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This paper is devoted to introduce weak and strong forms
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1. Introduction and Preliminaries.

In order to began the category in the classification of fibrewise (shortly., fw) sets on a
given set, named the base set, which say B. A fw set on B consist of a set M with a function
p: M — B that is named the projection(shortly., proj.). The fibre over b for every point b of
B is the subset M, = p~1(b) of M. Perhaps, fibre will be empty because we do not require p
is surjective, also, for every subset B* of B we considered Mg« = p *(B*) as a fw set over B*
with the projection determined by p. The concept of fuzzy sets was introduced by Zadeh [18].
The idea of fuzzy topological spaces was introduced by Chang [6]. The concept of fuzzyw-
continuity, fuzzy almost w-continuous and fuzzy weakly w-continuous in topological spaces
was introduced by Gazwan [1]. In this paper, we introduce and study seven weak and strong
forms of fibrewise fuzzy topological spaces, called fibrewise fuzzy w-topological spaces,
fibrewise fuzzy almost w-topological spaces, fibrewise fuzzy almost weakly - topological
spaces, fibrewise fuzzy weakly 6-w-topological spaces, fibrewise fuzzy 6-w-topological
spaces, fibrewise fuzzy strongly 8-w- topological spaces and fibrewise fuzzy almost strongly
w- topological spaces, we study their basic properties and we shall discuss relationships
between weakly fibrewise fuzzy 6-w-topological spaces and strongly fibrewise fuzzy 6-w-
topological spaces, we built on some of the result in [3,4,15,16,17].

Definition 1.1. [8] A mappingd : M — N, where M and N are FW sets over B, with proj.’s
pu:M — Bandpy:N — B, issaid to be FW mapping (written as FW-M) if py o 9 =
pm, Or 9(M,) < N,, forall pointb € B.

Observe that a FW-M 9 : M — N over B limited by restriction, a FW-M 9 : Mg« =
Ny~ over B* for all subset B* < B.

Definition 1.2. [8] The fibrewise topology (written as FWT) on a FW set M over a
topological space (B, o) signify any topology on M for which the proj. p is continuous
(written as FWTS).

Definition 1.3. [8] Let M and N be FWTS's over B, the FW-M 9 : M — N is said to be:
(a) continuous if b € B and for all point m € M,, the pre image of all open set of
J(m) is an open set of m.
(b) openif b € B and for all point m € M,, the image of all open set of m is an open
set of 9(m).

Definition 1.4. [8] The FWTS (M, t) over (B, o) is said to be:
(@) FW closed (written as FWC) if the proj. p is closed mapping.
(b) FW open (written as FWO) if the proj. p is open mapping.

Definition 1.5. [18] assume that M is a nonempty set, a fuzzy set u in M is a mapping
Xu: M —— I where I is the closed unite interval [0, 1] which is written as:

u:{(m,)(ﬂ(m)): meM,O0 S)(“(m) <1},
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The family of each fuzzy subsets in M will be symbol by I thus is I™ ={u: u is fuzzy subset
of u} and x, is called the membership function.

Example 1.6. [12] We will suppose a possible membership function for the fuzzy set of real
numbers close to zero as follows, y,: R ——[0,1], where

1
)(“(m) = m, Yme R

Xu(m)

Figure -1

Definition 1.7. [18] A fuzzy set in M is empty denoted by 0,,, if its membership function is
identically the zero function, i.e.,
0,:M - [0,1] s.t0,(m) =0 vm € M.

Definition 1.8. [18] A universal fuzzy set in M, denoted by 1
iﬂ(m) =1Vme M.

w 1s a fuzzy set defined as

Definition 1.9. [18] Let u, A € IM. A fuzzy set u is a subset of an fuzzy set A, denoted by
u < Aiff u(m) < A(m), vm € M.
Two fuzzy sets u and A are said to be equal (A = p) if A(m) = u(m), vm € M.

Definition 1.10. [18] Let A and u be fuzzy sets in M. Then, for all m € M,
Y = AV pu o P(m) = max {A(m), u(m)},
d =AAu e 6(m) = min{A(m),u(m)},

n =1 ngim) =1 - A(m).

More generally, for a family A = {4; | i € I} of fuzzy sets in M, the union ¢ =V; 4; and

intersection § =A; A; are defined by

Y(x) = sup; {A;(m) |m € M},

6(x) = inf; {6;(m) | m e M}.

Definition 1.11. [6] A fuzzy topology is a family = of fuzzy sets in M, which satisfies the
following conditions:
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(@ 0,1€r7;

(b) fA, u€er, thusiAu€ET

(c) Ifziecforalliel, thusvil€er.
(M, 7) is said to be fuzzy topological spaces and each member of z is named fuzzy open set on
M and its complement is fuzzy closed set.

Definition 1.12. [10] A fuzzy set on M is named a fuzzy point iff it takes the value 0 for each
y € M except one, say, m € M. If its value at m isr (0 < r < 1) we denote thus fuzzy point
by m,., when the point m is named its support.

Definition 1.13. [6,14] Let u be a fuzzy set and let(M, 7) be a fuzzy topological space. u is a
fuzzy neighborhood of a fuzzy point m,. if there exist a fuzzy open set v since r < v(m) <
u(m), vme M.

Definition 1.14. [6] assume that (M, 1) is a fuzzy topological space as well u € IM. The fuzzy
closure (fuzzy interior) of A is symbol by cl(u) (int(u)) is defined by:

clw)=n{Aer, u<a}

int(u) =V {¢§ €7 {<u}.
Evidently, cl((u) (resp., int(u)) is the smallest fuzzy closed (resp., largest fuzzy open) subset
of M which contains (resp., contained in ) u. Note that u is fuzzy closed ( fuzzy open) iff u =

cl(u) (resp., int(u)).

Definition 1.15. [6] assume that f : M —N is a mapping. For a fuzzy set # in N and
membership function g(n). The inverse image of £ under f is the fuzzy set f * (8) in M with
membership function is denoted by the rule:
f2@B)(m) = Br(m)), vm M. (1)
For a fuzzy set 1 in M, the image of Z under f is the fuzzy set f(4) in B with membership
function f(1)(n), n € N is given by

~ SUP ety {(AM)}, if 1 (n) nonempty,
f () ()= (2
-0 otherwise.

Definition 1.16. [2] Assume that m,. is a fuzzy point and u a fuzzy set in M. Then m,. is said
to be in u or (belong to i) or (m, contentin u ) denoted m, e w if and only if r < u(m), for
alme M

Definition 1.17. [9,19] The set {m:m € M,u(m) > 0} is called the support of u and is
denoted by Supp(u)
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Definition 1.18. [10] A fuzzy point m, is said to be quasi-coincident with u denoted by
m,qu if there exist m € M such that r + u(m) > 1, if m, is not quasi coincident with ,
thenr + u(m) < 1 vm € M and denoted by m, Gu.

Definition 1.19. [10] A fuzzy set u in (M, 1) is called a "Q-neighborhood of m, " iff 3v € T
such that myqv < pu.
The family of all Q-nbhd's of m, is called the system of Q- nbhd's of m;.

Definition 1.20. [2] Fuzzy regular space if for each fuzzy point m, in M and each fuzzy
closed set F with m.GF there exists fuzzy open u, A in M such that » < u(m) , F(m) <
A(m) VmeMand ugAl.

