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Abstract. Fibrewise topological spaces theory is a relatively new branch of mathematics,
less than three decades old, arisen from algebraic topology. It is a highly useful tool and
played a pivota role in homotopy theory. Fibrewise topological spaces theory has a broad
range of applications in many sorts of mathematical study such as Lie groups, differential
geometry and dynamical systems theory. Moreover, one of the main objects, which is
considered in fibrewise topological spaces theory is connectedness. In this regard, we of the
present study introduce the concept of connected fibrewise topological spaces and study
their main results.

1- Introduction

Fibrewise topological space is today one of most rapidly expanding areas of mathematical thought.

A fertile ground for the growth of fibrewise topological spaces is provided by general topology and
algebraic topology. Although it has numerous applications in different fields of mathematics like
differential geometry and much else. The magnificent definition of fibreweise compact-open topol ogy
with fibrewise mapping space was given by Booth and Brown [1, 2] in 1978. In 1982, Niefield [3]
confined that the fibrewise space and base space are uniforms. Furthermore, the condition of Niefield
was weakened to the usua topological space by James [4] in 1985. A new erain theory of fibrewise
has been developing due to work of James [5] in 1989, in his book entitled "Fibrewise Topology",
which summarized the fundamental results of the past. Moreover, the book titled "Fibrewise
Homotopy Theory" was written by James and Crabb [6] in 1998, that further enhanced the fibrewise
topology space theory. In literature [7, 8], Yousif studied fibrewise weakly continuous functions, and
introduced some result on fibrewise Lindelof and locally Lindelof topological spaces. Recently
fibrewise topological spaces theory has been attracted and widely used by the group of researcherslike
Hussain [9] and Ghafil [10].
On the other hand, one of the main object considered ingeneral topology is connectedness and it has
been studied by many investigators like Mohammed [11], Dasgupta and Chakrabarti [12], and so on.
However, the connectedness of fibrewise topology spaces, in general, is still an open problem. For this
reason, our interest in this paper is to introduce the concept of connected fibrewise topological spaces
and study their properties.

The outline of the paper is as follows. In Section 1, a brief introduction is given. Some main
definitions are provided in Section 2. The main results of the paper are in Section 3, where the concept
of connected fibrewise topological spaces is introduced. Furthermore, we prove several propositions
concerning with this concept.
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2- Preliminaries

In this section, we review some relevant definitions and set up the terminology, which are provided in
James [5], to be used throughout the present study.

Let H be abase set, then afibrewise set over B isaset X equipped with aprojectionmapp : X - H.
Forany b € H,thesubset X, = p~!(&) of X iscalled the fibre over k. It is worthy of note that the
subspace of X is afibrewise space over B, when the map p isrestricted.

Definition 2.1. A map & between two fibrewise sets X, with projection p, and ¥, with projection g,
over H isknown asfibrewiseif g o & = p.

It hasto be noted from Definition 2.1 that the set 6(X;,) isasubset of ¥, VE € B.

Definition 2.2. Let X be afibrewise set over H such that B is atopological space. The topology on X is
called fibrewise topology if the projection map g is continuous.

Definition 2.3. A fibrewise function & between two fibrewise topological spaces X and Y over H is
said to be continuousiif, for each x € X, suchthat & € H, 67*(V ) isan open set of x for each open
set ¥ of 6(x)inY.

In the sequel of this paper, the closure, the interior and the boundary of a set A are denoted by ¢ (4),
i1 (A) and £(A), respectively.

3- Connected Fibrewise Topological Spaces

Connectedness is one of the main topological notions and very exciting research that takes place in
general topology. In this regards, the present section concentrates on defining the concept of
connectedness on fibrewise topology spaces and studying their properties. Now, we begin with the
following definition.

Definition 3.1. A fibrewise topological space X over H is called connected fibrewise topological space
if for each two points x and v in X, wherethat & € H, X cannot be represented by the union of
two digoint nonempty, open subsets of X, say 4 and ¥ , wherex € U and ¥ € . Otherwise, X is
said to be disconnected fibrewise topologica space.

To develop abetter understanding about this definition, we provide the following example.

