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Abstract: in this paper we introduce generalized (a, ) derivation on Semirings
and extend some results of Oznur Golbasi on prime Semiring. Also, we present
some results of commutativity of prime Semiring with these derivation.

1. Introduction

Semirings was first introduced in 1934 by vandiver [1]. In 1992 Golan discuss Semirings and their
applications and mentioned about the derivation on Semirings [2]. Thereafter, many researchers interested in
derivations on Semirings and generalized it in different directions.

Chandramouleeswarn and Thiruveni studied derivations on Semirings, and introduced the notion of (o, )
derivations on semirings, see [3] and [4].

A Semiring is a nonempty set S together with two binary operations (usually denoted by + and -) such that
(S, +) is commutative Semigroup, (S, -) Semigroup and addition distributive with respect to multiplication on
S, we say S is commutative Semiring if and only if x.y = y.x for all x,y € S [2]. A Semiring S is called
additively cancellative if x + y = x + z implies y = z for all x,y,z € S, and it is called multiplicatively
cancellative if x.y = x.zimpliesy = zforall x,y,z € S, so S is called cancellative Semiring if and only if it
is both additively and multiplicatively cancellative [5]. Moreover, S is called prime if whenever xSy = 0
implies eitherx = Oory = Oforallx,y € S.

Let S be any Semiring, an additive map d: S — S is called derivationon S if d (xy) = dX)y + xd (y)
holds for all x,y € S [6]. Now, if we suppose that o and f are two nonzero automorphisms on S and d is a
derivation on S, then d is said to be (o, ) derivation on S if d (xy) = a(x) d(y) + d(x) B(y) holds for all
X,y € S[6].

In this paper we introduce the notion of generalized (a, ) derivation on Semirings and extend some
important results of Oznur Golbasi [7] on prime Semirings and when these Semirings become commutative.

2. Results

Definition 2.1: - Let S be a Semiring and o, 8 are two automorphisms on S. An additive map F: S — S is called
left generalized («, ) derivation if there exist nonzero left (a, ) derivation d:S — S such that F(xy) =
aX)F(y) + d®)B(y) forall x,y € S, and is called right generalized (o, B) derivation if there exist nonzero
right (o, B) derivation d: S—Ssuch that F(xy) = a (x)d (y) + F(x) B (y) forallx,y € S.
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If F is both left and right generalized (a, B) derivation then it is called generalized (o, B) derivation that is
Fxy) =a@F® +d@BY) =a@®)d@) + F)p () forallxyes.

Lemma 2.2: - Let S be a prime Semiring and | be a nonzero ideal of S. If x Iy = 0 forall x,y € S, then either
x = 0ory = 0.

Proof: - LetxIy = Oforallx,y €S, hencexSIy = Oforallx,y € S.
By primness of S we have eitherx = Oorly = 0.

Now, eitherx = 0orISy = 0. By primness of S and since I # 0, we gety = 0.

Theorem 2.3: - Let S be a prime Semiring and | be a nonzero ideal of S. Suppose that F: S— S is a
generalized (a, B) derivation on S with g (I) = L IfF(I) S Z (S) then S is commutative.

Proof: - LetF (I) € Z(S),thenF (u) € Z(S) foralluel.
Replace u in above relation by s u, where s € S, we get:

F(su) = a(s)F(u) + d(s)Bw) € Z(S).

Then,
[a()F () + d(s)Bw,a(s)] = 0.
[a(8) F (W), ()] + [d(s) B (w),a(s)] = 0.
a(S)[F (), a(s)] + [a(s)a()]F (w)+ d($)[BW,a(s)]+ [d(s)a(s)]B(uw) =0
Hence,

d(s) [B(w),a(s)] + [d(s),a(s)]B(w) =0
d@BWas) —ds)als)B +d()a(s)p@ —a(s)d(®)p@) =0
d(s)Ba(s) —a(s)d(s)B(uw) =0 (D
Replace u by uvin (1), where v € 1. We obtain,
d(s)Bv)a(s) —a(s)d(s)p(uv) =0
d(S)BWPBM a(s) —a(x)dE)BWBRE =0 -2
By using (1) we get,
d@E)B@WBMa(s)-d(s)Ba(s)pv) = 0.
Then, for all u € I implies,
d(s)B[BM),a(s)] =0
d(s)I[B (), a(s)] = 0.
By Lemma 2.2 and since d # 0 then for all v € | we get,
[B(),a(s)] = 0.
[La(s)] = 0.

