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Abstract: The main idea of this research is to study fibrewise pairwise soft forms of the more 
important separation axioms of ordinary bitopology named fibrewise pairwise soft �� spaces, 
fibrewise pairwise soft �� spaces, fibrewise pairwise soft �� spaces, fibrewise pairwise soft 
Hausdorff spaces, fibrewise pairwise soft functionally Hausdorff spaces, fibrewise pairwise 
soft regular spaces, fibrewise pairwise soft completely regular spaces, fibrewise pairwise soft 
normal spaces and fibrewise pairwise soft functionally normal spaces. In addition we offer some 
results concerning it. 
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1. Introduction 
In order to began the category in the classification of fibrewise (shortly., fw) sets on a given set, named 
the base set, which say B. A fw set on B consist of a set M  with a function P : M � B that is named  the 
projection. The fibre over b for every point b of B is the subset Mb = P–1(b) of M. Perhaps, fibre will be 
empty because we do not require P is surjectve, also, for every subset B* of B we considered MB* = P–

1(B*) as a fw set over B* with the projection determined by P. The another notation M |B* is some time 

convenient. We considered the Cartesian product B � T , for every set T, like a fw set B by the first 
projection. 
 
Definition 1.1. [9] If M  and N are fw sets on B, with projections PM : M � B and PN : N � B, 

respectively, a function � : M � N is said to be fw function if  PN � � = PM , or �(Mb) � Nb for every 
point b of B. 
 

Observe that a fw function � : M � N over B limited by restriction, a fw function �B* : MB* � NB* 
over B* for every subset B* of B. 
 

Definition 1.2. [9] Let (B, �) be a topological space. The fw topology on a fw set M over B mean any 
topology on M for which the projection P is continuous. 
 
Definition 1.3. [9] The fw function � : M � N, where M and N are fw topological spaces over B is 
named: 
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(a) Continuous if for every point m � Mb ; b � B, the inverse image of every open set of �(m) is an open 
set of m. 

(b) Open if for every point m � Mb ; b � B, the direct image of every open set of m is an open set of 

�(m). 
 
Definition 1.4. [9] The fw topological space (M, 	) over (B, �) is named fw closed, (resp., fw open) if the 
projection P is closed (resp., open). 
 

In the year 1999, Russian researcher Molodtsov [12], started the concept of soft sets as a new 
mathematical tool to deal with uncertainties while modeling problems in engineering physics, computer 
science, economics, social sciences and medical sciences. Many research studied the theory of soft sets as 
Maji, Biswas and Roy in 2003 [11], D. Chen in 2005 [6]. Topological structures of soft set have been 
studied by some authors in recent years, Naim Cagman et al. in 2011 [5] and M. Shabir et al. in 2011 
[16]. The soft set theory has a rich potential for applications in some directions. 
  
Definition 1.5. [12] Let M be an initial universe and E be a set of parameters. Let �(M) denote the power 
set of M and A be a non-empty subset of E. A pair (F, A) is named a soft set over M, where F is a function 
given by F : A � �(M). In other words, a soft set over M is a parameterized family of subset of the 

universe M. For e � A, F(e) may be considered as the set of e-approximate elements of the soft set (F, A). 
 Note that the set of all soft sets over M will be denoted by S(M, E). 
 
Definition 1.6. [11] A soft set (F, E) on M is named to be a null soft if F(e) = 
 for all e � E and this 

denoted by 
� . Also, (F, E) is said to be an absolute soft set if F(e) = M for each e � E and this denoted by �	. 
 
Definition 1.7. [16] The difference of two soft sets (F, E) and (G, E) over the common universe M, 
denoted by (F, E) – (G, E) is the soft set (H, E) where for all e � E, H(e) = F(e) – G(e). 
 
Definition 1.8. [11]  
(a) The union of two soft sets of (F, A) and (G, B) over the common universe M is the soft set (H, C), 

where C = A � B and for all e � C. 


(�) = � 
(�) �� � ∈ � − ��(�) �� � ∈ � − �
(�) ∪ �(�) �� � ∈ � ∩ � 

     We write (F, A) ∪� (G, B) = (H, C). 
(b) The intersection of two soft sets of (F, A) and (G, B) over the common universe M is the soft set (H, 

C), where C = A � B and for all e � C, we have H(e) = F(e) � G(e). We write (F, A) ∩� (G, B) = (H, 
C). 

 
Definition 1.9. [1] The complement of a soft set (F, E), denoted by (F, E)c, is defined by (F, E)c = (Fc, E) 
; Fc : E � �(M) is a function given by Fc(e) = M – F(e) for all e � E. Fc is called the soft complement 
function of F.  Clearly, (Fc)c is the same as F and ((F, E)c)c = (F, E). 
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Definition 1.10. [16] Let �̃ be the collection of soft sets over M, then �̃  is said to be a soft topology on M  
if 

(a)  
�, �	  ∈� �̃ 
(b)  the union of any number of soft sets in �̃ belongs to �̃ 
(c)  the intersection of any two soft sets in �̃ belongs to �̃. 