Example 3.1. Consider X = {a, b, ¢,d} with topology 15 = {X,0,{a},{c}, {ac}}on X, and H =
X withty = {,0, {a}]. Define a projection function p: X > B by p(a) = p(c) = a and
p(b) = p(d) = b

Observe that the projection function is continuous since the inverse of each member of 1, on H isa
member of T, on X. On other hand, the space X is a connected fibrewise topological space since for
each two points x and v in X;,, where & € H, thereis no two digoint open, nonempty subsets of X,
say U and

F,wherex € U,y € ¥,andX = LUUVF.

The next theorem illustrates that fibrewise connectednessis a property which is preserved by fibrewise
continuous function.
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Theorem 3.1. Suppose # is a surjective fibrewise continuous function from a connected fibrewise
topologica space X onto a fibrewise topological space ¥. Then ¥ is connected fibrewise topological
space.

Proof. Let x; and x, be two pointsin X, where & € H. Since # is a fibrewise function, there exist
two points ¥, and y, in ¥, such that ¥; = (x;) and v, = (x,). By way of contradiction, assume ¥ be
a disconnected fibrewise topological space. Consequently, ¥ can be represented by the union of two
proper disoint and open subsetsin ¥ , say U and ¥ , wherey, € U, y, € V.

Hence, x, € 6~ Y(U)) and x, € 6~ *(¥) because of & is a fibrewise continuous function. Moreover,
6-1(U), 671 (V) aretwo digoint open, nonempty subsetsin X. Asaresult, X = 6 (L) U 6 1 (¥) is
a disconnected fibrewise topological space, which is a contradiction. Therefore, ¥ is a connected
fibrewise topological space.

The following theorem gives some criteria for the connectedness of fibrewise topology spaces.

Theorem 3.2. Suppose X is any connected fibrewise topologica space. Then the following statements
are equivalent.

(1) X isaconnected fibrewise topological space.

(2) X cannot represented by the union of two digoint nonempty, closed subsets in X, say F; and ¥,
wherex € ¥y, ¥ € Iy, Vx, v € X},

(3) Thereisno clopen subset in X, say 4, wherex € Aandy € A° ,foreachxandy € X, b € H.
(4) If A beany proper subset of X suchthat x € Aand ¥y € A% Vx, ¥ € X, then the boundary of A4
IS nonempty Set.

Proof. Statement (1) implies statement (Z). Suppose X = I, U I, , where F; and F, are digoint
closed, nonempty subsets of X and x € ¥, y € I,, Vx, ¥ € X;,, b € H. However, F, = F{ and
F, = Iy areaso open subsetsin X. Hence X is not connected fibrewise, which is a contradiction.

Statement (2) implies statement (3). Suppose A is a proper and clopen subset of X, wherex € Aand
y € A5,Vx, vy € X, b € B . However, 4 isneither X nor @. Then A° is also proper clopen subset of
X.ThusX = AU A% contradicting (2).

Statement (3) implies statement (4). If A is a proper subset in X such that x € 4 and y € A%,
xy €X, ,beBadiA) =0 thenc(A) =10 (4)Ub(A), wehavec (A = i1 (A). On the
other hand, i1 (4) € Aand 4 c ¢ (4),andhenced = i1 (4) = c (A). Thus 4 is clopen subset,
whichis

acontradiction.

Statement (4) implies statement (1). Suppose X is represented by the union of two digoint open,
nonempty subsets of X, say, Il and V¥, wherex € U, y € V¥,

Vx,v €X, B € B.ThenUand V arealso closed. Therefore, 4 = i1 (4)

= ¢ (A). However, 5(A) = ¢ (A) — i1 (A); hence £(A) = @, acontradiction

of (4).

Proposition 3.1. The fibrewise topological space X is connected if and only if there is no fibrewise
continuous function from X onto ¥, where ¥ = {0,1} and has a discrete topology.
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Proof. =) Suppose there is a fibrewise continuous function from X onto ¥. Then since X is a
connected fibrewise, ¥ must be also (by Theorem 3.1), which is not the case.

&) Suppose X is a disconnected fibrewise. Thus, X can be written as the union of two digoint open,
nonempty subsets of X, say Uand V¥ , wherex € U, y € ¥, Vx, ¥ € X, & € B. Define8: X - ¥
by () = 0,ifz € U,and(z) = 1,ifz € V. Thenx €e 67 ({0) =0 andy € 671 ({1}) = V.
Henceé is

afibrewise continuous function, which is a contradiction.

