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Abstract. In this work we explain and discuss new notion of fibrewise topological spaces,
calledfibrewise soft ideal topological spaces, Also, we show the notions of fibrewise closed soft
ideal topological spaces, fibrewise open soft ideal topological spaces and fibrewise soft near ideal
topological spaces.

Keywords. Soft set, soft continuous, soft ideal, fibrewise soft ideal topological spaces, fibrewise
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1. Introduction and Preliminaries.

To begin with our work in the type of fibrewise sets over a given set, called the base set. If the base set is
denoted byB, then a fibrewise set over B consists of a set H together with a functionP : H — B, called the
projection. For all point b of B the fibre over b is the subset H, = P~1(b) of H; fibres may be empty
because we do not require P to be surjective, in addition for all subset B* of B we consider Hg+ =
P~1(B*) as a fibrewise set over B* with the projection determined by P.Molodtsov [23] generalized with
the introduction of soft sets the traditional concept of a set in the classical researches. With the
introduction of the applications of soft sets [22], the soft set theory has been the research topic and has
received attention gradually [5, 19, 24, 26]. The applications of the soft sets are redetected so as to
develop and consolidate this theory, utilizing these new applications; auni-int decision-making method
was established [7]. Numerous notions of general topology were involved in soft sets and then authors
developed theories about soft topological spaces. Shabir and Naz [28] mentioned this term to define soft
topological space. After that definition, I. Zorlutuna et al. [34], Aygunoglu et al. [6] and Hussain et al.
[15] continued to search the properties of soft topological space.This topic has an excellent potential for
applications in many branches of mathematics. In 1990, Jankovic and Hamlett [17] using a specific
topological 1 introduced another topologicalt™ (1), which satisfiest € t*(I). In 1952, Hashimoto [12, 13]
introducing the concept of ideal continuity. Then Jankovic and Hamlett [11] introduced I-open set in ideal
topological spaces. Future, Abd El-Monsef [1] defined I-continuity for functions. The notion of soft ideal
was first given by R. Sahin and A. Kucuk [27]. Kale and Guler [18] introduced the concept of soft ideal
and discuss the properties thesoft ideal topological space. The purpose of this paper is introduced a new
class of fibrewise topology called fibrewise soft ideal topological space are introduced and few of their
properties are investigated, we built on some of the result in [2, 20, 29, 30, 31, 32, 33].
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Definition 1.1. [16]LetH and K be afibrewise sets over B, with projections Py : H - B andPg : K - B,
respectively, a function ¢ : H — K issaid to befibrewise if Pgx o ¢ = Py, in other words if ¢(H;) < Kjfor
all point b of B.

Note that a fibrewise function ¢ : H = K over Blimitedsby restriction, a fibrewise function ¢g« : Hg+ —
K g+ over B* for all subset B* of B .

Definition 1.2.[23] LetH be an initial universe and E be a set of parameters. Assume thatP (H)denote the
power set of H and E be a non-empty subset of A. A pair (F, E) is called a soft set over H, where F is a
function given by F : E — P(H). In other words, a soft set over H is a parameterized familyof subset of
the universe H.For €€E, F(€)may be considered like the set of &_approximate elements of the soft set
(F,E). observe that the set of all soft sets over H will be denoted by S(H).

Example 1.3. [23] Assume that we have six houses in the universe H = {hq, h,, h3, hy, hs, hg} under
consideration, and that A = {e;, e,, e3,e4,65} is a set of decision parameters. The e;(i = 1,2,3,4,5)
stand for the parameters ‘‘expensive’’, ‘‘beautiful’’, ‘““wooden’’, ‘‘cheap’’, and ‘‘in green surroundings’’,
respectively. Consider the functionF, given by ‘‘houses (.)’’; (.) is to be filled in by one of the parameters
e; € A.For instance,Fr (e;) means‘‘houses (expensive)’’, and its functional value is the set {h € H : h is
an expensive house}. Assume that E = {e;, es.e,} €A and Fg(e;) = {hy, hy}, Fg(e3) = H,and
Fg(ey) = {hq,h3,hs}. Then, we can view the soft set Fy like consisting of the next collection of

approximations:Fg = {(eq, {hy, h4}), (e3, H), (e4, {hy, h3,hs})}.

Definition 1.4.[22] A soft set (F,E) over H is said to be a null soft if F(e) = @ for all e € E and this
denoted by @. Also, (F, E) is said to be an absolute soft set if F(e) = H, for all e € E and this denoted by
H.

Definition 1.5.[22]
(a) The union of two soft sets of (F,A)and (G, B)over the common universe His the soft set (L, C),
whereC = A U Band foralle € C,

F(e) ifee A-B
L(e) = G(e) ifeeB—A
F(e)uG(e) ifeeANB
We write (F,A) U (G,B) = (L, ).
(b)The intersection (L,C) of two soft sets (F,A), (G,B) over a common universe H, denoted by
(F,A) N (G,B),isdefinedasC = A N B,and H(e) = F(e) N G(e)foralle € C.