The triplet (M, �̃, E) is called a soft topological space over M. The members of �̃ are called soft open 
sets in M. Also, a soft set (F, A) is named a soft closed if the complement (F, A)c belongs to �̃. 

 
Definition 1.11. [14] 
(a) A soft set (F, E) over M is said to be a soft element if 
 e � E such that F(e) is a singleton, say, {m} 

and F(e') = 
, for all (e' � e) � E. Such a soft element is denoted by �� . 
(b) A soft set (F, E) is said to be a soft neighbourhood (shortly., soft nbd) of the soft set (H, E) if there 

exists a soft set (G, E) ∈� �̃ where (H, E) ⊆�  (G, E) ⊆�  (F, E). If (H, E) = �� , then (H, E) is said to be a 
soft nbd of the soft element �� .  

 
Definition 1.12. [16]  
Let (M, �̃, E) be a soft topological space and (F, E) be a soft set over M. Then, the soft closure of (F, E), 

denoted (
, �), is defined as the soft intersection of all soft closed super sets of (F, E). 

Note that (
, �) is the smallest soft closed set that containing (F, E). 
 
Definition 1.13. [5] 
(a) Let (M, �̃, E) be a soft topological space over M and N be a non-empty subset of M. Then, the 

collection � ̃�  = {(G, K) ∩� (F, E) : (F, E) ∈� �̃ } is called a soft subspace topology on N. Hence, (N, � ̃�, K) is called a soft topological subspace of (M, �̃, E). 

(b) A soft basis of a soft topological space (M, �̃, E) is a subcollection ℬ	 of �̃ such that every element of �̃ can be expressed as the union of elements of ℬ	. 
 
Definition 1.14. [13] Let M and N be two non-empty sets and E be the parameter set. Let {fe : M � N, e 

� E} be a collection of functions. Then a function �� ∶ SE(M, E) � SE(N, E) defined by ��(�!) = �"#(!) 
is called a soft function, where SE(M, E) and SE(N, E) are sets of all soft elements of the soft sets �	 and $	 respectively. 
 

Definition 1.15. [4] Let S(M, E) and S(N, K) be families of soft sets. Let f : M � N and u : E � K be 

mappings. Then a mapping Pfu : S(M, E) � S(N, K) is defined as: 
(1) Let (F, A) be a soft set in S(M, E). The image of (F, A) under Pfu, written as Pfu(F, A) = ( fpu(F), u(A)), 
is a soft set in S(N, K) such that 
 

Pfu(F)(k) =%∪&∈'*+(-)∩.   �/
(�)0,          12�(3) ∩ � ≠ 55                                      67ℎ�9:�;�  

for all k ∈ K. 
(2) Let (G, B) be a soft set in S(N, K). The inverse image of (G, B) under Pfu, written as 
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<"'2�(�)(�) = %�2�(�/1(�)0)),         1(�) ∈ �                5,                67ℎ�9:�;� 

for all e ∈ E. 
The soft mapping Pfu is called surjective if f and u are surjective. The soft mapping Pfu is called injective 
if f and u are injective. 
 
Definition 1.16. [3] A soft function � : (M, �̃, E) � (N, ��, L) is said to be soft continuous (shortly., s-
continuous) if the inverse image of every soft open set of N is a soft open set in M. 
 

Definition 1.17.  [3] A function � : (M, �̃, E) � (N, ��, L) is said to be  
(a) Soft open (shortly., s-open) if the image of every soft open set in M is soft open set in N, 
(b) Soft closed (shortly., s-closed) if the image of every soft closed set in M is soft closed set in N. 
 
Definition 1.18. [15] If (M, E) is a soft set, then the soft set �(M, E) = {(me, me) : me � (M, E)} is called as 

the diagonal of (M, E) � (M, E). Here �(M, E) = (�M ,�E) is defined by ( (m, m), (e, e) ) = (m, m) (e, e) = (me, 
me). 
 
Definition 1.19. [3] Let (F, E) and (G, L) be two soft sets over M, then the Cartesian product of (F, E) and 

(G, L) is defined as, (F, E) � (G, L) = (H, E�L) where H : E � L � �(E � L)  and H(e, l) = F(e) � G(l) , 

where (e, l) � E � L. 

i.e., H(e, l) = {(mi, mj) : mi � F(e) and mj � G(l)}. 
The Cartesian product of three or more nonempty soft sets can be defined by generalizing the 

definition of the Cartesian product of two soft sets. The Cartesian product (F1, E) � (F2, E) � … � (Fn, E) 
of the nonempty soft sets (F1, E), (F2, E), … , (Fn, E) is the soft set of all ordered n-tuple (m1, m2, …, mn) , 
where mi � Fi(e).  
 
Definition 1.20. [2] Let {(Mr, �̃> ,Er)}r�S be a family of soft topological spaces. Then, the initial soft 

topology on M = �r�S Mr generated by the family {(fr, ur)}r�S is called product soft topology on M.  (Here, 

(fr, ur) is the soft projection function from M to Mr, r � S). 

