − 1)! W�(λ)�����
����� t

+ (2 − #) s `!(` − _)! �� + ' ^!(^ − _)! W�(λ)�����
����� t

+ .1 + $/34 s' ^!(^ − _ − 1)! W�(λ)�����
��� t

+ .2$/3 + #4 s ' u!(u − _)! W�(λ)�����
��� tvq

−  x.1 + $/34 ]s `!(` − _ − 1)! �y + ' ^!(^ − _ − 1)! W�(λ)�����
����� t

+ (−#) s `!(` − _)! �y + ' ^!(^ − _)! W�(λ)�����
����� t

+ .1 + $/34 r' ^!(^ − _ − 1)! W�(λ)�����
��y
EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEv

+ .2 + 2$/3 + #4 r' ^!(^ − _)! W�(λ)�����
���
EEEEEEEEEEEEEEEEEEEEEEEEEEEvax 

≥ z �!(�H[)! 9.1 + $/34(` − _) + (2 − #)B |�|� − ∑ �!(�H[)! 9(^ − _).1 + $/34 +������(2 − #)B W�(λ)���� − ∑ �!(�H[)! 9(^ − _).1 + $/34 + .2$/3 + #4B W�(λ)��������  z −z y!(yH[)! 9.1 + $/34(~ − _) + #B �y − ∑ �!(�H[)! 9(^ − _).1 + $/34 + (−#)B W�(λ)���� −������∑ �!(�H[)! 9(^ − _).1 + $/34 + .2 + 2$/3 + #4B W�(λ)��������  z  
 

≥ 2`!(~ − _)! (1 − #)|�|y ]1 − ' ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4`!(` − _)! (1 − #)
�

����� W�(λ)|��||�|�Hy

− ' ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _)! (1 − #)
�

��� W�(λ)|��||�|�H�a ≥ 0       
This completesJthe proofJof theorem. 
The harmonicJfunction 
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�(�) = �� + ' `!(` − _)! (1 − #)^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4
�

����� ����

+ ' `!(` − _)! (1 − #)^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4 ��̅�̅��
���  

                                                                                                                                       

Where∑ |��| + ∑ |��| = 1�������F . 
Putting q=1, in the aboveJtheorem, toJobtain 

COROLLARY 1:  

Let  � = ℎ +  
 ̅ ∈ ℋ with 

' ^(^ − #)(1 − #)�
��F |��| + ' ^(^ + #)(1 − #)�

��� |��|
≤ ' �^{^($ + 1) − $ − #}(1 − #)�

��F |��| + ^{^($ + 1) + $ + #}(1 − #) |��|� W�(λ) 

Where a1 = 1, 0 ≤ α < 1, λ > −1, 0 ≤  $ <  ∞. Then � is harmonic ~-valent in U and � ∈�!ℋEEEEE(", #, $, %). 

We noteJthat the resultJobtained by [5]. 

THEOREM 2:  
Let f = h + 
̅  defined by (5). Then theJnecessary and sufficientJcondition for the function � to be in 

the class �!ℋEEEEE(", #, $, %) is theJsubclass of�!ℋ(", #, $, %), is that 

] ' ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4`!(` − _)! (1 − #)
�

����� |��|
− ' ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _)! (1 − #)

�
��� |��|a W�(λ) ≤ 1   

(6) 

Where # 1 =  1, 0 ≤ # <  1, # <  $ ≤  1, " >  −1, 0 ≤ % <  1 and W�(λ) = Y(λ + l)Y(λ + w)(l − w)! 
PROOF:  
Since �!ℋEEEEE(", #, $, %)   ⊂�!ℋ(", #, $, %), then the “necessary” part follows fromJTheorem (1) for the 

“sufficient” part, we show that (6) does not holdJgood implies that � � �!ℋEEEEE(", #, $, %). Now, 

aJfunction � ∈ �!ℋEEEEE(", #, $, %)if andJonly if 

ℛ -.1 + $/34 � 9�T�UH��(�)B[��
.�T�UH��(�)4[ + 1I ≥ # 

Therefore, 
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ℛ
⎝
⎜⎜⎜
⎜⎜⎛⎩⎨

⎧ `!(` − _) (1 − #)|�|� − ∑ ^!(^ − _)! 5^ − _)(1 + $)+(1 − #) C |��|W�(λ)|�|�������
− ∑ ^!(^ − _)! 5(^ − _)(1 + $)+(1 + 2$ + #)C |��|W�(λ)|�|����� ⎭⎬