Definition 1.21. [11] A fuzzy set u is fuzzy 8-closed if u = cly(u) = {m, fuzzy point in
(M,7) : (cl (v)) q u, U is fuzzy open g-nbd. of m,.}. The complement of fuzzy 6-closed
called fuzzy 6-open set.

Definition 1.22. [14] Let u be a fuzzy set in a fuzzy topological space (M, ) is named a
fuzzy uncountable iff supp(u) is an uncountable subset of M.

Definition 1.23. [1] A fuzzy point m,. of a fuzzy topological space (M, ) is named a fuzzy
condensation point of u on M if min{u(m), A(m)}is fuzzy uncountable for each fuzzy open
set A containing m,. And the set of all fuzzy condensation point of u is denoted by Cond (u)

Definition 1.24. [1] A fuzzy subset u in a fuzzy topological space (M, 7) is called a fuzzy w-
closed set if it contains each its fuzzy condensation point. The complement fuzzy w-closed
sets are called fuzzy w-open sets. And the family of all fuzzy w-open (resp.fuzzy w-closed)
sets in a fuzzy topological space (M, 7) will be denoted by f.«w-open (resp. f. w-closed).

Definition 1.25. [1] Assume that u is a fuzzy set of a fuzzy topological space (M, 7) then The
w-closure of u is symbol by cl® (1) and known that by cl®u(m) = inf{ F(m) : F is a fuzzy
o-closed set in, (m) < F(m)}.

Definition 1.26.[1] For a fuzzy topological space (M, 1) is named a fuzzy o-regular space
when all fuzzy w-closed subset p in M so well a fuzzy point m, in M so that m, q u, there
exists two fuzzy -open sets A and v such that r < A(m), u(m) <v(m)and 1qv

Definition 1.27. [6] A mapping ¢: (M, 1) — (N, A) is said to be

(a) fuzzy continuous (briefly f. continuous) if the inverse image of every fuzzy open set of N
is a fuzzy open set in M.

(b) fuzzy open (briefly f. open) map if the image of every fuzzy open set of M is a fuzzy open
setin N.
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(c) fuzzy close (briefly f. close) map if the image of every fuzzy close set of M is a f. close
setin N.

Definition 1.28. [13] A mapping ¢:(M,t) =» (N,A) is said to be Fuzzy 6-continuous
(f.6.continuous, for short) if for each fuzzy point m in (M, 7) and each fuzzy open g-nbd. v
of ¢ (m), there exists fuzzy open g-nbd. 2« of m so that p(cl(«)) < cl(v).

Definition 1.29. [1] A mapping ¢: (M,7) — (N, A) is said to be

(a) Fuzzy w-continuous at a fuzzy point m € M when all fuzzy open subset A in N contains ¢(m)
there exists a fuzzy w-open subset u on M which contains m so that ¢(u) < 1 so well ¢ is
called fuzzy w-continuous if it is fuzzy ®-continuous at every fuzzy point.

(b) Fuzzy almost w-continuous at a fuzzy point m € M when all fuzzy open subset A in N contains
¢(m) there exists a fuzzy w-open subset 4 of M which contains m so that ¢(u) < int(cl(1)) so
well ¢ is named fuzzy almost w-continuous if it is fuzzy almost w-continuous at every fuzzy
point.

(c) Fuzzy weakly m-continuous at a fuzzy point m € M when all fuzzy open subset A in N contains
¢(m) there exists a fuzzy w-open subset 4 of M which contains m so that ¢(u) < cl(4) so well
¢ is named fuzzy w-continuous if it is fuzzy o-continuous at every fuzzy point.

2-  Weakly Fibrewise Fuzzy 8-w-Topological Spaces

In this section, we study the weakly fibrewise fuzzy 6-w-topological spaces and some
theorems concerning them.

First, we introduced the following definition.

Definition 2.1. A mapping ¢: (M, ) = (N, A) is said to be fuzzy almost weakly 6-w-continuous
(briefly, f. almost weakly 8-w-continuous) if in a fuzzy point m € M when all fuzzy open subset A in
N contains ¢(m) there exists a fuzzy w-open subset u of M which contains m so that ¢ (1) < cl(4) so
well ¢ is named fuzzy almost weakly w-continuous if its fuzzy almost weakly o-continuous at every
fuzzy point.

Definition 2.2. A mapping ¢: (M,7) — (N, A) is said to be fuzzy 6-w-continuous (briefly, f. 6-w-
continuous) at a fuzzy point m € M when all fuzzy open subset A in N contains ¢(m) there exists a
fuzzy w-open subset u of M which contains m so that ¢ (cl® (1)) < cl(4)) as well ¢ is named fuzzy
8-w-continuous if its fuzzy 6-w-continuous at every fuzzy point.

Definition 2.3. A fuzzy set A is fuzzy 8-w-closed if A = clg'(A) = {p fuzzy point in (X, 1) :
(cl® (U)) g A, U is fuzzy w-open g-nbd. of p}. The complement of fuzzy 6-w-closed called
fuzzy 6-w-open set.

Definition 2.4. A mapping ¢: (M, 1) — (N, A)is said to be fuzzy weakly 8-w-continuous (briefly, f.
weakly 8-w-continuous) if in a fuzzy point m € M when all fuzzy open subset A in N contains ¢(m)
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there exists a fuzzy 8-w-open subset u of M which contains m so that ¢(u) < cl(4) so well ¢ is
named fuzzy weakly 8-w-continuous if its fuzzy weakly 6-w-continuous at every fuzzy point.

Definition 2.5. Let (B,o0) be a fuzzy topological space the fibrewise fuzzy w-topological
spaces, fibrewise fuzzy almost weakly w-topological spaces, fibrewise fuzzy almost w-
topological spaces, fibrewise fuzzy weakly 8-w-topological spaces and fibrewise fuzzy 8-w-
topological spaces (briefly, FWF w-top. sp., FWF almost weakly w-top. sp., FWF almost w-
top. sp., FWF weakly 6-w-top. sp. and FWF 8-w-top. sp.) on a fibrewise set M over B mean
any fuzzy topology on M which of them the projection function p are fuzzy w-continuous,
fuzzy almost weakly w-continuous, fuzzy almost w-continuous, fuzzy weakly 6-w-
continuous and fuzzy 6-w-continuous  (briefly, f. w-continuous, f. almost weakly w-
continuous, f. almost w-continuous, f. weakly 6-w-continuous and f. 8-w-continuous).

Theorem 2.6. The FWF topological space (M, t) over (B,o) is FWF w-top. sp., then it is
FWF almost w-top. sp. .

Proof. Assume that (M, ) is a FWF w-top. sp. over (B, ¢), then the proj. p: (M, t) = (B, o)
f. w-continuous. It suffices to demonstrate that p is f. almost w-continuous. Assume that
m € M,; b € B and, u is a fuzzy open set contains p(m) in B. Since p is f. w-continuous,
there is a f. w-open set A containing m so that p(4) < u. Thus, int(u) < pand u < cl(p).
Then, int(n) < cl(n) and int(int(p) < int( cl(w)). It follows that, p (1) < int( cl(w)).
Therefore p(1) < int( cl(p)). So, p is f. almost w-continuous. Hence (M, t) is FWF almost
w-top. sp. .

We can prove the same way by used property of fuzzy interior and fuzzy closure set.