Definition 1.6. [28] Let 7 be the collection of soft sets over H, then 7 is said to be a soft topology on H if
() ®,HET

(b) the union of any number of soft sets in T belongs to T

(c) the intersection of any two soft sets in T belongs to t.

The triplet (H, 7, E)is called a soft topological space over H.The members of T are called soft open sets in
H. Also, a soft set (F, A) is called a soft closed if the complement (F, A) € belongs to .

Example 1.7.[28]Let H = {h, hy,h3}, E ={e;,e;} and 1 ={®,H,(F,E),(FE),(F3E),(Fy, E)}
where (Fy, E), (F,, E), (F5,E), (F,, E) are soft sets over H,defined asthe following

Fi(ey) = {hy}, Fy(ez) = {hy},

Fy(eq) = {hy, h3}, Fy(ez) = {hq, hy},

F3(eq) = {hy, hy}, F5(e;) =H,

Fu(eq) = {hq,hy}, Fa(ez) = {hq, h3}.
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Then 7 defines a soft topology on Hand hence (H, , E)is a soft topological space over.

Definition 1.8. [25]

(a) A softset (F,E) over His said to be a soft element if 3e € E'such that F(e) is a singleton, say,{h}and
(e') = &, Ve'(+# e) € E. Such a soft element is denoted by FJ*. For simplicity of notation we denote
such soft element as h. Let SE (H, E) be the set of all soft elements of the universal set H.

(b) A soft set (F,E) is said to be a soft neighbourhood (briefly soft nbd) of the soft set (L, E) if there
exists a soft set (G, E) € tsuch that (L,E) € (G,A) € (F,E). If (L,E) = h, then (F, E) is said to be

a soft nbdof the soft element h. The soft neighbourhood system of soft element &, denoted
byN (h), is the family of all its soft neighbourhood. The soft open neighbourhood system of
soft element A, denoted by V(h), is the family of all its soft open neighbourhood.

Definition 1.9.[28]
Let (H, T, E) be a soft topological space and (F, E) be a soft set over H. Then, the soft closure of (F, E),

denoted (F, E), is defined as the soft intersection of all soft closed super sets of (F, E).
Note that (F, E) is the smallest soft closed set that containing(F, E).

Definition 1.10.[8]

(a) Let (H,T,E) be a soft topological space over H and Kbe a non-empty subset of H, then the
collection 7 = {K 0\ (F,E): (F,E) € %} is called a soft subspace topology on K. Hence, (K, Ty, E) is
called a soft topological subspace of (H, t, E).

(b) A soft basis of a soft topological space (H, T, E) is a subcollection B of T such that every element of
7 can be expressed as the union of elements of B.

Definition 1.8. [10] A soft ideal I is a nonempty collection of soft sets over H if

(a) If (F,E) €1, (G, E) € (F,E), then(G,E) €I
(b) If(F,E) €1, (G,E) € Ithen (F,E) U (G,E) E I.

A soft topological space (H, T, E) with a soft ideal Iis said to be soft ideal topological space and denoted
by (H,t,E,I).

Definition 1.9. [10]Let(F, E)be a soft set in a soft ideal topological space (H,t,E,I) and (*)* be a
soft operator from S(H) to S(H). Then the soft local function of (F,E) defined by (F,E)*(I,7) =
{h:(U,E) R (F,E) €1 for every (U,E) € V(h) denoted by (F,E)* simply. Moreover, the soft set

operator Cl* is said to be a soft “ —closure and is defined as CI*(F,E) = (F,E) U (F,E)* for a soft
subset(F, E).

Definition 1.10. [21] Let H and K be two non-empty sets and E be the parameter set. Let{f, : H —
K,e € E} be a collection of functions. Then a function f : SE(H,E) — SE(K, E) defined by f(ey) =
e, (n) is called a soft function, where SE(H, E') and SE(K, E) are sets of all soft elements of the soft sets
H and K respectively.

Definition 1.11. [3]

(a) A soft subset (F, E) of an soft ideal topological space (H, 7, E, ) is a soft [-open (briefly S.I-open) if
(F,E) Cint(F,E)".

(b) A soft subset (F, E) of a soft ideal topological space (H, T, E, ) is a soft I-closed (briefly S.I-closed)
if it is complement is a soft I-open.
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(¢) A soft function ¢ : (H,%,E,I) - (K,5,L)is said to be an soft ideal continuous (briefly S.I-
continuous) if the inverse image of every soft open set of K is a soft I-open set in H.

(d) An soft ideal topological space (H, T, E,I) is said to be a soft near I-compact ( briefly S.j.I-compact )
if for every soft near ideal open caver ( briefly S.j.I-open cover ) {(W;, E;): i € A} of H, there exists a
finite subset A, of A such that H- {(W,E):i € A} I, where j € {a,S, P, b, 8}.[4]

Lemma 1.12.[3]For any S.I-open set (F, E) of a space (H, 1, E,I), we have (F,E)" = (int(F,E)")" .

Definition 1.13.A subset Aof an ideal topological space H is said to be
(a) o-l-openset [14]if A C int (Cl*(int(A))).

(b) pre-I-open set [1]if A < int(Cl*(4)).

(c) sime-I-open set [14]ifA c Cl*(int(A)).