The product soft topology is denoted by �r�S (Mr, �̃> ,Er). 
 
 

Definition 1.21. [21]. A family C of soft sets is a cover of a soft set (F, E) if (F, E) ⊆�   ∪� {(Fi, E) ∈� C, i � 
I}. It is a soft open cover if each member of C is a soft open set. A subcover of C is a subfamily of C 
which is also a cover.  
 

The bitopological space study was first created by Kelly [10] in 1963 and after that a large number 
of researches have been completed to generalize the topological ideas to bitopological setting. In this 
research (M, 	1, 	2) and (N, �1, �2) (or briefly., M and N) always mean bitopological spaces on which no 

separation axioms are supposed unless clearly stated. By 	i-open (resp., 	i-closed), we shall mean the open 

(resp., closed) set with respect to 	i in M, where i = 1, 2. A is open (resp., closed) in M if it is both 	1-open 

(resp., 	1-closed) and 	2-open (resp., 	2-closed). As well as, we built on some of the result in [17, 18, 19, 
20]. 
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Definition 1.22. [10] A triple (M, 	1, 	2) where M is a non-empty set and 	1 and 	2 are topologies on M is 
named bitopological space. 
 
Definition 1.23. [10] A function � : (M, 	1, 	2) � (N, �1, �2) is said to be 	i-continuous (resp., 	i-open, 	i-

closed), if the function � : (M, 	i) � (N, �i) is continuous (resp., open, closed). � is named continuous 

(resp., open, closed) if it is 	i-continuous (resp. 	i-open, 	i-closed) for every i = 1, 2. 
 
Definition 1.24. [8] Let (M, �̃�, E) and (M,  �̃?, E) be the two different soft topologies on M. Then (M,  �̃�, �̃?, E) is called a soft bitopological space. 
 
2. Fibrewise Pairwise Soft @A, Pairwise Soft @B and Pairwise Soft Hausdorff spaces 
    The concepts of soft near open sets have an important role in fibrewise pairwise soft separation axioms. 
By using these concepts we can construct many several fibrewise soft pairwise separation axioms. At this 
time gave concepts of fibrewise pairwise soft �� and soft �� spaces like in the following. 
 
Definition 2.1. Assume that (M, τ 1̃, τ 2̃, E) is fw-sbts over (B, γ 1̃, γ ̃2, D). Now (M, τ 1̃, τ 2̃, E) is called 
fibrewise pairwise soft T0 (briefly, fw-psT0 ) if whenever m ̃1, m ̃2 ∈ ̃(�C� , E), where b ̃∈ ̃(B, D) and m 1̃ ≠ 
m ̃2, there exists either a τ ̃i - soft open set (
�, �) from m ̃1 that does not include on m 2̃ on (M, τ ̃1, τ ̃2, E) 
otherwise τ j̃ - soft open set (F2, E) of m ̃2  which does not contain m ̃1 in M, anywhere i, j=1, 2  , i ≠ j. 
  
Example 2.2. Suppose that M = {m1, m2}, B = {a, b}, E = {e1, e2}, D= {d1, d2} and (M, τ 1̃, τ ̃2, E) is a fw-
sbts over (B, γ 1̃, γ 2̃, D). Define f : M→ B and  u :E → D, such that f(m1) = {a}, f(m2) = {b}, u(e1) = {d1}, 
u(e2) = {d2}. Then τ 1̃ = {Φ ̃, M ̃, (F1, E), (F2, E)}, τ 2̃ = {Φ ̃, M ̃, (F3, E), (F4, E)} where (F1, E), (F2, E), (F3, 
E), (F4, E) are soft sets over (M, τ 1̃, τ 2̃, E), defined as follows: 
(F1, E) = {(e1, {m1})},                                (F3, E) = {(e2, {m2})} 
(F2, E) = {(e1, {m1}), (e2, {m2})},               (F4, E) = {(e1, {m1}), (e2, {m2})}, 
γ ̃1 = {Φ ̃, B ̃, (L, D)}, γ ̃2 = {Φ ̃, B ̃, (O, D)},   (L, D) = {(d1, {a})},  (O, D)={(d2, {b})} and then  the 
projection function Pfu  : M → B  be a s-continuous, then there exists soft open {(e1, {m1 })}∈ ̃ τ 1̃, {(e2, 

{m2})}∈ ̃ τ ̃2 such that m ̃1∈ ̃{(e1, {m1})}, m ̃2 ∉ ̃{(e1, {m1})} and m ̃2 ∈ ̃{(e2,{m2})}, ��� ∉	 {(�?, {�?})}. Also, � is fw-ps T0 space 
 
Remark 2.3. 
(a) (M, τ ̃1, τ 2̃, E) is fw-psT0 space iff each fiber pairwise soft �C�  is T0 space. 
(b) Soft subspaces of fw-ps T0 spaces are fw-ps T0 spaces. 
(c) The fw-sbt products of fw-ps T0 spaces with a group fibrewise pairwise soft projections are fw-ps T0 

spaces. 
                                                                                                                                                                                             