The converses does not hold as we show by the following examples:

Example 2.7. Let M = {a,b,c},B = {x,v,z}, T = {0,1, uy, Uy, 3} Where

#1 = {(a,0.1)}

tz = {(b,0.2)}

us = {(a, O.1),_(b_, 0.2)}

And leto = {0,1,4}, where 1= {(z,1)} be the fuzzy topologies on set M and B
respectively and let the projection function p: (M,7) — (B,0) be the fuzzy function as
p(a) = p(b) = p(c) = z. Let 1 ={(a,0.1)} fuzzy open in M and v = {(b,0.2)}. Then,
p(cl{(b,0.2)}) < cl{(a,0.1)} but p({(b,0.2)}) £ int(cl({(a,0.1)}. Then, (M, 7) is FWF 6-
w-top. sp. but not FWF almost w-top. sp. .

Example 2.8. Let M = {a,b,c},B = {x,y,z}, T = {0,1, uy, 5} Where

Uy = {(a,0.3),(b,0),(c,0.5)}

u; = {(a,0.7),(b,1),(c,0.5)}

And leto = {0,1,A}, where 2 = {(x,0), (y,0.3),(z,1)} be the fuzzy topologies on set M
and B respectively and let the projection function p: (M, 1) — (B, o) be the fuzzy function as
p(a) =y, p(b) = x, p(c) = z. Letn = {(a,0.5), (b,0.5), (c,0.5)} fuzzy 6-w-open in M and
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v ={(a,0),(b,0.3),(c,0.5)} is fuzzy open in B. Then, p(n) < cl(v) but p(cl(n)) £ cl(v).
Then, (M, 1) is FWF weakly 6-w-top. sp. but not FWF 8-w-top. sp. .

Example 2.9. In Example 2.6, (M, ) over (B,o) is a FWF weakly 8-w-top. sp., but is not
FWF w-top. sp.. Moreover, (M, t) over (B,a) is FWF weakly 6-w-top. sp., but is not FWF
almost w-top. sp.. Moreover, (M, t) over (B, o) is FWF almost weakly w-top. sp., but is not
FWF 6-w-top. sp., and not FWF w-top. sp.

Example 2.10. Let = {a,b}, B = {x,y}, T = {0,1, uy, tp, 3} Where

m = {(a,0.9),(b,0.7)}

u2 = {(a,1),(b,0.9)}

sz = {(a,0.11), (b, 0.31)}

And leto = {0,1,1}, where 2 = {(x,0.11), (y, 0.31)} be the fuzzy topologies on set M and
B respectively and let the projection function p: (M,t) — (B, o) be the fuzzy function as
p(a) =x, pb)=y. Let n={(a0.7),(b,04)} fuzzy w-open in M and
v ={(a,0.11), (b, 0.31)} is fuzzy open in B. Then, p(n) < int(cl(v)) but p(n)) £ v. Then,
(M, ) is FWF almost w-top. sp. but not FWF w-top. sp. . Moreover, (M, t) is FWF almost
weakly w-top. sp. but not FWF almost w-top. sp. .

Lemma 2.11. [1] A fuzzy topological space (M, 1) is fuzzy w-regular if and only if for all
fuzzy point m in M and all fuzzy w-open u containing m, there exists fuzzy w-open set A
suchthat m € 1 < cl®(1) < p.

Theorem 2.12. Let (M, ) be a fuzzy w-regular space. The FWF topological space (M, 1)
over (B, o) is FWF almost weakly w-top. sp., then it is FWF 6-w-top. sp. .

Proof. Let (M, 7) be a FWF almost weakly w-top. sp. over (B, o), then the proj. p: (M, 1) —
(B, o) f. almost weakly w-continuous. It suffices to demonstrate that p is f. 8-w-continuous.
Assume that m € My; b € B so well, u is a fuzzy open set containing p (m) in B. Since p is
f. almost weakly w-continuous, there exists is a f. w-open set A containing m such that
p(1) < cl(w). Because (M, ) is a fuzzy w-regular space, by Lemma 2.12, there is n fuzzy
w-open in My, b € Bsothatm en < cl®(n) < A. Therefore, p(cl®(n)) < cl(u). Then, p
is f. 8-w-continuous. Then (M, 7) is FWF 6-w-top. sp..

Corollary 2.13. Let (M, t) be an fuzzy w-regular space. The FWF topological space (M, 1)
over (B, o) is FWF almost weakly w-top. sp. if and only if it is FWF 6-w-top. sp. .

Theorem 2.14. Assume that ¢ : (M,t) — (N,A) is a f. w-continuous fibrewise surjection
function, when (M, t) so well (N,A) are FWF topological spaces on (B,a). If (N,A) is a
FWF almost weakly w-top. sp., then (M, 7) is so.

Proof: Assume that m € M,, b € B and A be a fuzzy open set containing p,,(m) in B , since
py is f. almost weakly w-continuous, there exists is a fuzzy open set u containing ¢(m) in
Ny, b € B such that py(u) < cl(). Since ¢ is f. w-continuous, then for each m € M,,
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b € B and each fuzzy open set u of $(m) = n € N, in N, there exists a f. w-open n of m in
My, b € B such that ¢ (n) < p. Thus, py (d(m) < py (W). And, py = (py ° d)y <
pn(M). Then, py(py o d)y < cl(4). Thus, py f. almost weakly w-continuous. Hence,
(M, 1) is FWF almost weakly w-top. sp..

Theorem 2.15. Let (M, t) be a fuzzy w-regular space. The FWF topological space (M, 1)
over (B, o) is FWF weakly 6-w-top. sp., then it is FWF w-top. sp..

Proof. Assume that (M,7) is a FWF weakly 8-w-top. sp. over (B,o), then the proj.
p: (M,t) = (B,o) f. weakly 6-w-continuous. It suffices to demonstrate that p is f. w-
continuous. Let m € M,; b € B and, u be a fuzzy open set containing p (m) € B. Where M
is a f. w-regular space there is a fuzzy open set u; € M, so that p (m) € u;. And, cl(uy) <
u where p is f. weakly 8-w-continuous, there is an f. w-open set A containing m such that
p(A) < cl(uq). It follows that, p(1) < u. Therefore, p is f. w-continuous. Thus, (M, t) is
FWF w-top. sp. .

Corollary 2.16. Assume that (M, 7) is a fuzzy w-regular space. The FWF topological space
(M, t) over (B, o) is FWF weakly 6-w-top. sp. if and only if it is FWF w-top. sp. .

Theorem 2.17. The FWF topological space (M, t) over (B, o) is fuzzy w-regular space. If
(M, 1) is FWF 8-w-top. sp., then it is FWF almost w-top. sp. .

Proof. Assume that (M, 1) is a FWF 6-w-top. sp. over (B, ), then the proj. p: (M,t) -
(B,0) f. 8-w-continuous. It suffices to demonstrate that p is f. almost w-continuous. Let
m € M,; b € B and, u be a fuzzy open set containing p (m) in B. Because p is 8-w-
continuous, there exists is a f. w-open set n containing m such that p (cI®(n)) < cl(w).
Because int(cl(u) < cl(u), then p (cl®(m)) < int(cl(w)) < cl(u), then p (cl®(m)) <
cl(p). Also (M, 1) is f. w-regular space, there exists is a f. w-open set n, in M, such that
m < n;. Also, cl(n;) <n. Thus, p (cl®?(m1)) <pm) and int(cl(p) < cl(w). It follows,
p (m) <int(cl(n)). So, p is f. almost w-continuous. Thus (M, t) is FWF almost w-top. sp..