⎫
n� − ∑ ^!(^ − _)! |��|W�(λ)|�|� + ∑ ^!(^ − _)! |��|W�(λ)|�̅|����������� o

⎠
⎟⎟⎟
⎟⎟⎞ ≥ 0 

The last inequalityJmust hold for all�, |�|  =  K <  1. Choosing the values of � on theJpositive real 

axis where 0 <  |�|  =  K <  1 we mustJhave, 

=

⎝
⎜⎜⎛ ⎩⎨

⎧ �!(�@6)!(�H�)H∑ �!(�@6)!5�H[)(���)�(�H�) C|��|��(T)��@�����78
H ∑ �!(�@6)!5 �H[)(���)�(��F���)C|��|��(T)��@����� ⎭⎬

⎫
��H∑ �!(�@6)!|��|��(T)��@8�∑ �!(�@6)!|��|(��(T)�)��@8��������78 �

⎠
⎟⎟⎞ ≥ 0                (7)  

We note that if theJcondition (6) does notJhold, then theJnumerator in (7) when K goes to 1 is 

negative.  

This is aJcontradiction for �(�)  �!ℋEEEEE(", #, $, %)   and theJproof is complete. 

   In the nextJtheorem we obtain the extremeJpoints of the closed convexJhulls of �!ℋEEEEE(", #, $, %)   denotedJby �^�� �!ℋEEEEE(", #, $, %)   . 

THEOREM 3:  
The function �(�)  clco �!ℋEEEEE(", #, $, %)   if andJonly if �(�) = ∑ .��ℎ�(�) + ��
�(�)4����                                        (8) 

Where 

 ℎ�(�) = ��,   ℎ�(�) = �� − �!(�@6)!(�H�)�!(�@6)!(�H[)(���)�(���) ��,      ^ = ` + 1, ` + 2, …. 

�(�) = �� − `!(` − _)! (1 − #)^!(^ − _)! .^ − _)(1 + $) + (1 + 2$ + #)4 ��,      ^ = `, ` + 1, …. 

'(�� + ��) = 1,    �� ≥ 0    �u�   �� ≥ 0�
���  

In particularJthe extremeJpoints of �!ℋEEEEE(", #, $, %)    are {ℎ�}�u� {
�}. 

PROOF:  
Let � be writtenJas (8). Then we have 

�(�) = ' (�� + ��)�� = ' `!(` − _)! (1 − #)u!(u − _)! .(u − _)(1 + $) + (1 − #)4W�(λ)
�

�����
�

��� ����

− ' `!(` − _)! (1 − #)u!(u − _)! .(u − _)(1 + $) + (1 + 2$ + #)4W�(λ)
�

��� ����  

Then, 
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' ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4W�(λ)
 ~!(~ − _)! (1 − #)

�
����� |��|

+ ' u!(u − _)! .(u − _)(1 + $) + (1 + 2$ + #)4W�(λ)`!(~ − _)! (1 − #)
�

��� |��|
= ' �� + ' �� = 1 − �� ≤ 1.�

���
�

�����  

Then �∈ clco �!ℋEEEEE(", #, $, %)    

Conversely,assume that �∈ clco �!ℋEEEEE(", #, $, %) . Putting 

�� = ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4W�(λ)`!(` − _)! (1 − #) |��|,    ^ = ` + 1, ` + 2, … 

�� = ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _)! (1 − #) |��|,    ^ = `, ` + 1, … 

�� = 1 − ' �� + ' �� .  �
���

�
�����  

�ℎu  ∑ (�� + ��)���� = 1 ,0 ≤  ��  ≤  1 (^ =  ` + 1, ` + 2, . . ), 0 ≤  ��  ≤  1 (^ =  `, ` + 1,· · ·). 
 Thus, by simpleJcalculations we get 