(d) b-open set [9] ifA c Cl*(int(S)) U int(Cl*(A)).

(e) PB-l-open set [14] ifA © Cl*(int(Cl*(A))).

Lemma 1.14. [3]For every soft functiond : (H,t,E,I) = (K,0,L), ¢(I)is an soft ideal continuous
overK.

2- FIBERWISE SOFT IDEAL TOPOLOGICAL SPACES
During this section, we introduced a definition of fibrewise soft ideal topological space and its related
properties.

Definition 2.1. Assume that (B, (2, G) is a soft topology space the fibrewise soft ideal topology space
(briefly, F.W.S.I-topological space) on a fibrewise set H over Bmeany any soft ideal topology space on H
for which the projection function is S.I-continuous.

F.W.S. topological space and F.W.S.I-topological space this two concepts areThe following examples
explain that.

Example 2.2.1et (H,1,E,I) be a F.W.S.I-topological space over (B,{2,G) given as follows : H =
{h1, ha hs, by, E = {e}, ©={®,H,{(e {hs)} {(e,{hy, haD}{(e, {hy, ho, h3D}}, T = (P, {(e, {h: D},
B ={a,b,c,d}, G ={g}, 0 ={®, B, {(g,{b,c,d})}}. Furthermore, assume thatf : H - B, f(hy) = a,
f(hy) = b.f(h3) =c, f(hy)) =du:E -G, u(e) =g. Then the soft function Pr, : (H,7,E, I) >
(B, £, G) is soft I — continuous but is not soft continuous. Thus, (H,t, E,I) is F.W.S.I-topological space
but not F.W.S.topological space.

Example 2.3.Let(H,7,E,I)be a F.W.S.I-topological space over (B,f,G) given asfollows: H =
{’ll! hZ' h3' h4}’ E= {e}’ T= {(5' H! {(e' {h4})}v {(e, {hll h3})}r {(e' {hlr h3, h4})}91 =~ _
{@.{(e,{hsD}{(e, {haD} {(e, {hs, D)}, B ={ab,c,d}. G={g}, 02={PB{(g.{acdh}}.
Furthermore, assume thatf : H - B, f(hy) = a, f(hy) = b,f(h3) = ¢, f(hy) =d,u: E - G, u(e) =g.
Then the soft function Pr, : (H,7,E,I) — (B,0,G) is soft continuous but is not S.I-continuous. Thus,
(H,t,E,I)is F.W.S. topological space but not F.W.S.I-topological space.

Proposition 2.4.The following statements are equivalent.

(a) (H,7,E,Dis F.W.S.I-topological space over (B, 2, G),

(b) For each soft element in (H,t,E) and each soft open in (B, {2, G)containing the image of soft
element, there exist S.I-open of(H, 7, E, ) containing soft element such that the image of S.I-open
containing in soft open,

(¢c) For each soft element in (H,t,E) and each soft open in (B,{2,G) containing the image of soft
element, (Hy ))"is nbd of soft element.

Proof.(a)&(b)Suppose that (H,t, E,I) is F.W.S.I-topological space over (B, 2, G), then there exist the

projection functionPr,: (H,7,E, I) - (B,£,G)is S.I-continuous. To proof For each soft element in

(H,t,E) and each soft open in (B, {2,G) containing the image of soft element, there exist S.I-open of
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(H,t,E,I) containing soft element such that the image of S.I-open containing in soft open, since
(M, G) € 2 containing Pfu(fl), then by (a) Hyy,) is S.I-open in H. By taking (F,E) = Hy,) which
containing Py, (h), thus Py, (F,E) € (M, G).

(b)=(c) Sincesoft open in (B, {2, G) containing the image of soft element, then by (b) there exists (F, E) is
S.I-open of (H,t, E, I)containing Py (h), such that Py (F,E) € (M, G).
Soh € (F,E) € int((F,E)*) € int(Hw,))* € (Hu,e))"- Hence (Hy ¢))"is anbd of i .

(c)=(a) Since soft open in (B, {2, G) containing the image of soft element, then by (¢) (Hy))"is a
softnbd ofh, then there exist a soft set (F,E) € T such that h € (F,E) & (Hem,c))"> then Hy gy is S.I-
open, then Py, is S.I-continuous, thus (H, 7, E, I )is F.W.S.I-topological spaces.

Proposition 2.5.(H,t, E,I)is F.W.S.I-topological space over (B,{2,G) if and only if the graph soft
function g:(H,t,E) = (H,7,E) X (B,£,G), defined by g(ﬁ) = (fl,f(fl)), for each h € H, is S.I-
continuous.

Proof .(=) Suppose that (H,t,E,I) is F.W.S.I-topological space over (B, {2, G), then there exist the
projection function Py, : (H,7,E, I) - (B, ,G) is S.I-continuous. For proof g is S.I-continuous, let
h € H and (W, E X G) be any soft open of H X Bcontaining g(fl) = (fz,f(fz)). Thus we have a basic soft
open set (F, E) x (M, G) such that g(R) = (k, f(R)) € (F,E) x (M,G) € (W, E X G). Since (H,7,E,I)
is F.W.S.I-topological space, then Pg,is S.I-continuous, we have a S.I-open set (L,E) of (H,t,E)
containing (E)such thatPs, (L, E) € (M, G). Because (L, E) N\ (F, E)is soft ideal open of(H,,E,I) and
(L,E)N (F,E) € (F,E) then g((F,E) A (L,E)) € (F,E) x (M,G) & (W,E x G).This explains that g
is S.I-continuous.