Corollary 2.18. The FWF topological space (M, t) over (B, o) is fuzzy w-regular space.
Then (M, t) is FWF 6-w-top. sp. if and if it is FWF almost w-top. sp..

Theorem 2.19. Assume that (B, o) is a fuzzy w-regular space. For a FWF topological space
(M, t) over (B, o) is FWF almost weakly w-top. sp., then it is FWF w-top. sp. .

Proof. Assume that (M, 7) is a FWF almost weakly w-top. sp. over (B, o), then the proj.
p: (M, 1) = (B, o) f. almost weakly w-continuous. It suffices to demonstrate that p is f. -
continuous. Let m € My; b € B and, u be a fuzzy open set containing p (m) € B. Where B
is a f. w-regular space there is a fuzzy open set u; in B so that p (m) € u;. So well,
cl(uy) < p since p is f. almost weakly w-continuous, there exists is a f. w-open set 4
containing m such that p(1) < cl(u,). It follows that, p(A4) < u. Therefore, p is f. w-
continuous. Then (M, 7) is FWF w-top. sp..
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Corollary 2.20. Assume that (B, o) is an fuzzy w-regular space. For a FWF topological
space (M, t) over (B, o) is FWF almost weakly w-top. sp. if and only if it is FWF w-top. sp..

Theorem 2.21. Assume that (M, t) is an fuzzy w-regular space. For a FWF topological space
(M, t) over (B, o) is FWF weakly 8-w-top. sp., then it is FWF 8-w-top. sp. .

Proof. Assume that (M,7) is a FWF weakly 8-w-top. sp. over (B,o), then the proj.
p: (M, 1) = (B,o) f. weakly 8-w-continuous. It suffices to demonstrate that p is f. 6-w-
continuous. Assume that m € My; b € B and, u is an fuzzy open set containing p (m) € B.
Where M is an f. w-regular space there is a fuzzy open set u; € My, so that p (m) € ;. And,
cl(uy) < u where p is f. weakly 6-w-continuous, there is f. w-open set A containing m such
that p(1) < cl(w). It follows that, p(cl® (1)) < cl(w). Therefore, p is f. 6-w-continuous.
Thus, (M, 1) is FWF 8-w-top. sp. .

Corollary 2.22. Assume that (M, t) is an fuzzy w-regular space. For a FWF topological
space (M, t) over (B, o) is FWF weakly 6-w-top. sp. if and only if it is FWF 6-w-top. sp..

Theorem 2.23. Assume that (B, o) is a fuzzy w-regular space. For a FWF topological space
(M, t) over (B, 0) is FWF almost w-top. sp., then it is FWF w-top. sp..

Proof. Assume that (M, t) is a FWF almost w-top. sp. over (B, a), then the proj. p: (M, 1) -
(B, o) f. almost w-continuous. It suffices to demonstrate that p is f. w-continuous. Assume
that m € My,; b € B and, u is an fuzzy open set containing p(m) € B. Since p is f. almost w-
continuous, there exists is an f. w-open set A contains m such that p(1) < int( cl(w)).
Because int(cl(p)) < cl(u). Then (1) < int(cl(n)) < cl(p). Thus, p(A) < cl(u), and B is
a f. w-regular space there exists is a f. w-open set A, in M, such that m € 1,. And, cl(u;) <
u. Therefore, p(1) < cl(u,) < w. It follows that, p(1) < u. Thus, p is f. w-continuous. Then
(M, 1) is FWF w-top. sp. .

corollary 2.24. Assume that (B, o) is an fuzzy w-regular space. For a FWF topological space
(M, t) over (B, o) is FWF almost w-top. sp. if and only if it is FWF w-top. sp..

Theorem 2.25. Assume that (B, o) is an fuzzy w-regular space. For a FWF topological space
(M, t) over (B, o) is FWF weakly 8-w-top. sp., then it is FWF almost w-top. sp..

Proof. Assume that (M,7) is a FWF weakly 8-w-top. sp. over (B,o), then the proj.
p: (M, 1) = (B, o) f. weakly 8-w-continuous. It suffices to demonstrate that p is f. almost w-
continuous. Let m € My; b € B and, u be a fuzzy open set containing p (m) € B. Where B
is f. w-regular space, there is a fuzzy open set u; € B so that A(m) € u; and cl(u,) < u.
Because p is weakly 8-w-continuous, there is a f. w-open set A contains m so that p (1) <
cl(uqy). Where, int(cl(u) <cl(w), then p (1) < int(cl(u)) < cl(n), Therefore p(1) <
int(cl(w)). So, p is f. almost w-continuous on M. Then (M, t) is FWF almost w-top. sp. .
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Corollary 2.26. Assume that (B, o) is an fuzzy w-regular space. For a FWF topological
space (M, 1) over (B, o) is FWF weakly 8-w-top. sp. if and only if it is FWF almost w-top.
sp..

Theorem 2.27 The FWF topological space (M, 1) over (B, o) is FWF 6-w-top. sp. Iff the
graph fuzzy mapping g: (M,7) - (M, t) X (B,0), knowledge before g(m) = (m ,p(m)),
foreverym € M is af. 8-w-continuous

Proof. Necessity. Let g be an f. 8-w-continuous. It suffices to demonstrate that (M, t) is a
FWF 6-w-top. sp. over (B, o), i.e. the proj. p: (M, t) = (B,0) is f. 8-w-continuous. Let
m € My, b € B and A be a fuzzy open set containment p (m). Thus, M X A is an fuzzy open
set of M x B containing g(m). Because g is 8-w-continuous, there is f. w-open set n
contains m so that g (cl®(n)) < cl(M x 1) = M x cl(2). Therefore, p(cl®(n)) S cl(A).
Then, p is f. 8-w-continuous. Then, (M, ) is FWF 8-w-top. sp. .

Sufficiency. Assume that (M, 1) is a FWF 8-w-top. sp. over (B, a), then the proj. p: (M, t) =
(B, o) f. 8-w-continuous. It suffices to demonstrate that g is f. 8-w-continuous. Let m € M,;
b € B and u be a fuzzy open set of M X B containing g (m), there exists a fuzzy open sets
11 < M. And, 1 < B such that g (m) = (m,p(m)) < n; XA < u. Because p is f. 6-w-
continuous, there is f. w-open n, so that p(cl®(,)) < cl(u). Assumen = n;An,. Then, n
is f. w-open in M. Therefore, g(cl®(m)) < cl(n1) X p(cl®(M;)) < cl(ny) X cl(A) < cl(w).
Then , g is 6-w-continuous.

Theorem 2.28. Assume that (M, t) is a FWF topological space over (B, o) so well (B,o) is a
fuzzy w-regular space. The following properties are equivalent:

(@) FWF weakly 8-w-top. sp..

(b) FWF w-top. sp..

(c) FWEF almost w-top. sp..

(d) FWF 8-w-top. sp..

() FWEF almost w-top. sp..

Proof: The proof follows directory from by Theorems 2.15, 2.6, 2.17, and 2.25.

Remark 2.29. The relation between FWF weakly w-top. sp.is given by the following figure:

FWF w-top. sp. 2 FWEF almost weakly w-top. sp.

FWEF almost w-top. sp.
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FWF weakly 6-w-top. sp. FWF 6-w-top. sp.

Figure 2

3. Strongly fibrewise fuzzy 0-m-topological spaces
In this part, we study the strongly fibrewise 6-w-continuous topological spaces and some
theorems concerning them.