         Of course one can express a fibrewise pairwise soft type of the T1 (briefly, fw-ps T1) space in a like 
fashion. Assume that (M, τ ̃1, τ ̃2, E) is fw-sbts over (B, γ 1̃, γ ̃2, D). Then (M, τ ̃1, τ 2̃, E) is called  fw-ps T1 if 
whenever m 1̃,m ̃2 ∈ ̃(�C� , E), where b ̃∈ ̃(B, D) and m ̃1 ≠ m ̃2, there is a τ ĩ - soft open sets (F1, E), (F2, 
E)  in M where m 1̃ ∈ ̃ (F1, E), m ̃2 ∉ ̃ (F2, E) and m ̃1 ∉ ̃(F2, E), m ̃2 ∈ ̃(F2, E), i, j =1, 2, i ≠ j. On the other 
hand it turns out that there is no real use for this in what we are working to do. In its place we make some 
use of added axiom "The axiom is that all τ ĩ - softopen set contains the closure of each of its points", also 
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use the term pairwise soft R0 space. This is exact for pairwise soft T1 spaces of course also for pairwise 
soft regular spaces. Searching of it equally a feeble pattern of patterns pairwise soft regularity. Such as, 
soft indiscrete spaces are pairwise soft R0 spaces. The fibrewise pairwise soft type of the R0 axiom is like 
the following. 
 
Definition 2.4. The fw-sbts (M, τ ̃1, τ ̃2, E) over (B, γ 1̃, γ 2̃, D) is called fibrewise  pairwise soft �� (briefly, 
fw-ps R0) if for all soft point m ̃ ∈�(�C� , E), anywhere b ̃∈ ̃(B,D), and all τ ĩ - soft open set (F,E) from m ̃ in 
M, there is a soft nbd (H, D) from b ̃ in (B,D) so as the τ ĩ - soft closure of {m ̃} in M(H,D)  is contained in (F, 
E) (i.e., M(H, D)  ∩� τ ĩ – Cl{m ̃}⊂ ̃(F,E)), where  i, j=1, 2, i ≠ j . 
        
                  Such as, B×T is fw-ps R0 space for each pairwise soft R0 spaces T, where (B, γ ̃1, γ ̃2, D), (T, τ ̃1, 
τ 2̃, E) is a  fw-sbts over (B, γ 1̃, γ ̃2, D). 
 
Remark 2.5. 
(a) The nbds. of m ̃ are provided by a fibrewise basis it is enough if the condition in Definition (3.1.3) is 

satisfied for each fibrewise soft basic nbds. 
(b) Condition (M, τ 1̃, τ ̃2, E) is fw-ps R0 space over (B,γ ̃1, γ ̃2, D), now (MB∗, �̃�∗, �̃?∗, EB∗) is fw-ps R0 space 

over B∗ for all subspace (B∗ , NO�∗, NO?∗, D∗) of B. 
 

               The soft subspaces from fw-ps R0 spaces are fw-ps R0 spaces. In fact we have.                           
Proposition 2.6. Assume that ф : M → M∗ is a s-continuous fibrewise embedding, where (M, τ ̃1, τ 2̃, E) 
and (M∗, �̃�∗, �̃?∗, E∗) are fw-sbts over (B, γ 1̃, γ ̃2, D). If M∗ is fw-ps R0, then M is so. 
Proof. Assume that m ̃∈ ̃(�C� , E), where b ̃∈ ̃(B, D) and  (F, E) is a τ ̃i - soft open set of m ̃ in M. Now (F, 
E) = ф-1(F∗, E∗), where (F∗, E∗) is a τ ĩ - soft open set of  m ̃∗ = ф(m ̃) in M∗. Since M∗ is fw-ps R0 there 
exists a soft nbd (H, D) of b ̃ such that �(P,Q)∗ ∩� τ ̃j – Cl{m ∗̃} ⊂ ̃(F∗, E∗). Then M(H, D)  ∩� τ ̃j – Cl{m ̃} ⊂ ̃ф-

1(�(P,Q)∗  ∩� τ j̃ -Cl{m ̃∗}) = ф-1 (F∗, E∗) = (F, E) and so M is fw-ps R0, anywhere  i, j=1, 2, i ≠ j. 
 