(&)assume that g is S.I-continuous. For proof (H,t,E,I) is F.W.S.I-topological spaces i.e., the
projection functionPy, : (H,7,E, I) - (B, {2, () is S.I-continuous, let h € Hand (M, G) be any soft open
set of (B, £, G)containing Pfu(fl). Then H X (M, G) is soft open in (H,1,E) X (B,,G). Because g is
S.I-continuous, we have(F,E) is S.I-open in (H,t,E,I) containing hsuch that g(F,E) € H X (M, G).
Hence, we getPfu(F ,E) © (M, G).This explains that Pfy, is S.I-continuous. Thus (H,t,E,I) is F.W.S.I-
topological space.

Proposition 2.6.Let(H, 7, E,I) be a F.W.S.I-topological space over (B, {2,G). Then (Hg*, tg*, Eg=, I5*) is
F.W.S. I-topological space over (B*, 2%, G™) for each open subspace (B*, 2, G*)of (B,,G).

Proof. Suppose that (H, 1, E,I) is F.W.S.I-topological space over (B, £, G),then there exist the projection
function Pg, : (H,7,E,I) > (B,£,G) is S.I-continuous. To show that (Hg+, T, Eg+, 1) is F.W.S.I-
topological over (B*, 0%, G")i.e.the projection functionPg«(syy : (Hg*, g+, Ep+,Ip+) = (B*,2%,G") is
S.I-continuous. Assume(M, G) isa soft open subset of (B,{2,G), then (M,G) N (B*,G*)is soft open in
subspace (B*,02%,G") andso Huugy € int(Hoy,6))"s then
Haug) N (Hg+ Eg+) € int(Haygy) 0 (Hge, Ep). This (Hp Es) e =
Hug N (Hp, Eg) € (Hp*, Eg*)(m,6) C int((Hp+, Ep+) N (H,e)) = int((Hp, Eg-)m,6))*- This we
have that (Hg+, Eg*)(m,c) is S.I-open of(Hp+, Ep+,Ig+). This shows that Pg«(fy) is S.I-continuous,
then(Hg+, T5+, Ep+, I5+)is F.W.S.I-topological space.

Proposition 2.7.Assume that (H,t, E,I) is F.W.S. I-topological space over (B, {2, G)and for all member
(H;, E;) of a soft open covering of (H,t,E). Then (H;g* E;p~,I;g~) is F.W.S.I-topological spaces
over(B*, %, G*) for each open subspace (B*, 2*,G*)of (B,0,G).

Proof.The proof is like to previous proposition.

Definition 2.8. Let ¢ : (H,7,E,I) = (K,0,L,]) be a function ¢ is called soft near irresolute(briefly, S. j-
I-irresolute) if the inverse image of soft j-I-open set in K is soft j-I-open in H, where j € {a, S, P, b, B}.
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Definition 2.9.A F.W.S.I-topological space (H,1,E,I) over (B,2,G,]) is called fibrewise soft near ideal
irresolute (briefly, F.W.S. I-irresolute ) if the projection Py is soft j-I-irresolute where j € {a, S, P, b, £}.
Proposition 2.10.Let (H, 7, E, I) be a F.W.S.I-topological space over (B, 2, G) and (Hy,6)*) € (Hm,6))"
for each soft subset (M, G)of (B, 2, G). Then (H, 1, E,I) is F.W.S.I-irresolute.

Proof. Suppose that (H,t,E,I) is F.W.S.I-topological space over (B,f2,G), then there exist the
projection function Ppy, : (H,t,E, 1) » (B,1,G)is S.I-continuous. For proof (H,t,E,I) is F.W.S.I-
irresolute, then there exist the projection function Pr,, : (H,7,E,I) = (B,£,G,])is soft I-irresolute. Let
(M, G) be any S.I-open set of (B, {2, G,]). By lemma (1.13), we have (M, G)* = (int(M, G)*)*. Therefore,
we have H(M,G)*=H(int(M,G)*)*’SUCh (H(M,G))* c (Hint(M,G)*)*’ H(M,G) c Hint(M,G)*'SOH(M,G) is S.I—open
in (H, 7, E,I),then Py, is soft I-irresolute, thus (H, 7, E, I) is F.W.S.I-irresolute.

Remark 2.11.Assume that ¢ : (H,7,E,I) - (K,o0,L) is afibrewise soft ideal function and 1 :
(K,0,L,M) - (Z,9,C) is fibrewise soft ideal function, where (H,t,E,I),(K,0,L,M),(Z,9,C,N) are
F.W.S. I-topological space over (B, {2, G) thenthe composition ¢oyp : (H,7,E,I) = (Z,9,C) is need not
fibrewise soft ideal function, in general, like shown by the next example.