Definition 3.1. A function ¢: (M,t) = (N, A) is called fuzzy almost strongly w-continuous
(shortly., f. almost strongly w-continuous) when if every m € M so well all fuzzy open set u
in B contains ¢(m), there is a fuzzy w-open subset A so that ¢ (cl(1)) < int(cl(w)).

Definition 3.2. A function ¢: (M,7) = (N,A) is named fuzzy strongly 6-w-continuous
(briefly f. strongly 8-w-continuous) when if every m € M so well all fuzzy open set i in B
contains ¢ (m), there is a fuzzy w-open subset A such that ¢ (cl® (1)) < u.

Definition 3.3. The FWF topological space (M, t) over (B, ¢) is named a FWF strongly 6-w-
top. sp. (resp., FWF almost strongly w-top. sp.) if the proj. function p is f. strongly 6-w-
continuous mapping (resp., f. almost strongly w-continuous) mapping.

The converses does not hold as we show by next examples:

Example 3.4. Assume M = {a,b,c}, B = {x,y,z}, T = {0,1, uy, u} where

u1 = {(a,0.3),(b,0),(c,0.5)}

U, = {(a,0.7),(b,0.7), (c, 0.52}_

So well assume that o = {0,1,4}, where A = {(x,0.6),(y,0.7),(z0.5)} is the fuzzy
topologies on set M and B respectively and let the projection function p: (M,7) — (B, o) be
the fuzzy function as (a) = p(b) =y, p(c) = z. Let n = {(a,0.5), (b,0.5), (¢, 0.5)} fuzzy
w-open of M so well v = {(a, 0.6), (b,0.7), (c,0.5)} is fuzzy open of B. Thus, p(n) < (v)
but p(cl®(m)) £ (v). Then, (M, 1) is FWF w-top. sp. but not FWF strongly 8-w-top. sp..

Theorem 3.5. Assume that (B, o) is a fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF w-top. sp., then it is FWF strongly 8-w-top. sp..

Proof. Assume that (M, t) is a FWF w-top. sp. over (B, g), then the proj. p: (M, t) = (B, o)
f. w-continuous. It suffices to demonstrate that p is f. strongly 6-w-continuous. Assume that
m € My; b € B and, 1 is a fuzzy open set containing p (m) € B. Since B is a fuzzy regular
space there is a fuzzy open set u, such that p(m) € u < cl(n) < A since p is f. w-
continuous. Thus, M, is a f. w-open set so well, M, is a f. w-closed. Assume & = M,,.
Then, m € M, < M), € is a f. w-open. Also cl®(§) < My, we have p(cl®(§)) <
cl(u) < A. Therefore, p is f. strongly 8-w-continuous. Then, (M, t ) is FWF strongly 6-w-
top. sp. .



159 Y.Y.YousifM. A. Hussain Al-Qadisiyah Journal of Pure Science 27,1 (2022) ) pp.math 147-169

Corollary 3.6. Assume that (B, o) is a fuzzy regular space. For a FWF topological space
(M, 1) over (B, o) is FWF w-top. sp. if and only if it is FWF strongly 8-w-top. sp. .

Example 3.7. Let M = {a,b,c}, B = {x,y,z}, © = {0,1, uy, u,} where

Uy = {(a,0.1),(b,0.2),(c,0.5)}

u; = {(a,0.4),(b,0.3),(c,0.5)}

And leto = {0,1, 1}, where 2 = {(x,0.3), (y,0.4), (z,0.5)} be the fuzzy topologies on set
M and B respectively and let the projection function p: (M,t) — (B, o) be the fuzzy function
asp(a) =y, p(b) = x,p(c) = z. Letn = {(a,0.2), (b, 0.1), (c,0.3)} fuzzy w-open of M so
well v = {(x,0,3), (y,0.4), (z,0.5)} is fuzzy open of B. Thus, p(n) < (v) but p(cl(n)) £
int(cl(v)). Then, (M, t) is FWFw-top. sp. but not FWF almost strongly w-top. sp..

Theorem 3.8. Assume that (M, 7) is an fuzzy w-regular space. For a FWF topological space
(M, t) over (B, o) is FWF w-top. sp., then it is FWF almost strongly w-top. sp..

Proof. Assume that (M, t) is a FWF w-top. sp. over (B, ¢), then the proj. p: (M, t) = (B, o)
f. w-continuous. It suffices to demonstrate that p is f. almost strongly w-continuous. Assume
that m € M,; b € B and, A is a fuzzy open set contains p (m) in B. Since p is f. w-
continuous, there is a f. w-open set p contains m in M so that p(u) < 4. And, 4 < cl(4).
Thus, p(u) < cl(A). Since M is f. w-regular, there is a f. w-open set u; € M so that m € p,
and, cl(u,) < w. Thus, p(cl(uq)) < p(r). And, p(p) < cl(A) then, int(cl((1)) < cl(A). It
follows that, (cl(u,)) < int(cl(A)) . Therefore, p is f. almost strongly w-continuous. Thus,
(M, ) is FWF almost strongly w-top. sp..

Corollary 3.9. Assume that (M, 7) is a fuzzy w-regular space. For a FWF topological space
(M, t) over (B, g) is FWF w-top. sp. if and only if it is FWF almost strongly w-top. sp..

Example 3.10. LetM = {a,b,c}, B = {x,y,z}, T = {0,1, uy, up} Where

u; = {(a,0.3),(b,0,4),(c,0.5)}

U, = {(a,0.2),(b,0.2),(c,0.5)}

And leto = {0,1, 1}, where 2 = {(x,0.2), (y,0.2), (z,0.5)} be the fuzzy topologies on set
M and B respectively and let the projection function p: (M,7) — (B, o) be the

fuzzy function as p(a) =y, p(b) = x, p(c) = z. Then, (M, 1) is FWF 8-w-top. sp. but not
FWEF strongly 6-w-top. sp..

Theorem 3.11. Assume that (B, o) is a fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF 8-w-top. sp., then it is FWF strongly 8-w-top. sp..

Proof. Assume that (M, 1) is a FWF 6-w-top. sp. over (B, a), then the proj. p: (M,7) =
(B, o) f. 8-w-continuous. It suffices to demonstrate that p is f. strongly 8-w-continuous. Let
m € My; b € B and, 1 be a fuzzy open set contains p (m) in B. Because p is f. 6-w-
continuous, there is a f. w-open set u contains m in M so that p(cl® (u)) < cl(A) since B is
f. regular, there exists is a fuzzy open set X such that (m) e X <cl(X) < A . Then,
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(cl®(p) < cl(X) < A . Therefore, p(cl(n )) < A. Thus, p is f. strongly 6-w-continuous.
Then (M, 1) is FWF strongly 8-w-top. sp..

Corollary 3.12. Let (B, o) be a fuzzy regular space. The FWF topological space (M, t) over
(B, 0) is FWF 8-w-top. sp. if and only if it is FWF strongly 6-w-top. sp..

Example 3.13. Let M = {a,b,c}, B = {x,y,z}, © = {0,1, uy, u,} where

u; = {(a,0.3),(b,0,4),(c,0.5)}

U, = {(a,0.3),(b,0.3),(c,0.5)}

And leto = {0,1, 1}, where 4 = {(x,0.3), (y,0.3),(z,0.5)} be the fuzzy topologies on set
M and B respectively and let the projection function p: (M,t) — (B, o) be the fuzzy function
as p(a) =y, p(b) =x, p(c) =z Then, (M, 1) is FWF 8-w-top. sp. but not FWF almost
strongly w-top. sp..