�(�) = '(��ℎ�(�) + ��
�(�))�
���  

And the proof isJcomplete 

THEOREM 4: 
 Let � ∈ �!ℋEEEEE(", #, $, %)   .Then 

|�(�)| ≤ (1 + |��|)K� + `!(` − _)! (1 − #)
W���(λ) (` + 1)!(~ + 1 − _)! [(~ + 1 − _)(1 + $) + (1 − #)]

× ]1 − `!(` − _)! .(` − _)(1 + $) + (1 + 2$ + #)4`!(` − _) (1 − #) |��|a K��� 

, |�| = K < 1                                                                                      (9) 
and  

|�(�)| ≥ (1 + |��|)K� + `!(` − _)! (1 − #)
W���(λ) (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)]

× ]1 − `!(` − _)! .(` − _)(1 + $) + (1 + 2$ + #)4`!(` − _) (1 − #) |��|a K��� 

, |�| = K < 1 
PROOF:  We have 
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|�(�)| ≤ (1 + |��|)Ky + '(|��| + |��|)K��
��F  

≤ (1 + |��|)K� + '(|��| + |��|)K����
��F  

= (1 + |��|)K�
+ `!(` − _)! (1 − #)

W���(λ) (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)] ' ] (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)]`!(` − _)! (1 − #) |��|�
�����

+  (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)]`!(` − _)! (1 − #) |��|a W�(λ) K��� 
 

≤ (1 + |��|)K� + `!(` − _)! (1 − #)
W���(λ) (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)]

× ' ] ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4`!(` − _) (1 − #) |��|�
�����

+  ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _) (1 − #) |��|a W�(λ) K��� 
 

≤ (1 + |��|)K� + `!(` − _)! (1 − #)
W���(λ) (` + 1)!(` + 1 − _)! [(` + 1 − _)(1 + $) + (1 − #)]

× ]1 − `!(` − _)! .(` − _)(1 + $) + (1 + 2$ + #)4`!(` − _) (1 − #) |��|a K��� 

≤ (1 + |��|)K�
+ `!(` − _)(` + 1)!(` + 1 − _)! W���(λ) � (1 − #)(` + 1 − _)(1 + $) + (1 − #)
− .(` − _)(1 + $) + (1 + 2$ + #)4(` + 1 − _)(1 + $) + (1 − #) |��|� K��� 

The next inequalityJcan be proved by using similarJarguments. This completes the proofJof theorem. 
Now we define the convolutionJof two harmonicJfunctions. If �(�) and 
(�) be given by �(�) = �� − ∑ |��|�� − ∑ |��|�̅����������� ,
(�) = �� − ∑ |��|�� − ∑ |��|�̅����������  
Then the HadamardJproduct of �(�) and 
(�) defined by (� ∗ 
)(�) = �(�) ∗ 
(�) = �� − ' |��||��|�� − '|��||��|�̅�                   (10)�

���
�

�����  

THEOREM 5: 
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 Let �(�) ∈ �!ℋEEEEE(", #, $, %)   and 
(�) ∈ �!ℋEEEEE(", #, $, %)   Then for0 ≤ � ≤ # <  1, we have (� ∗ 
)(�) ∈  �!ℋEEEEE(", #, $, %)    ⊂ �!ℋEEEEE(", #, $, %)   . 
PROOF: 
 we have (� ∗ 
)(�) = �� − ' |��||��|���

����� − '|��||��|���
���  

By noting that |��| ≤ 1 and |��| ≤ 1, the theorem follows easily by using the condition (6).The proof of 
this theorem isJcomplete.  
In the nextJtheorem we show that ��� (λ, α, k, γ) is closedJunder convex 
combinationJof itsJmembers. 
THEOREM 6: 
 Let for � =  `, ` + 1, .. the function                             �/(�) = �� − ∑  �/,� �� + ∑  �/,� �̅����������� , 
Belong to �!ℋEEEEE(", #, $, %)   . Then ∑ ¡/�/(�)���� belongs to �!ℋEEEEE(", #, $, %)   , where ∑ ¡/ = 1����  , 0 ≤ μi 
< 1, i = 1, 2, · · · . 
PROOF: 
Since �/∈�!ℋEEEEE(", #, $, %)  . (i = 1, 2, · · ·), then from (6), we have 

] ' ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4`!(` − _)! (1 − #)  �/,� �
��y��

+ ' ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _)! (1 − #)  �/,� �
��� a W�(λ) ≤ 1 

For∑ μi = 1�/�� , 0 ≤ μi ≤ 1 , we may write the convexJcombination of �/ as 
 

' μi �/ = �� − ' s' μi �
/��  �/,� t �� − ' s' μi �

/��  �/,� t ���
���

�
�����

�
/��  

Thus 

' ^!(^ − _)! .(^ − _)(1 + $) + (1 − #)4`!(` − _)! (1 − #) W�(λ) s' μi�
/��  �/,� t�

�����
+ ' ^!(^ − _)! .(^ − _)(1 + $) + (1 + 2$ + #)4`!(` − _)! (1 − #) W�(λ)�

��� s' μi�
/��  �/,� t 

=∑ μi�/�� £∑ �!(�@6)!.(�H[)(���)�(�H�)4¤!(¤@6)!(�H�) W�(λ) �/,�  + + ∑ �!(�@6)!.(�H[)(���)�(��F���)4�!(�@6)!(�H�) W�(λ) �/,� ���������� ¥ ≤∑ μi�/�� = 1 
Then ∑ μ�/�� / �/ ∈  �!ℋEEEEE(", #, $, %)   The proofJisJcomplete. 
THEOREM 7:  
The class �!ℋEEEEE (λ,α, k,γ) is convex set. 
PROOF: 

 Let ��, �F be the arbitraryJelements of �!ℋEEEEE(λ, α, k, γ).Then for every �(0 < � < 1), we showJthat (1 − �)�� + ��F ∈ �!ℋEEEEE(λ, α, k, γ) ,thus we have  (1 − �)��(�) + ��F = �� − ∑ §(1 − �) ��,�  + � ��,F ¨�� − ∑ §(1 − �) ��,�  + � ��,F ¨(�̅)�����������   
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And  

' ^!(^ − _)! (^ − _)(1 + $) + (1 − #)`!(` − _)! (1 − #)
�

����� W�(λ)§(1 − �) ��,�  + � ��,F ¨
+ ' ^!(^ − _)! (^ − _)(1 + $) + (1 + 2$ + #)`!(` − _)! (1 − #)

�
��� W�(λ)§(1 − �) ��,�  + � ��,F ¨  

 

= (1 − �) g ' ] ^!(^ − _)! (^ − _)(1 + $) + (1 − #)`!(` − _)! (1 − #) a�
����� W�(λ) ��,� 

+ ' ^!(^ − _)! (^ − _)(1 + $) + (1 + 2$ + #)~!(~ − _)! (1 − #)
�

��� W�(λ) ��,� h
+ � g ' ] ^!(^ − _)! (^ − _)(1 + $) + (1 − #)`!(` − _)! (1 − #) a�

����� W�(λ) ��,F 
+ ' ^!(^ − _)! (^ − _)(1 + $) + (1 + 2$ + #)`!(` − _)! ((` − _).(1 − #)1 + $) + ($ − #)4

�
��� W�(λ) ��,F h ≤ (1 − �) + � = 1 

 

 

References 
[1] H. Silverman and E.M. Silvia, Subclasses of Harmonic univalent functions, New Zealand J. 

Math., 28 (1999), 275-284. 
[2] J. Clunie, T. Scheil- Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A. I. Math., 

9(1984), 3-25.  
[3]  J. M. Jahangiri, Coefficient bounds and univalent criteria for harmonic functions with negative 

coefficients, Ann. Univ. Marie-Curie Sklodowska Sect. A, 52(2)(1998), 57-66. 
[4] O. P. Ahuja and J. M. Jahangiri, Multivalent harmonic starlike functions, Ann. Univ. Marie Curie-

Sklodowska Sect. A, LV1(2001),1-13. 
[5] R. Omar and S. A. Halim, “Multivalent harmonic functions defined by Dziok-Srivastava 

operator,” Bull. Malays. Math. Sci. Soc.(2), vol. 35, no. 3, pp. 601–610, 2012.). 
 
 