Example 2.12.Let H = Z = {hy, hy, h3}, K = {hy,hy,h3,h,}, B={a,b,c}, E=L=C = {e}, G = {g},
with soft topologies, 1 ={®,H,{(e,{D}.0 = {D,K,{(e,{hy,h3D}} 9=
{®,Z,{(e, {hs]}, {(e, {ha, hs D} = {®,B}.I = (D, {(e, {hsD}}, M = {®,{(e,{h, D}
Let(H,t,E,Dand (K,o0,L,M), (Z,9,C,N) is F.W.S.I-topological spaces over (B,2,G). Define the
identity functionffrom H, Z to B,letU be a identify function from E, CtoG and defineq : K - B,d : L —
G as: q(hy) = a, q(hy) = q(hy) = b, q(h3) = ¢, d(e) = g. Then the soft function Pyfyy: (H,7,E, 1) -
(B,1,G), Pgegay:(K,0,L,M) - (B,2,G) and P,: (Z,9,C,N) - (B, 2, G)are S.I-continuous. And
define identity function ¢ : (H,t,E,I) = (K,0,L), ¢ : (K,0,L,M) = (Z,9, C) define as: ¢(ﬁ15) = ElE’
zp(fzzl;) = 1[)(i~145) = EZE, v,b(i~135) = i~135 whereb € B. It clear that both ¢ and are S.I-continuous
function. However, the composition function ¢po is not S.I-continuous function because {(e, {h3})} is S.
open in (Z, 9, C), but (o) {(e, {h3}} = {(e,{h3})} is not S.I-open in (H, 1, E, I).

Proposition 2.13.Let ¢ : (H,7,E,I) — (K, 0, L)be a fibrewise soft function, where(K, o, L, M)aF.W.S.I-

topological space over (B, 2, G)and (H, 7, E, I) has the induced F.W.S. I-topology,the follow are hold:

(a) If ¢ is soft continuous and for each F.W.S. I-topological space (Z,y, C, N), a fibrewise soft function
Y:(Z,v,M,C) - (H,t,E) is S.I-continuousthenthe composition ¢ o:(Z,y,C,N) = (K,0,L) is
S.I-continuous.

(b) If ¢ is S.I-continuous and for each F.W.S. I-topological space (Z,y,C, N), a fibrewise soft function
Y:(Z,y,M,C) = (H,t,E,I) is soft I-irresolute then the composition ¢ o Y:(Z,y,C,N) = (K,q,L)
is S.I-continuous.

Proof.(a)Assume that 1 is S.I-continuous. LetZ € Zj, where b € B and (N, L) soft open set of (¢ o

V)(2) =k € K5 in (K, 0,L). becaused is soft continuous, d~*(N, L)is a soft open set containing (2) =

h € Hyin (H, 1, E). Because is S.I-continuous, themp~1(d1(N, L)) is a S.I-open set containing Z € Zj

in (Z,y,€) and ™1 (d"1(N, L)=(¢ o ) "1(N, L) is a S.I-open set containing Z € Zzin (Z,v, C, N).

(b)The proof is similar to the proof of (a).

3.Fibrewise Soft Ideal Closed and Soft Ideal Open Topological Spaces.
During this part, we explain the ideas of fibrewise soft ideal closed, soft ideal open topological spaces.
Several topological properties on the obtained concepts are studied.

Definition 3.1.A function¢ : (H,1,E,I) = (K, 0, L) is called:

(a) Soft ideal open (briefly, S.I-open) function if the image of all S.I-open set in H is soft open set in K.

(b) Soft ideal closed (briefly, S. I-closed) function if the image of all S.I-closed set in H is soft closed set
inK.
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Definition 3.2. A F.W.S.I-topological space (H,t, E,I) over (B, {2, G) is called fibrewise soft ideal closed
(briefly, F.W.S. I-closed ) if the projection function is S. I-closed.

Definition 3.3. A F.W.S.I-topological space (H, 1, E,I) over (B, 2, G) is called fibrewise soft ideal open
(briefly, F.W.S. I-open) if the projection function is S.I-open.

F.W.S.I-open and F.W.S. open arethis two concepts are independent.

Example 3.4.Let (H,1,E,I) bea FW.S. I-topological space over (B, 2, G) given likethe following:H =
{h1, by}, E = {eg, e}t = {®,H,{(e, {h: 1)}, T ={®,{(er, (i)}, {(ez, {h)}, {(er, {11}), (e2, (R ]},
B = {a,b}, G = {g1,9:}. 2 = {®P,B,{(g1,{a})}, {(g2, {b}}, {(g1,{a}), (g2, {bD}}. Also, let f:H - B,
f(hi) = a, f(hy) = b, u:E - G, u(e;) = g1, u(ez) = gz. Then soft function Pr,:(H,7,E, 1) -
(B,0,G) is S. I-pen but is not S. open. Thus, (H,,E,I) is F.W.S. I-open but not F.W.S.open.