Theorem 3.14. Assume that (B, o) is a fuzzy w-regular space. For a FWF topological space
(M, t) over (B, g) is FWF 8-w-top. sp., then it is FWF almost strongly w-top. sp..

Proof. Assume that (M, t) is a FWF 8-w-top. sp. over (B, o), then the projection p: (M, t) -
(B,0) f. 8-w-continuous. It suffices to demonstrate that p is f. strongly 8-w-continuous.
Assume that m € M,,; b € B and, A is a fuzzy open set contains p (m) € B. Since p is f. 6-
w-continuous, there exists is an f. w-open set u contains m € M such that p(cl®(w)) <
cl(A). Since B is f. w-regular, there exists is a fuzzy open set A,in B such that p(m) € 4, so
well cl(1,) < A. Thus, (cl(4,1)) < cl(4,) . It follows that, p(cl(w)) < int(cl(A1)). Then, p
is f. almost strongly w-continuous. Then (M, t) is FWF strongly 6-w-top. sp..

Example 3.15. Let M = {a,b}, B = {x,y,z}, T = {0,1, uy, tp, 3} Where

11 = {(a,0.6),(b,0,7)}

12 = {(a,1),(b,0.9)}

12 = {(a,0.2),(b,0.3)}

And leto = {0,1, 1}, where 4 = {(x,0.2), (¥,0.3)} be the fuzzy topologies on set M and B
respectively and let the projection function p: (M,7) — (B,o) be the fuzzy function as
p(a) =x, p(b) =y, let n ={(a,0.5), (b,0.5)} fuzzy w-open in M. Then, (M, 1) is FWF
almost w-top. sp. but not FWF almost strongly w-top. sp..

Theorem 3.16. Assume that (M, 1) is an fuzzy w-regular space. For a FWF topological space
(M, t) over (B, g) is FWF almost w-top. sp., then it is FWF almost strongly w-top. sp..

Proof. Assume that (M, 7) is a FWF almost w-top. sp. over (B, a), then the proj. p: (M, t) -
(B,o) f. almost w-continuous. It suffices to demonstrate that p is f. almost strongly -
continuous. Assume that m € My,; b € B so well, A is a fuzzy open set containing p (m) € B.
Since p is f. almost w-continuous. There is a f. w-open set u containing m of M so that
p(u) < int(cl(A)). Since M is fuzzy w-regular. There is a f. w-open set u; € M so that

me€ py so well, cl(uy) <p. Thus, (cl(uy)) < p(w). where, p(cl(p)) < p(w) <
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int(cl(1)). It follows that, (cl(u,)) < int(cl(4)). Therefore, p is f. almost strongly w-
continuous. Then (M, t) is FWF almost strongly w-top. sp..

Corollary 3.17. Assume that (M, 1) is an fuzzy w-regular space. For a FWF topological
space (M, t) over (B, o) is FWF almost w-top. sp. if and only if it is FWF almost strongly w-
top. sp..

Lemma 3.18. Assume that ¢ : (M,7) = (N,A)is a f. strongly 6-w-continuous fibrewise
surjection function, since (M, t) so well (N,A) are FWF topological spaces over (B, g).Just
as (N, A) is a FWF top. sp., so (M, t) is FWF strongly 6-w-top. sp..

Theorem 3.19 The FWF topological space (M, t) over (B, o) is FWF strongly 8-w-top. sp.
and (M, 1) is a fuzzy w-regular iff the graph fuzzy mapping g: (M ,t) - (M, 1) X (B, 9),
knowledge before g(m) = (m,p(m)), forallm € M is a f. strongly 6-w-continuous.

Proof. By Lemma 3.17. Then, (M, t) is FWF strongly 8-w-top. sp. if the graph mapping g is
f. strongly 8-w-continuous. It follows that, M is fuzzy regular. To prove conversely. Assume
that (M, 1) is a FWF strongly 6-w-top. sp. over (B, o), then the proj. p: (M,1) = (B, 0) f.
strongly 6-w-continuous. Let m € M,; b € B and, A be a fuzzy open set containing g (m) in
M X B, there exists fuzzy open sets p; in M also v in B such that g (m) = (m,p(g)) €
Uy X v < A. Because p is f. strongly 8-w-continuous, there is u, is f. w-open so that
p(cl®(u,)) < A. Because M is a f. w-regular and, u; A u, is f. w-open, there is u f. w-open
such that m € u<cl®(u) < uy Au, by Lemma 2.12. Therefore, g(cl®(u)) < u; X
p (cl®(uz)) < uy Xv < A.Then, g is f. strongly 6-w-continuous.

Example 3.20. In Example 3.14. Then, (M, 1) is FWF almost w-top. sp. but not FWF
strongly 8-w-top. sp..

Theorem 3.21. Assume that (M, 1) is a fuzzy w-regular space. For a FWF topological space
(M, 7) over (B, g) is FWF almost w-top. sp., then it is FWF strongly 6-w-top. sp..

Proof. Assume that (M, 7) is a FWF almost w-top. sp. over (B, a), then the proj. p: (M, t) -
(B, o) f. almost w-continuous. It suffices to demonstrate that p is f. strongly 6-w-continuous.
Let m € M,; b € B and, A be a fuzzy open set containing p (m) € B. where p is f. almost w-
continuous. There is a f. w-open set u containing m € M so that p(u) < int(cl(A)). Where
M is fuzzy w-regular. There is a f. w-open set u; € M such that m € p; so well, cl(u,) < u.
Thus, (cl(uy)) < p(w). Then, int(cl(d)) <cl(A)). It follows that, p(cl(uy)) < A
Therefore, p is f. strongly 8-w-continuous. Then (M, t) is FWF strongly 8-w-top. sp..

Corollary 3.22. Assume that (M, 1) is an fuzzy w-regular space. For a FWF topological
space (M, t) over (B, o) is FWF almost w-top. sp., if and only if it is FWF strongly 6-w- top.
sp..
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Theorem 3.23. Assume that (M, ) is an FWF topological space over (B, a) so well (B, o) is
a fuzzy w-regular space. The following properties are equivalent:

(@) FWF almost strongly 8-w-top. sp..

(b) FWF w-top. sp..

(c) FWEF almost w-top. sp..

(d) FWF 68-w-top. sp..

Proof. The proof follows directory from by Theorems 3.4, 3.6, 3.10, 3.12 and 3.13.

Remark 3.24. The relation between FWF strongly w-top. sp. is given by the following
figure:

FWF w- top. sp. < FWEF almost strongly w-top. sp.
FWF almost w-top. sp.
/ \ /
FWEF strongly 6-w- top. sp. > FWF 6-w-top. sp.

Figure 3

4. Relationship between Weak and Strong Forms of Fibrewise Fuzzy o-

Topological Spaces
In this section, we study the relation between FWF weakly 68-w-top. sp. and FWF
strongly 8-w-top. sp. and the some theorems concerning them.

Definition 4.1. A mapping ¢ : (M,t) — (N,A) are said to be fuzzy almost weakly (resp.,
fuzzy almost strongly) continuous (briefly, f. almost weakly and f. almost strongly)
continuous if for each m € M and each fuzzy open neighborhood (resp., fuzzy open set) A of
N containing ¢(m), there exists a f. w-open neighborhood (resp., f. w-open set) u of M so

that ¢ (int (cl(n)) < A(resp., () < cl(A), p(cl(pn)) < 2.