          The class of  fw-ps R0 spaces is finitely multiplicative, in the following sense. 
Proposition 2.7. Assume that {Mr, τ r̃1,τ r̃2, Er} is a finite family of fw-ps R0 spaces over (B, γ ̃1, γ 2̃ , D). 
Then the fw soft bitopological product (M, τ 1̃, τ 2̃, E) = ∏ (�>,S �̃�>, �̃?>, �>) is fw-ps R0 . 
Proof. Assume that m ∈̃ ̃(�C� , E), where b ̃∈ ̃(B, D). Study a τ ̃i - soft open set (F, E) = ∏ (
>S , �>)  of m ̃ 
in M, anywhere (Fr, Er) is a τ ̃i -soft open set of ∏ (��)>  = m r̃ in Mr for each index r. Since Mr is fw-ps R0 
there is a soft nbd (Hr, Dr) from m ̃ in (B, D) so as ((Mr, Er)-(Hr, Dr ))∩� τ ̃j -Cl{m ̃}⊂ ̃(Fr, Er). Then the 
intersection (H, D) of the (Hr, Dr) is a soft nbd of b ̃ such that ((M, E) - (H ,D)) ∩� τ ̃j -Cl{m ̃}⊂ ̃(F, E) and 
so M = ∏ �>S  is fw-ps R0, anywhere i, j = 1,2, , i ≠ j. 
            
              The similar supposition holds for infinite fibrewise soft products provided all of the elements are 
fibrewise soft nonempty. 
Proposition 2.8. Suppose that ф : M → N is a s-closed, s-continuous fibrewise surjection function, 

anywhere (M, τ ̃1, τ ̃2, E) , (N, σ 1̃,σ ̃2, K) are fw-sbts over (B, γ ̃1, γ ̃2, D). If � is fw-ps R0, then N is so. 
Proof. Assume that n ̃∈ ̃($C� , K), where b ∈̃ ̃(B, D), and (O, K) is a τ ĩ -soft open set of n ̃ in N. Pick m ∈̃ ̃ф-

1 (n ̃). Then (F, E) = ф-1 (O, K) is a τ ĩ - soft open set of m ̃. Since M is fw-ps R0 there exists a soft nbd (H, 
D) of b ̃ such that M(H, D) ∩�  τ ̃j -Cl{m ̃}⊂ ̃(F, E). Then N(H, D) ∩� ф(τ j̃ -Cl{m ̃ })⊂ ̃ф(F, E) = (O, K). Since ф 
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is s-closed, then ф(τ ̃j -Cl{m ̃}) = σ j̃ -Cl(ф{m ̃}). Therefore N(H, D) ∩� σ j̃ -Cl(ф{m ̃})⊂ ̃(O, K) and so K is fw-
ps R0, where i, j = 1, 2,  i ≠ j. 
 
        At this time we introduce the type of fibrewise  pairwise soft Hausdorff spaces in the  following. 
Definition 2.9. The fw-sbts (M, τ ̃1, τ ̃2, E) over (B, γ ̃1, γ 2̃, D) is named fibrewise pairwise soft Hausdorff 
(briefly fw-ps Hausdorff) where m ̃1, m ̃2 ∈ ̃(�C� , E), and b ̃∈ ̃(B,D) and m ̃1 ≠ m 2̃, there exists disjoint pair  
τ ĩ - soft open set (F1, E) of m 1̃ and τ ̃j - soft open (F2, E) of m ̃2 respectively in M, anywhere i, j = 1, 2,   i ≠ 
j. 
  
Example 2.10. Let M = {m1, m2, m3}, B = {a, b}, E = {e1, e2}, D = {d1, d2} and   let (M, τ ̃1, τ ̃2, E) be a  
fw-sbts over (B, γ 1̃, γ ̃2, D). Define f  : M → B and  u : E → D, such that f(m1 ) = f(m3 ) = {a}, f(m2) = {b}, 
u(e1) = {d1}, u(e2) = {d2}. Then τ ̃1 = {Φ ̃, M ̃, (F1, E), (F2, E), (F3, E), (F4, E), (F5, E)}, τ 2̃ = {Φ ̃, M ̃, (F6, 
E),(F7, E), (F8, E)} where (F1, E), (F2, E), (F3, E), (F4, E), (F5, E),                                 (F6, E), (F7, E), (F8, 
E) are soft sets over (M, τ 1̃,τ 2̃, E), defined as follows: 
(F1, E) = {(e1, {m1})},                          (F6, E) = {(e2, {m2})}, 
(F2, E) = {(e2, {m3})},                         (F7, E) = {(e1, {m2}), (e2, {m1})}, 
(F3, E) = {(e1, {m1}), (e2, {m3})},        (F8, E) = {(e1, {m2}), (e2, {m1, m2})}, 
(F4, E) = {(e1, {m1, m3})} 
(F5, E) = {(e1, {m1, m3}), (e2, {m3})} 
γ ̃1 = {Φ ̃, B ̃, (L, D)}, γ ̃2 = {Φ ̃, B ̃, (O, D)}, (L, D) = {(d1, {a})}, (O, D) = {(d2, {b})} and then the 
projection function Pfu : M → B be a s-continuous, then there exists disjoin τ ĩ - soft open {(e1, {m1})} of 
m ̃1 and τ j̃ - soft open {(e2, {m2})} of m ̃2 such that m ̃1∈ ̃{(e1, {m1})} and m ̃2 ∈ ̃{(e2, {m2})}. Also, M is fw-
ps Hausdorff space, where i, j = 1, 2, i ≠ j. 
       