Example 3.5.Let (H, 7, E,I)be a F.W.S. I-topological space over(B,{2,G) given likethe following: H =
‘U}}»”}z}, E ={ey, ez}, T = {, H {(e1, (1), (e, {h2 D} I'=
{®,H,{(e1, th1 D}, {(e2, {h2 D}, {(e1, {1 ]), (€2, {h2 DY} B ={a,b}, G = {9192} 2=
(3,8, {(91, {a})}, (g2, (b))}, (g1, {a}), (g2, (BN} Also, let f:H — B, f(hy) = a, f(hy) = b, u: E -
G, u(e1) = g1, u(ez) = g,. Then soft function Pr,: (H,7,E,I) = (B,£,G) is S. open but is not S.I-open.
Thus, (H,t,E,I) is FW.S. I-open but not F.W.S. open.

Proposition 3.6.Assume that (H,7,E,I) is a F.W.S.I-open over (B, {2, G)then for each soft element in
(H,t,E) and each soft nbd(F, E)* of the soft element, there exists soft open of (B, {2, G) containing the
image of soft element such that soft open containing in image of soft nbd

Proof.Suppose that (H, 7, E, I) is F.W.S.I-open, then there exist the projectionfunctionPr, : (H,t,E,I) -
(B,2,G)is a S.I-open function. To proof for each soft element and each soft nbd(F,E) of the soft
element, there exists soft open of (B,(2,G) containing the image of soft element such that soft open
containing in image of soft nbd, since for each soft element h € H and each soft nbd(F, E)*ofh, then
there existsS.I-open(U, E)in (H,1,E) such that h € (U,E) € (F,E)*. Since Pryis S.I-open, (M,G) =
Py, (U, E) is soft open of (B, 2, G) and Py, (h) € (M, G) € P, (F,E)*.

Proposition 3.7.Let (H,t,E,I) be a F.W.S. I-topological space over (B, (2, G). then(H,t,E,I) is F.W.S.
I-open (res. F.W.S.I-closed) if and for all fibre soft (Hj, Ej)of (H,7,E) and all S.I-open (res. S.I-
open)subset (F,E) of (Hz, Ej) in (H,7,E), there is a softopen (soft closed) subset (F,G) of bwhere
(HEe) Ere) © (FE).

Proof.(=)Suppose that (H,t,E,I) is F.W.S.I-open (res. F.W.S.I-closed) then there existthe projection
functionPy,, : (H,7,E,I) » (B,£,G) isS.I-open(res. soft I-closed). Now, let b€B and (F,E)S.I-
open(res. soft I-closed)subset of (Hj, Ej) in (H,7,E), then (H,E) _(F,E) is soft I-closed (res. S.I-open)
in (H,7,E), this implies Pr, ((H,E) — (F,E)) issoft open (res. soft closed) in (B,{,E), let (F,G) =
(B,G) — Pry((H,E) — (F,E)), then (F,G)a soft open (res. soft closed) subset of b in
(B'QtG)and(H(F,E)tE(F,E)) = H(F,G) = (H,E) - H(Pfu((H,E)—(F,E)) C (F,E).

(<)Suppose that the assumption hold and there exist the projection functionPr, : (H,7,E,1) - (B,Q,G)
is soft I-closed. Now, let (F, C) be a S. I-closed subset of (H, T, E,I) and b€ (B,G) — Pgy (F,C) and each
S.I-open set (F, E) of fibre soft (Hg, E5) in (H,t,E,I). By assumption we have a soft open (F,G ) of b
such that (Hr ), E(r,g)) € (F,E). It is easy to show that (F,G) € (B, G) — P, (F, C),hence (B,G) —
Ps, (F, C) is soft open in ( B, {2, G) and this implies Py, (F, C) is softclosed in (B, {2, G) and Pf,, is soft I-
closed.Thus, (H, 1, E, I)is F.W.S. I-closed. For a S.I-open function, we can prove similarly.
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Proposition 3.8.Assume thatd : (H,7,E,I) - (K,0,L)is a fibrewise S.I-open function, where
(K,0,L, M)a F.W.S.I-topological space over (B,£,G)) and (H,t,E,I) has the induced F.W.S. I-
topologyand for each F.W.S. I-topological space (Z,y, C,N), a fibrewise soft function y: (Z,y,C,N) —
(H,t, E) is S.I-open then the composition ¢ o : (Z,y,C,N) = (K, 0, L) is S.I-open.

Proof.Assume that 1 is S.I-open. Let Z € Z;, where b € B and (N, L)S I-open set in (Z, ¥, C, N). Since ¥
is S.J-open, Y(N,L) is a soft open set containing (%) = h € H in (H,T,E). Becaused is S.I-open,
themp(dp(N,L)) is a soft open set containing (doy)(Z)=k€K; in (K,0,L) and
Y(d(N, L)=(poyp)(N, L) is a soft open set containing k € Kzin (K, 0, L).

4. Fibrewise soft near ideal topological spaces

Definition 4.1.The F.W.S.I-topological space (H,t,E,I) over (B,{2,G) is named fibrewise soft near I-
compact (briefly, F.W.S. j-I-compact) if the soft ideal topological space (H, T, E,I) is soft j-I-compact,
where € {a, S, P, b, }.