Definition 4.2. A mapping ¢ : (M,7) = (N,A) is said to be f. super (resp., f. weakly, f.
strongly) w-continuous if for each m € M and each fuzzy open (resp., fuzzy regular open)
set A of N containing ¢p(m), there is a fuzzy open set u of M so that ¢ (u) < cl(1) (resp.,

¢(cl(w) < 4).
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Definition 4.3. A mapping ¢ : (M,7) —» (N,A) is called fuzzy weakly 6-continuous
(briefly, f. weakly 6-continuous) if for each m € M and each fuzzy open A of B containing
p(m), there exists a fuzzy open set u of M such that p (1) < cl(A).

Definition 4.4. The FWF topological space (M, t) over (B, o) is named a FWF super w-top.
sp. (resp., FWF weakly w-top. sp., FWF strongly w-top. sp., FWF almost strongly w-top. sp.,
FWF almost weakly w-top. sp., FWF weakly 8-top. sp.) if the projection function p is fuzzy
super w-continuous mapping (resp., f. weakly w-continuous, f. strongly w-continuous, f.
almost strongly w-continuous, f. almost weakly w-continuous, f. weakly 6-continuous)

mapping.

The relation between FWF weakly and FWF strongly w-top. sp. given by the following figure

FWEF strongly =>

sp.

l

FWF Super w- =

top. sp.

l

FWF w-top. sp. <=

FWF w-top. sp.

l

FWF almost w-top.
sp.

I

FWF almost strongly
top. sp.

=> FWF weakly 6-w-top.

w-top. sp.

|

= FWF 6-m-

top.sp.

l

=> FWF  almost

weakly w-top.

H ﬂ sp.
FWF 0- : FWF 6- FWF  almost
o-top. sp. top. sp. => FVIYIF top. sp.
weakly
6-top. sp. H
FWF almost strongly top. sp. <=FWF almost weakly
top. sp.

FWF  weakly FWF weakly top. <= FWF &= FWF
6-top. sp. = sp. top. sp. strongly
ﬂ ﬂ ﬂ top. sp.
FWF FWF weakly FWF - == FWF
weakly0-w- => w-top. sp. top. sp. strongly -
top. sp. top. sp.
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Figure 4

The following examples show that these implications are not reversible:

Example 4.5. Assume M = {a,b,c}, B = {x,v,z}, T = {0,1, g, Uy, 3} Where

Uy = {(a, 0.3),(b,0,4),(c,0.5)}

u; = {(a,0.2),(b,0.2),(c,0.5)}

us = {(a,0.5),(b,0.6),(c,0.5)}

So well assume that o = {0,1,A}, where A = {(x,0.5),(y,0.6),(z0.5)} is the fuzzy
topologies on set M and B respectively and let the projection function p: (M,t) — (B, o) be
the fuzzy function as p(a) =x, p(b) =y, p(c) =z let n={(a,0.5),(b,0.5),(c,0.5)}
fuzzy w-open in M. Then, (M, t) is FWF super w-top. sp. but not FWF strongly 8-w-top. sp..

Theorem 4.6. Assume that (M, 1) is a fuzzy regular space. For a FWF topological space
(M, t) over (B, g) is FWF super w-top. sp., then it is FWF strongly 8-w-top. sp..

Proof. Assume that (M, t) is a FWF super w-top. sp. over (B, ¢), then the proj. p: (M, 1) -
(B, 0) f. super w-continuous. It suffices to demonstrate that p is f. strongly 8-w-continuous.
Assume that m € M,; b € B so well, 1 is a fuzzy open set containing p (m) € B. Because of
p is a f. super w-continuous, there exists is a fuzzy regular open set u containing m, such that
p(u) < A. Because int(cl(1)) < cl(A), then p(p) < int(cl (1)) < cl(A). Then, p (n) <
cl(A). And, M is a fuzzy regular space, there is an fuzzy open set vsothatm € v < cl(v) <
u. since, p(cl(v)) < A. Therefore, p is f. strongly 8-w-continuous. Then (M, 1) is FWF
strongly 6-w-top. sp..

Corollary 4.7. Assume that (M, 1) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF super w-top. sp. if and only if it is FWF strongly 8-w-top. sp..

Example 4.8. Let M = {a,b}, B = {x,y,z}, T = {0,1, uy, u} where

u1 = {(a,0.7),(b,0,6)}

U, = {(a,0.7),(b,0.9)}

And leto = {0,1, 1}, where A = {(x,0.7), (¥,0.6)} be the fuzzy topologies on set M and B
respectively and let the projection function p: (M,7) — (B,o) be the fuzzy function as
p(a) =x, p(b) =y, letn ={(a,0.5),(b,0.5)} fuzzy w-open in M. Then

, (M, 7) is FWF w-top. sp. but not FWF super w-top. sp..

Theorem 4.9. Assume that (M, 1) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, 0) is FWF w-top. sp., then it is FWF super w-top. sp..

Proof. Assume that (M, t) is a FWF w-top. sp. over (B, g), then the proj. p: (M, t) = (B, o)
f. w-continuous. It suffices to demonstrate that p is f. super w-continuous. Let m € My;
b € B and, A be a fuzzy open set containing p (m) in B. Because of p is a f. w-continuous,
there is a fuzzy w-open set u contains m, so that p(u) < A4, also int( cl(w)) < cl(u). Then,
p(int(cl(n)) < p (cl(n)). And, M is a fuzzy regular space. There is an fuzzy open set p,
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such that € uy < cl(uy) < p. Thus, p(int(cl(p)) < p (cl(uq)) so well, p(u) < A. Then,
p(int(cl(u)) < A. It follow that, p is f. super w-continuous. Then (M, t) is FWF super w-
top. sp..

Corollary 4.10. Assume that (M, 7) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF w-top. sp. if and only if it is FWF super w-top. sp..

Example 4.11. For an fuzzy topological space (M,7) = (B,0) Let 0 =7 ={0,1,u:3<
u(m) < 2, for some fixed element m of M and u(m) = 0, otherwise}. Assume that (M, 7) is a
FWEF topological space over (B,o) also assume that the projection function p: (M, 1) —
(B, o) is the fuzzy function as the identity maps. Then, (M, t) is FWF top. sp. but not FWF
strongly top. sp. .

Theorem 4.12. Assume that (M, ) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, 0) is FWF top. sp. , then it is FWF strongly top. sp. .

Proof. Assume that (M, 7) is a FWF top. sp. over (B, ¢), then the proj. p: (M,7) = (B,0) f.
continuous. It suffices to demonstrate that p is f. strongly continuous. Let m € M,; b € B
and, A be a fuzzy open set containing p (m) in B. Because of p is a f. continuous, there is a
fuzzy open set u contains m, so that p(u) < A, where M is fuzzy regular space, there is a
fuzzy open set u; € M such that m € u, also, cl(u;) < u. Thus, p(cl(uy)) < p(u). Then,
p(cl(uy)) < A. Therefore, p is f. strongly continuous. Then (M, 7) is FWF strongly compact.

Corollary 4.13. Assume that (M, t) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF w-top. sp., if and only if it is FWF strongly compact.

Theorem 4.14. Let (B, o) be a fuzzy regular space. The FWF topological space (M, t) over
(B, 0) is FWF weakly top. sp., then it is FWF top. sp. .