4 - Connectedness of Fibrewise Subspaces

In this section we define connected fibrewise subspace and investigate criteria for determining if a
subspace is connected fibrewise.

Definition 4.1. Let X be a fibrewise topological space. The fibrewise subspace 4 in X is caled
connected fibrewise topological subspace if for each two points x and ¥ in X, where b € H, 4 can
not represented by the union of two digoint open, nonempty subsets of 4, say U/, and L1, such that
x€elyandy € L.

Otherwise, 4 is said to be disconnected fibrewise topological subspace.

Arbitrary fibrewise subspaces of connected fibrewise spaces need not be connected fibrewise as
shown in the following example. Accordingly, the connectedness of fibrewise is not a hereditary

property.

Example 4.1. Let (X,1y), (H,14), and p be a connected fibrewise topological space, fibrewise
topological base space and projection function, respectively, as in Example 3.1. Now let ¥ = {a, c}
with topology 1, = {¥, 0, {a},{c}, {ac}} be a Fibrewise topological subspace of X. We notice that ¥
is disconnected fibrewise subspace of X since there exist two pointsa and ¢ in X, wherea € H, and
two digoint open, nonempty subsets of A, {a} and {c}, suichthat a € {a}, ¢ € {¢} and ¥ ={a} U
{c}. However, X is connected fibrewise space. Thus the connectedness of fibrewise is not a hereditary
property.

Proposition 4.1. Suppose X is a fibrewise topological space and can be represented by the union of
two digoint nonempty, open subsets of X, say U/ and V. Let A be a connected fibrewise topological
subspaceof X and x € Un A,y € ¥ n A4 for each two points x and v in X;,, where b € H. Then
eitherAc UorAcV.

Proof. If UNnA=0,Fnd=0then UnAand ¥ N A are nonempty, digoint subsets of A which are
openin 4. However,

A=Una)n¥na;

Thus A4 is not connected fibrewise. Therefore, either i N A = @, andhence A c ¥For ¥ n A= ¢ and
hence 4 c L.

Definition 4.2. Let X be a fibrewise topological space. The two nonempty subsets 5§ and T of X are
called fibrewise-separated sets if and only if for each two points x and ¥ in X, wherek € H,
x €S yel,andSnc(M=cE&)nT =0.

The following proposition gives a criterion for determining whether or not a subspace of a given space
is connected fibrewise.
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Proposition 4.2. Let X be afibrewise space. Then afibrewise subspace A of X is connected fibrewise
if and only if A cannot expressed as the union of two fibrewise-separated sets.

Proof. =) If 4 is disconnected fibrewise, then 4 can be represented by the union of two digoint,
nonempty subsets of A4, say 5§ and T, which are clopenin A. Moreover, x € 5,y € 1,5 nc (1) =
@ and ¢ (5)nT =@, for eachtwo pointsx and v in X;,, where b € H. Suppose

x €ESnc(h

ThensinceS5c A, x e Anc(T)=c (T)inA. Therefore, x €5 NT =0
acontradiction. ThenS nc (1) =@ andsmilarlyc () n'T = 0.

&)Suppose that 4 =5 U T, where S Nnec (@) = c(E)NT =0, and x € §, y € T,Vx,p €
Xy, B € H. Then

c(®ind =4n c (S
=@Eul)nc (S
=5upg=09

Therefore § isclosed in A; similary, T isclosed in A. Hence, 4 is disconnected fibrewise.

Proposition 4.3. Suppose 4 is a connected fibrewise subspace of fibrewise space X with
Ac¥Ycc(d
Then ¥ is also a connected fibrewise subspace of X.

Proof. Let ¥ be a disconnected fibrewise. Thus, ¥ = SuU T, where § and T are fibrewise-separated
(Proposition 4.2). Since A is connected fibrewise, either 4 ¢ § or 4 c T. Supposed cC S.
Then ¢ (A) c ¢ (5). Hence, ¥ c ¢ (A) < ¢ (5). However, ¥ = 5U T, then T c ¢ (§). Since
Tn ¢ (5 =0, wehavearrived at a contradiction. Therefore ¥ is connected fibrewise.
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