Then, I € Z(S), by [8, Lemma 2.22] we get S is commutative.
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Lemma2.4: - Let S be a prime semiring and | be a nonzero ideal of S. Suppose that F: S — Sis a nonzero
generalized (o, B) derivation and let X € S:

1- Ifx.F (u)
2- IfF(u).x

|
<

Oforalluelthenx =
O0foralluelthenx =

|
o

Proof: 1- Letx.F (u) = Oforalluel.
Replace u in above equation by s u, where s € S. Then for all s € S we have,
x.F(su) = 0.
x.(a(s)d(u) + FG)B() = xa(s)d) + xF(Gs)B) =0

Hence,

xa(s)d(m) =0

at(x) Tat(d(S)) = 0.

By Lemma 2.2 and since d # 0 we have, a~*(x) = 0. Then, x = 0.

Similarly we can prove (2).

Remark 2.5: - Let S be a semiring and o is an automorphismon S. If @ = OonIthena=0o0nS

Proof: - Obvious.

Lemma 2.6: - Let S be a prime semiring and | be a nonzero ideal of S. Suppose that F: S — S is a nonzero
generalized (o, B) derivation with nonzero automorphisms o and 8. If F = Oonlthend = OonS.

Proof: - Let F (u) = O forallu € l. Take s € S then,
F(us) = a(u)d(s) + F(wB(s) = 0.
Hence,
a(u)d(s) = 0.

By [8, Lemma 2.27] and since a.# 0 then d =0 on S.

Lemma 2.7: - Let S be a semiring and | be a nonzero ideal of S. Suppose that F: S — S is a generalized (a, B)
derivation with nonzero automorphisms a and . If F = OonlthenF = 0onS.

Proof: - Let F (u) = Oforalluel. Takes € S then,
Flus) = a()F(s) +d)p(s) = 0.
By Lemma 2.6 we get a (u) F (s) = 0.
Now, replace u in above equation by u r, where r € S we get,
a(ur)FGB) =a@a()F(s) = 0.
Since a is automorphism (onto) Hence,a (u) SF (s) = 0.

By primness and since a.#0 on Sthen F = 0onS.
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Lemma 2.8: - Let S be a prime semiring and F: S — S be a generalized (o, ) derivation. Suppose that | is an
ideal of S. If 0 £r e Swithr.F (x) = 0forallx € S,thenF=0o0nS.

Proof: - Letr.F (x) = 0forallx € S. Putx = xy, wherey € | we get,
r.F(xy) =0
roaxdy)+ rFEPBE =0
Then,
roax)d(y) =0
r.Sd(y) = 0.
So, by primness of S and since r #0 hence, d (y) =0 forally € I.
That means, d = 0 on I. So,
Fyx) =a@mMFE +d@mL® = a@) F®.
Now, r.F (yx) = ra (y) F (x) Implies:
ra(yY)F(x) =0
r.SF(x) = 0.

By primness of S and since r #0 we get, F=0on S.

Theorem 2.9: - Let S be a prime semiring and | be a nonzero ideal of S. Suppose that F: S—S is a nonzero
generalized (o, B) derivation suchthatdF = FdandaF = Fa. If [F (u),F (v)] = 0forallu, v €l thenSis
commutative.

Proof: - Let [F (u),F (v)] = Oforallu,vel
Replace v in above equation by v s, where s € S we get,
[F(w),F(vs)] = [F),a(w)d(s) + F)B(s)] =0
[F,a(d()] + [F,F@B(E)] =0
a ) [F ), d(s)] + [F),a]d(s)+F @) [F), BE]+[F@),FM]BE) =0
Hence for all u, v € | we have,
FMW) [F,B()] =0
By Lemma 2.8 and since F # 0 on I (Lemma 2.7). So, for all u € I implies,
[F(W,B()] =0

Therefore, F (I) € Z (S), and by Theorem 2.3 we have S is commutative.

Theorem 2.10: - Let S be a cancellative prime semiring and | be a nonzero ideal of S. Suppose that F: S—Sisa
generalized (o, B) derivation with nonzero automorphisms o and B. If F acts as homomorphism on S thend =0
onS.

Proof: - Since F acts as homomorphism on S then for all X,y € S,
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Fixy) = F)F () - (1)
Since F is generalized (a, B) derivation then for all X,y € S,
Fxy) =a®F@) +d®BH) . (2)

From (1) and (2) we get,
FOF@) = aF@) + d®BG) -3
Replace y by y siin (3), where s € S we obtain,
aXF@ys) +dxBys) = FRFys).
aC)F@F(E) +dEBEBEG8) = FRFEFE).
F(xy) F(s)

= a(F (F () + d B ¥F (s)

Since S is cancellative we get, B (s) = F(s) forall s€S.
Now, replace s by r s in the above equation, where r € S, w obtain,
F(rs) = B(rs)
a()d(s) + F()B(s) = B)B(s)
= F®B(s).
Since S is cancellative we get, a (r) d (s) = Oforallr,s€S.