Remark 4.2.In F.W.S.I-topological space we work over at soft topological base space B, say. When B is
a point-space the theory reduces to that of ordinary soft topology. A F.W.S.I-topological (resp., S.j-I-
topological) space over B is just a soft ideal topological (resp., S. j-I-topological) space H together with a
soft ideal continuous (resp., S.j-I-continuous) the projectionfunctionPy, : (H,,E,I) - (B,£2,G). So the
implication between F.W.S.I-topological spaces and the families of F.W.S.j-I-topological spaces are
given in the following diagram where j € {a,S,P, b, 8}.

F.W.S.I-topological space
4
F.W.S.a-I-topological space = F.W.S. S-I-topological space
4y
F.W.S. P-I-topological space =F.W.S.b-I-topological space = F.W.S. B-I-topological space.

Example 4.3.Let (H,t,E,I) be a F.W.S. I-topological space over (B,2,G) given like the following
tH = {hy,hy, hs, by}, E = {e}, ©={® H {(e {hiD}le, {h2D}{(e, {hy, ho 1}, {(e, {hy, hoy haD}Y, 1=
{@,{(e,{h: )}, {(e, {hsD} {(e, {h1, hsD}}, B ={a,b,c,d}, G = {g}, 2 ={P, B, {(g. {a,b})}}. Also, let
ftH-B, f(hy) = a, f(hy) = b,f(h;) =c,f(hy) =du:E - G, u(e) =g. Then the soft function
Pry: (H,t,E, 1) - (B, 0, G) is S.a-I-continuous but is not S.I-continuous. Thus, (H, 7, E,I) is F.W.S.a-I-
topological space but not F.W.S.I-topological space.

Example 4.4.Let (H,7,E,I) be a F.W.S. I-topological space over (B, {2, G) given like the following : H =
{hhohs, by}, E=fe),  ©={(®,8,{( ()}, (ho)hiCe, (e, o))}, {Ce, Uy, iy, haDY), 1=
{¢!{(e' {hl})}l{(er {h3})}:{(ev {hllhB})}}’ B = {a' b! ¢ d}’ G = {g}’ 0N ={<D’ B’ {(g’ {a' b})}} AISO, let
f:H->B, f(hy) = a, f(hy) = b, f(hs) =c,f(h,) =d,u:E - G, u(e) =g. Then the soft function
Pry: (H,t,E, I) - (B,2,G) is S.a-I-continuous but is not S.I-continuous. Thus, (H,t,E,I) is FW.S.a-
I-topological space but not F.W.S.I-topological space.

Example 4.5.Let (H,7,E,I) be a F.W.S. I-topological space over (B, £, G) given like the following : H =
{}];1' hZ' h3, h4}’ E= {e}’ T= {5' H’{(e' {hl})}v{(e' {hZI h3})}, {Se;;{hlp hZ' h3})}}’ I =
{(1), {(e, {hl})}' {(e' {h4})}, {(er {hlJ h4})}}’ B = {Cl, b' G d}’ G = {g}’ 0 ={d)> B7 {(97 {a, b! d})}} AlSO,
let f:H—-B, f(hy)=a, f(hy)=b, f(hs) =c,f(hy) =d,u:E — G, u(e) =g. Then the soft function
Pry: (H,t,E, I) - (B,2,G) is S.P-I-continuous but is not S.a-I-continuous. Thus, (H,t,E,I) is
F.W.S.P-I-topological space but not F.W.S.a-I-topological space.
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Example 4.6.Let (H, 7, E,I) be a F.W.S. I-topological space over (B, {2, G) given like the following : H =
{El!h2'h3'h4}’ E= {e}’ T= {@" H’{(e' {hz})},{(e, {hl,hg})},{(g, {ﬂ1'h21h3})}}’ I =
{(D, {(e: {hl})}, {(e, {h4})}, {(ev {h1: h4})}}7 B = {a' b' G d}’ G = {g}’ 0= {(D, B' {(g' {a' b: d})}} AISO,
let f:H—->B, f(hy)=a, f(h,)=b, f(h;) =c,f(hy) =d,u:E — G, u(e) =g. Then the soft function
Pry: (H,t,E, I) - (B,2,G) is S. S-I-continuous but is not S.a-I-continuous. Thus, (H,t,E,I) is
F.W.S.S-I-topological space but not F.W.S.a-I-topological space.

Example 4.7.Let (H, 7, E,I) be a F.W.S. I-topological space over (B, {2, G) given like the following : H =
{hi, ha hs b}, E ={e}, ©=1{®H{(e,{hPhile {haD}{(e, {hy, haD}}, T ={P {(e,{h:s)H}}.B =
{a.bc.d}, G={g}, 2=(®. B, {(g.{a,d}}.{(g,{aD}.{(g, {dD}). Also, let f:H B, f(hy) = d,
f(hy) = b, f(h3) =d,f(hy) =bu:E -G, u(e) =g. Then the soft function Pr,:(H,7,E, I) -
(B,2,G) is S.b-I-continuous but is not S. P-I-continuous. Thus, (H,t,E,I) is F.W.S.b-I-topological
space but not F.W.S.P-I-topological space.