Remark 2.11. If (M, τ ̃1, τ 2̃, E) is fw-ps Hausdorff space over (B, γ ̃1, γ 2̃, D) then (MB

∗, τ ̃1B
*, τ ̃2B

∗, EB
∗) is 

fw-ps Hausdorff over B∗ for all soft subspace (B∗, γ ̃1∗, γ ̃2∗, D∗) of B. Especially the fibres pairwise soft 
from M  is Hausdorff spaces.  
               
               On the other hand a fw-sbts with pairwise soft Hausdorff fibres is not essentially pairwise soft 
Hausdorff :  
Example 2.12. Assume that M = {m1, m2, m3}, B = {a, b}, E = {e1, e2}, D = {d1, d2} and let (M, τ ̃1, τ 2̃, E) 
be a fw-sbts over (B, γ 1̃, γ 2̃, D). Define  f  : M → B and u : E → D, such that f(m1 ) = {a}, f(m2) = f(m3) = 
{b}, u(e1) = {d1}, u(e2) = {d2}. Then τ ̃1 = {Φ ̃, M ̃, (F1, E), (F2, E)}, τ 2̃ = {Φ ̃, M ̃, (F3, E), (F4, E)} where 
(F1, E), (F2, E), (F3, E), (F4, E) are soft sets over (M, τ 1̃, τ 2̃, E), defined as follows: 
(F1, E) = {(e1, {m2}), (e2, {m1, m2})},                              (F3, E) = {(e1, {m1}), (e2, {m1, m3})},    (F2, E) = 
{(e1, {m1}), (e2, {m1})}                                         (F4, E)={(e1, {m1}), (e2, M)},                                                               
 γ ̃1 = {Φ ̃, B ̃, (L, D)}, γ ̃2 = {Φ ̃, B ̃,(O, D)}, (L, D) = {(d1, {a}), (d2, {a})} and (O,D)={(d1, {a}), (d2, M)} 
then the projection function Pfu  : M → B is a s-continuous. Since we have : �C�   = {m ̃2, m ̃2}, �̃�UV	= {Φ ̃, �	C� , {(e2, {m2})}, �̃?UV	= {Φ ̃, �	C� , {(e2, {m3})}, {(e2, {m2, m3})}. Then there is �̃�UV	-soft open set {(e2, 

{m2})} where m ̃2 ∈ ̃{(e2, {m2})}, m ̃2 ∉ ̃{(e2, {m3})} and there exists �̃?UV	-soft open set {(e2,{m3})} where 

m ̃3 ∈ ̃{(e2, {m3})}, m ̃3 ∉ ̃{({(e2, {m2})}. Since we have: �C�  = {m2 ̃, m ̃3} is fw-ps Hausdorff. But (M, τ 1̃, τ ̃2, 
E) is not fw-ps Hausdorff since m 2̃ and  m ̃3 ∈ ̃(M, E), m 2̃ ≠ m ̃3 and there exists no disjoint τ ĩ - soft open 
sets of m 2̃ and m ̃3. 
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Proposition 2.13. The fw-sbts (M, τ ̃1, τ ̃2, E) over (B, γ 1̃, γ ̃2, D) is fw-ps Hausdorff iff the soft diagonal 
embedding  ∆ : M → M ×B M  is τ ĩ ×B τ ĩ  s- closed . 
Proof. (⟹) Assume that m ̃1, m ̃2 ∈ ̃(�C� , E), where b ∈̃ ̃(B, D) and m ̃1 ≠ m 2̃. Since ∆(M) is τ ĩ ×B τ ĩ s- 
closed in M ×B M, then (m ̃1, m ̃2), existence a point of the soft complement, confesses a fibrewise product 
τ ĩ ×B τ ̃j soft open set (F1, E)×B (F2, E) which do not give ∆(M), also then (F1, E) is τ ĩ -soft open of m ̃1 and 
(F2, E) is τ ̃j- soft open set of  m ̃2, where i, j =1, 2,  i ≠ j. 
(⟸) The reverse way is like. 
 
       The soft subspaces of fw-ps Hausdorff spaces are fw-ps Hausdorff spaces, In fact we have. 
Proposition 2.14 Assume that ф: M → M∗ is a s-continuous embedding fibrewise function, where (M, τ ̃1, τ ̃2, E) and (M∗, τ ̃1∗, τ ̃2∗, E∗) are fw-sbts over  (B, γ ̃1, γ ̃2, D). If M* is fw-ps Hausdorff, then is so M . 
Proof. Assume that m ̃1, m 2̃ ∈ ̃(�C� , E), where b ∈̃ ̃(B, D) and m 1̃ ≠ m 2̃. Then ф(m 1̃ ), ф(m 2̃)∈ ̃                           (�C�∗, E∗) are distinct, since M∗ is fw-ps Hausdorff, then we have a τ ĩ∗-soft open sets (F1

∗, E∗ ) of ф(m ̃1) 
and τ j̃∗-soft open (F2

∗, E∗) of ф(m ̃2) in M∗ which are disjoint. Because ф is s-continuous, the inverse 
images ф-1 (F1

∗, E∗) = (F1, E), ф-1(F2
∗, E∗) = (F2, E) such that (F, E) is τ ĩ - soft open set of m ̃1 and (F2, E) 

is τ ̃i - soft open set of m ̃2 in M which are disjoint therefore M is fw-ps Hausdorff, where i, j =1, 2, i  ≠ j.  
 