Proof. Assume that (M, 1) is a FWF weakly top. sp. over (B, ¢), then the proj. p: (M, 1) -
(B, o) f. weakly continuous. It suffices to demonstrate that p is f. continuous. Let m € My;
b € B and, A be a fuzzy open set containing p (m) € B. Where B is fuzzy regular, there is a
fuzzy open set 1, € B so that p(m) € A, also, cl(4,) < A. Because p is weakly continuous,
there exists is a fuzzy open set u containing m in M so that p(u) < cl(1,). Thus, p(u) < A.
It follows that, p is f. continuous. Then, (M, 7) is FWF top. sp. .

Corollary 4.15. Assume that (B, o) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF weakly top. sp. if and only if it is FWF top. sp. .

Example 4.16. Let = {a,b}, B = {x,y}, T = {0,1, uy, tp, 3} where
Uy = {(al O60)I (b, 060)}

Uy = {(a, 1)1 (b, 09)}

Uz = {(a, 0. 11); (b, 031)}
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And letg = {0,1,1}, where A = {(x,0.11), (v, 0.31)} be the fuzzy topologies on set M and
B respectively and let the projection function p: (M,7) — (B, o) be the fuzzy function as
p(a) =x, pb)=y. Let n={(0.7),(04)} fuzzy w-open in M also
v ={(a,0.11), (b, 0.31)} be an fuzzy open of B. Thus, p(n) < int(cl(v)) but (int cl(n)) £
v. Then, (M, ) is FWF almost w-top. sp. but not FWF super w-top. sp..

Definition 4.17. [5] A fuzzy topological space (M, 7) is called a fuzzy semi-regular space iff
the collection of all fuzzy regular open sets of M forms a base for fuzzy topology t.

Theorem 4.18 assume that (M,t) and (B,o) are an fuzzy regular space. For a FWF
topological space (M, t) over (B, o) is FWF almost w-top. sp., then it is FWF super w-top.
sp..

Proof. Assume that (M, t) is a FWF almost w-top. sp. over (B,o), then the projection
p: (M, 1) = (B,0) f. almost w-continuous. It suffices to demonstrate that p is f. super w-
continuous. Let m € M,,; b € B and, A be a fuzzy open set containing p (m) in B. Because of
p is f. almost w-continuous, there exists is a f. w-open set u containing m. For each fuzzy
regular open set A of B contains p(m) so that p(u) < A. Thus, (u) < (int(cl(1)). Because
the space M is fuzzy semi-regular space, There exists is a fuzzy open set yu; € M so that
m € p, also, 1< int(cl(1)) <p. Thus, (1) < p(int( cl(D)) <p(p). Also, p(p) <
int(cl( pw)). Thus, p(int(cl(1))) < p(u) < int(cl(1) ). So well, the space B is fuzzy semi-
regular space, there exists is a fuzzy open set A, in B such that p(m) € 1; then, u <
int(cl(u)) < A. Thus, p(u) < p(int(cl(w))). It follows that, p(int(cl(n))) < A. Then, p is
f. super w-continuous. Hence (M, t) is FWF super w-top. sp..

corollary 4.19. Let (M, 1) and (B, o) be a fuzzy regular space. The FWF topological space
(M, t) over (B, o) is FWF almost w-top. sp. if and only if it is FWF super w-top. sp..

Example 4.20. LetM = {a,b,c}, B = {x,y,z}, T = {0,1, uy, up} Where

u; = {(a,0.1),(b,0.2),(c,0.5)}

U, = {(a,0.4),(b,0.3),(c,0.5)}

And leto = {0,1, 1}, where 2 = {(x,0.3), (y,0.4), (z,0.5)} be the fuzzy topologies on set
M and B respectively and let the projection function p: (M,t) — (B, o) be the fuzzy function
as p(a) =y, p(b) = x, p(c) =z. Let v =1{(x,0,3),(y,0.4), (z,0.5)} is fuzzy open in B.
Then, p(1q) < cl(v) but p(cl(u,)) £ int(cl(v)). Then, (M, t) is FWF almost weakly top.
sp. but not FWF almost strongly top. sp. .

Theorem 4.21. Assume that (M, 1) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF almost weakly w-top. sp., then it is FWF almost strongly top. sp. .
Proof. Assume that (M, 7) is a FWF almost weakly top. sp. over (B, a), then the proj.
p: (M,t) = (B, o) f. almost weakly continuous. It suffices to demonstrate that p is f. almost
strongly continuous. Let m € My,; b € B and, A be a fuzzy open set containing p (m) in B.
Because of p is f. almost weakly continuous, m € M,, b € B for each open set Aof B
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containing p(m) there is a fuzzy open set u contains m so that p(u) < cl(4). Because the
space M is a fuzzy regular space, there is a fuzzy open set u; € M such that m € u, also
cl(u) < p, s0 p(cl(ua)) < p(w). Also, p(u) < cl(4). Then, p(cl(uy)) < cl(A) also,
int(cl(1,)) < cl(A1). Then, (cl(4,) ) < int(cl(4,)). It follows that, p is f. almost strongly
continuous. Hence (M, t) is FWF almost strongly top. sp. .

Corollary 4.22. Assume that (M, 7) is an fuzzy regular space. For a FWF topological space
(M, t) over (B, o) is FWF almost weakly w-top. sp. if and only if it is FWF almost strongly
top. sp. .

Theorem 4.23. Assume that (M, t) is a FWF topological space over (B,o) also (B,0) is a
fuzzy regular space. The following properties are equivalent:

(@) FWEF strongly top. sp. .

(b) FWF top. sp. .

(c) FWF weakly top. sp. .

Proof. The proof follows directory from by Theorems 4.12, 2.16.

Definition 4.24. [4] Let M and B be an fuzzy spaces are called fuzzy homeomorphic denoted
by M = B if there exists a fuzzy homeomorphism on M to B.

Theorem 4.25 The FWF topological space (M, t) over (B, o) is FWF strongly top. sp. Also
(M, ) is a fuzzy regular, so the graph fuzzy function g: (M,7) = (M, t) X ( B, ), defined
by g(m) = (m,p(m)), foreach m € M is a f. strongly continuous.

Proof: Assume that (M, t) is a FWF strongly top. sp. over (B, g), then the proj. p: (M, 1) —
(B, o) f. strongly continuous mapping. Let m € My, b € B and u be a fuzzy open set of
M X B containing p(m). There exists fuzzy open sets & € IM and 1 € I® so that g(m) =
(m,p(m)) < é; x A < u. Where p is f. strongly continuous also, M is fuzzy regular space,
there is an fuzzy open set ¢ containing m in M so that cl(§) < &, also p(cl(§)) < A.
Therefore, p(cl(§)) <& XA < wu. Then, p is f. strongly continuous. Thus, the mapping
g=idyAp:(M,7) > (M,7) X (B,0) maps fuzzy homeomorphically onto the graph
g(m) which is fuzzy closed subset of M X B, so p is f. continuous and because M is an
fuzzy regular , then M X B is fuzzy regular, by Theorem 4.24. Hence, g: M - M X B is f.
strongly continuous mapping.

Theorem 4.26. Assume that (M, 1) is a FWF topological space over (B,o) also (B,o) is a
fuzzy regular space. The following properties are equivalent:

(@) FWF almost strongly 8-w-top. sp..

(b) FWF w-top. sp..

(c) FWEF almost w-top. sp..

(d) FWF 68-w-top. sp..

(e) FWEF almost weakly w-top. sp.

Proof. The proof follows directory from by Theorems 3.6, 2.15, 3.16.
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