Example 4.8.Let (H, 7, E,I) be a F.W.S.I-topological space over (B, (2, ) given like the following : H =
{h1,ha, ha}, E = {e}, T = {®,H,{(e, {h1, o D}}}, I={P, {(e, {h3})}}. B = {a,b,c}, G = {g}, 2 ={®, B,
{(g, {a,b})}}. Also, let f:H - B, f(hy) = a, f(hy) =c, f(h3) =bu: E - G, u(e) =g. Then the soft
function Pry: (H,t,E, I) > (B,22,G) is soft b-I-continuous but is not soft S-I-continuous. Thus,
(H,t,E, 1) is F.W.S.b-I-topological space but not F.W.S.S-I-topological space.

Proposition 4.9. Let ¢ : (H,7,E,I) - (K,0,L)be a fibrewise soft ideal function, where(K, g, L, M)a
F.W.S j-I-topological space over(B, {2, G) and(H, 7, E,I) has the induced F.W.S j-I-topology. If  is soft
continuous and for each F.W.S. j-I-topological space (Z,y,C,N), a fibrewise soft function  :
(Z,v,M,C) = (H,1,E) is soft j-I-continuous then the composition ¢ o Y: (Z,y,C,N) = (K, a,L) is soft
j-I-continuous, where j € {a, S, P, b, 8}.

Proof .The proof is similar to that of Theorem 2.12.(a).

Proposition 4.10. Let(H,7,E,I) be a F.W.Sj-I-topological space over (B,f,G). Then
(Hg*,tg*, Eg,I15+) is F.W.S. j-I-topological space over (B*,02*,G*) for each open subspace
(B*,02%,G"of (B, 2,G), where j € {a,S,P, b, 8}.
Proof.The proof is similar to that of Theorem 2.6.

Proposition 4.11.Assume that (H, 7, E, I) is F.W.S.j-I-topological space over (B, £2, ¢) if and only if the
graph soft function g: (H,t,E) = (H,t,E) X (B, 2, G), defined by g(fl) = (fl,f(fl)), for everyh € H, is
S. j-I-continuous, where j € {a, S, P, b, 5}.

Proof.The proof is similar to that of Theorem 2.5.

Proposition 4.12.Let ¢ : (H,7,E,I) » (K,0,L,M)be aS.j-I-irresolute fibrewisesurjective, where
(H,7,E,I) and (K,o,L,M) are F.W.S.I-topological spaces over (B,f,G).If (H,1,E,I)is F.W.S j-I-
compact then (K, g, L, M) is so, where j € {a,S, P, b, B}.

Proof.Let ¢ : (H,1,E,I) - (K,0,L,M) be a S. j-l-irresoluteand (H, 7, E,I) is F.W.S.j-I-compact,then
there exist the projection functionPy sy : (H, 7, E,I) = (B,, G) is S. j-I-compact. For proof (K, g, L, M)
is F.W.S j-I-compacti.e., the projection functionPg4q) * (K,0,L,) = (B,{2,G) is S.j-I-compact, since let
{(W;,E;):i € A} an S.I-open cover of K, where b € B. Then ¢~ {(W;, E;): i € A} is S.I-open cover of
Hj, whereb € B. There exists from the hypothesis a finite subset A, of Asuch that H —
U{d7* (W, ED:i € Ay} € 1. Thus, & {H —U {¢~*(W;, E): i € Ay} € Jwhich explains that is Pyqqy soft
j-I-compact. Thus (K, g, L, M)F.W.S.j-I-compact, where j € {a, S, P, b, B}.
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Definition 4.13 The F.W.S. topological space (H,t, E,I) over(B, £, G) is called fibrewise soft near ideal
connected (briefly F.W.S. j-I-connected) if H f,wheref) € Bis not the union of two disjoint non-empty S.j-
I-open sets of (H, 1, E, I),wherej € {a,S, P, b, B}.

Proposition 4.14.Assume that ¢ : (H,1,E,I) = (K,0,L,M) isaS.j-I-irresolute fibrewise surjection
function, when (H, t,E, ) also (K, 0, L, M) are F.W.S. topological spaces over (B,,G). If (H,t,E,I) is
F.W.S. j-I-connected then so is (K, g, L, M), where j € {a,S,P, b, 5}.

Proof.Let (K,o,L,M) be a F.W.S.I-topological space over (B,f2,G), then there existthe projection
function Pg(qqy ¢ (K,0,L,M) - (B,£2,G) is S.I-continuous. To proof (K,o,L,M) is F.W.Sj-I-
connected, Suppose that (K, g, L, M) is not F.W.S j-I-connected, then there exist non-empty disjoint S.j-I-
open subset (F,L), (G,L) of (K,o,L, M) such that (F,L) U (G,L) = Kz, where b € B. Since ¢ is soft j-I-
irresolute, we have ¢ 1(F,L), & '(G,L) are non-empty disjoint in (H,T,E,I).
Moreover,d™1(F,L) U d~1(G, L) = Hg. This shows that (H, 7, E,I) is not F.W.S.j-I-connected. This is a
contradiction and hence (K, g, L, M) is F.W.S j-I-connected, where j € {a, S, P, b, }.
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