Proposition 2.15. Assume that ф: M → N is a s-continuous fibrewise function, where (M, τ ̃1, τ ̃2, E) and 
(N, σ ̃1, σ 2̃, K) are fw-sbts over (B, γ 1̃, γ ̃2, D). If N is fw-ps Hausdorff, now the fibrewise soft graph G : M 
→M ×B N of ф is a τ ̃i ×B σ j̃ - soft closed embedding. 
Proof. The fibrewise soft graph is clear in the similar method as the usual soft graph, on the other hand 
with standards in the fibrewise soft product, so as to the figure presented below is commutative. 
 
 
 
 
                                
 
 
 

 
Fig. (1): Diagram of Proposition (2.15). 

 
 Since Δ(N) is σi ×B σi -soft closed in N ×B N by Proposition (2. 13), so G(M) =(ф × idK)-1 (Δ(N) is τi ×B  σj 
– soft closed in M ×B N, where i, j=1, 2, i ≠ j. 
        
                   The class from fw-ps Hausdorff spaces is multiplicative, in the following sense. 
Proposition 2.16. Assume that {Mr, τ 1̃r, τ 2̃r, Er } is a family of fw-ps Hausdorff spaces over (B, γ ̃1, γ ̃2, 
D). Then the fibrewise soft bitopological product M = ∏ �>S  is fw-ps Hausdorff . 
Proof. Assume that m ̃1, m 2̃ ∈ ̃(�C� , E), where b ̃∈ ̃(B, D) and m ̃1 ≠ m 2̃.Then πr (m 1 )=m ̃1r ≠ πr(m ̃2) = m ̃2r 
for particular directory r. Since Mr is fw-ps Hausdorff, then there is a τir - soft open set (
�Y, Er ), of m ̃1r 

and τjr -soft open (
?Y, Er) of m ̃2r in Mr  which are soft disjoint. Since πr is s-continuous, then the inverse 

� 

ф × �[\ ф 
� ×S $ ф� � ��

$ ×S $ $ ∆ 
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images ^>2�(F1r, Er), ^>2�(F2r, Er) are disjoint τ ĩ -soft open and τ ĩ -soft open sets of m ̃1,m ̃2 in M where i, 
j=1, 2, i ≠ j.        
           
              The pairwise soft functionally type of the fibrewise  pairwise soft Hausdorff axiom is sturdier 
than the non pairwise soft functional type on the other hand its features are farily like. Here and away we 
usage the closed unit interval [0, 1] in the real line. 
Definition 2.17. The fw-sbts (M, τ 1̃, τ ̃2, E) over (B, γ 1̃, γ 2̃, D) is called fibrewise pairwise soft 
functionally (briefly, fw-ps functionally) Hausdorff if whenever m ̃1, m 2̃ ∈ ̃(�C� , E), where b ∈̃ ̃(B, D) and 
m ̃1 ≠ m ̃2, there exists a soft nbd (H, D) of b ̃ and disjoint τ ĩ -soft open and τ ̃i  -soft open sets (F, E), (V, E) 
of m 1̃, m 2̃ in M and a continuous function λ : M(H,D)  → [0,1] such that �C� ∩� (F,E) ⊂�  λ-1(0), �C� ∩� (V, E) ⊂�  λ-1(1) ,where i, j=1, 2  , i ≠ j. 
 
Example 2.18. Assume that M = {m1, m2, m3}, B = {a, b},  E = {e}, G = {d} and let (M, τ ̃1, τ 2̃, E) be a fw-
sbts over (B, γ ̃1, γ ̃2, D). Define f : M →B and u : E → D, such that f(m1)={a}, f(m2) = f(m3)={b}, 
u(e)={d}. Then τ 1̃ = {Φ ̃, M ̃, (F1, E), (F2, E), (F3, E)}, τ 2̃ = {Φ ̃, M ̃, (F4, E), (F5, E)}  where (F1, E), (F2, 
E), (F3, E), (F4, E), (F5, E)are soft sets over (�, �̃�, �̃?, �), defined as follows: 
(F1, E) = {(e, {h2})},                                                         (F4, E) = {(e, {h2, h3})}, 
(F2, E) = {(e, {h1, h2})},                                                   (F5, E) = {(e, {h3 })}, 
(F3, E) = {(e, {h1})} 
γ ̃1 = {Φ ̃, B ̃, (L, D)}, γ ̃2 = {Φ ̃, B ̃,(O, D)}, (L, D) = {(d, {a})} and (O,D)={(d, {b})} . It clear that M(H,D) = 
{(e, {h2, h3})}, then the projection function Pfu : M → B is a s-continuous. Let λ :         M(H,D)  → [0,1] 
where λ(m ̃2) = 0, λ(m 3̃) = 1, �̃�U(b,c)={Φ ̃, M ̃(H,D), {(e, {m2})}}, �̃?P(b,c)= {Φ ̃, M (̃H,D), {(e, {m3})}}, then λ 

is continuous function, and there exist disjoin τ ĩ -soft open {(e, {m1 })} of m ̃1 and τ j̃ -soft open {(e, {m2})} 
of m ̃2 such that �C� ∩� {(e, {m2})}  ⊂�  λ-1(0), �C� ∩� {(e,{m3 })} ⊂�  λ-1(1). Also, � is fw-ps functionally 
Hausdorff space, where i, j = 1, 2, i ≠ j.  
 