By [8, Lemma 2.27] and Since a # 0onSthend = 0onS.

Theorem 2.11: - Let S be a cancellative prime semiring and | nonzero ideal of S. Suppose that F: S—S is a
generalized (o, B) derivation with nonzero automorphisms o and  suchthat dF = Fdanda F = F a. If F acts
as anti-homomorphism on Sthend =0 on S.

Proof: - Since F acts as homomorphism on S then forall x, y € S,

F(xy) = FF®) - (1)
Since F is generalized (a, ) derivation then,
Fxy) =a®F@E) +d®BH) e
From (1) and (2) we get,
FOF® = a®F@E) +dx)BG) . (3)

Replace y by y siin (3), where s € S, we obtain
a®Fys) +d®BEs) = FOF(Fs).
aXFEFE +dEBEBEG) = F(s)FE) F ().
F(s) F(xy)
=FE®aFE) + FE)dB ).

Since « F = F aand S is cancellative we have,
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dEBEBE) = F()d)BK)

Now, since d F = Fd and S is cancellative we have,
B(s) = F(s)forallseSs.
Replace s by r s in the above equation, where r € S, we get
F(rs) = B(rs)
a@d(s)+ FmP ()= pmP(s)
=F@®B()

Since S cancellative then, a (r) d (s) = Oforallr,s€S.

By [8, Lemma 2.27] and Since a« # 0onSthend=0o0nS.

Theorem 2.12: - Let S be a cancellative prime semiring and | be a nonzero ideal of S. Suppose that F: S — S is
a generalized (a, B) derivation with nonzero automorphisms a and B. If F acts as homomorphism on | then
d =0onS.

Proof: - Since F acts as homomorphism on I. Then for all u, v € 1,

F(uv) = F(uF (v) (D)
Since F is generalized (a, ) derivation then,
Fuv) = aF (W) + d() B W) Q)
From (1) and (2) we get,
FF®) = a@F) + d)p .03

Replace v by v s in (3), where s € S, we obtain
a(W)Fs) + d)B(vs) = F(u)F (vs).
a(WFMFE) +dWBMPBE) = FWFWF()
F (uv) F(s)

a (WF (WF (s) + d (WB (V)F (s).

Since S is cancellative we have, B (s) = F (s) forall s € S.
Now, replace s by r s in the above equation, where r € S we get,
F(rs) = B(rs)
amd(s) + FMB() = BOPEG)
F (B (s).

Since S is cancellative we get, a (r) d (s) = O forallr,s€S.

By [8, Lemma 2.27] and Since a #0 on Sthend=0o0n S.

Notation: - Throughout the following Theorem we use alpha-beta commutator such that [x,y Jog = a (X) y —

y B ().
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Theorem 2.13: - Let S be a prime semiring, | nonzero ideal of S and F: S—S generalized (a, ) derivation. If a
and p commute with d and F (uv) = F (vu) forall u, v € I, then S is commutative.

Proof: - Let u, v € | such that [u, v] is constant element say ¢ with F (c) = 0andd (c) # 0.
Letz € | hence,
F(cz) = a(c)d(z) + F(c)B(2)

=a@F)+ d@B ()= F(zo).
That gives, a (c)d (z) = d(z)B (c) forallze I.
Since a and B are commute with d then for all z € | yields that,

[d(@),clop =0
Replace z in the above equation by w z, where w € | we get,
[d(w2),clep = [d(Wa(z) + B (W)d(2), clop

= [d(Wa (2),)]ep + [BW)d(@), clog

=0
Now, by add and subtract the terms: d (w) a (z) a (c) and $ (w) B (c) d (z) we obtain,

dwa@a@ —dwWa@a@ +dwa@a(@—dw) B(c)a(z) +dw)a(c)a(z) —
BOdwW)a(@ +Bw)d@a() —BW)BEd(E@) + BWB@d@ - BW)B(d(=) +
Bw)a(c)d(z) — B(©Bw)d(z) = 0.

Hence for all w, z € 1,
dWw)afzc] +[cdWwz)]eg+ BW)[d(@),cleg + Bw,c]d(z) = d (W) alzc]+ B[w,c]d(z) = 0.
Replace z in above equation by c then for all w € | we get,
Bw,c]d(z) =0

[w,c] B~ (d(c)) = 0

Replace w in above equation by s w, where s € S we obtain,
B[sw,c]d(z) =0.

Thus, [s,c] w B! (d(c)) = 0 forall w € I. Now, by lemma 2.2 and since d (c) # 0 we get,

[s,c] = Oforalls€S.

Then, | is commutative and by [8, Lemma 2.22] implies S is commutative.
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