Remark 2.19. If (M, τ ̃1, τ ̃2, E) is fw-ps functionally Hausdorff space over (B, γ 1̃, γ 2̃, D), then (�∗, �̃�∗, �̃?∗, �∗) = (�S∗, �̃�S∗, �̃?S∗, �S∗) is fw-ps functionally Hausdorff over �∗ for all soft subspace (�∗, NO�∗, NO?∗, d∗) of B. Especially the fibres soft of M are pairwise soft functionally Hausdorff spaces.  
                                      
         The soft subspaces of fw-ps functionally Hausdorff spaces are fw-ps functionally Hausdorff spaces . 
We have actually. 
Proposition 2.20. suppose that  ф : M →M∗  is a s-continuous embedding fibrewise function, anywhere 
(M, τ ̃1, τ 2̃, E) and (�∗, �̃�∗, �̃?∗, �∗) are fw-sbts over (B, γ ̃1, γ ̃2, D). If M∗ is fw-ps functionally Hausdorff, 
then is so M 
Proof. Let m ̃1, m 2̃ ∈ ̃(�C� , E) and m ̃1 ≠ m ̃2; b ̃∈ ̃(B, D). Then ф(m ̃1) = m 1̃∗,  ф(m ̃2 ) = m ̃2∗ ∈� (�C�∗, E∗), 
m ̃1∗ ≠ m 2̃∗. Since M∗ is fw-ps functionally Hausdorff, then we have a nbd (H, D) of b ̃ in B and disjoint 
pair of τi

∗ -soft open set (F1
∗,E∗) of m ̃1∗

 and τj
∗-soft open set (F2

∗, E∗) of  m ̃2∗ and a continuous function λ∗ 

:M(M,D)
∗ → [0, 1] where �C�∗ ∩� (F1

∗, E∗)⊂ ̃(λ∗)-1(0) and �C�∗ ∩�(F2
∗, E∗)⊂ ̃(λ∗)-1(1). Now, since ф is s-

continuous, ф-1(F1
∗, E∗) = (F1, E) and ф-1(F2

∗, E∗) = (F2, E) are disjoint pair of τi-soft open set of m ̃1 and 
τj-soft open set of m ̃2 respectively and the continuous function λ where λ = λ∗ ο ф : M(N,D) → [0,1] such 
that �C� ∩�(F1, E)⊂ ̃ λ-1(0) and �C� ∩�(F2, E)⊂ ̃λ-1 (1), where i, j = 1, 2 , i ≠ j.   
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          Furthermore the class of fw-ps functionally Hausdorff spaces is multiplicative, as the following. 
Proposition 2.21. Suppose that  {Mr, τ ̃r1, τ ̃r2, Er} is a set of fw-ps functionally Hausdorff spaces over (B, 
γ 1̃, γ 2̃, D). Now the fibrewise soft bitopological product (M, τ ̃1, τ ̃2, E) = ∏ (�>S , �̃>�, �̃>?, �) with the 
family of fibrewise soft projection πr: M = ∏ �>S → Mr is fw-ps functionally Hausdorff . 
Proof. Let m ̃1, m 2̃ ∈ ̃(�C� , �); g 	 ∈ ̃(B, D), and m 1̃ ≠ m 2̃. Then πr (m 1̃)=m ̃r1,  πr(m ̃2)=m ̃r2 ∈ ̃( (�>)C� , Er) 
for some index r where m r̃1 ≠ m r̃2 . Since Mr is fw-ps functionally Hausdorff, then we have a soft nbd (Hr, 
Dr) of b ̃ in B and disjoint pair of τij- soft open set (Fr1, Er) of m ̃r1, and τjr- soft open set (Fr2, Er) of m ̃r2 
and a continuous function λ : �>(PY,QY) →[0,1] such that (�>)C� ∩� (Fr1, Er)⊂ ̃λ-1(0) and (�>)C� ∩�(Fr2, 

Er)⊂ ̃λ-1 (1). Now the intersection of (Hr, Dr) is a soft nbd (H,D) of b ̃ in B, and since πr is s-continuous, 
then πr

-1 (Fr1, Er) = (F, E) and πr
-1 (Fr2,Er ) = (F2, E) are disjoint pair of  τi- soft open set of m ̃1 and τj- soft 

open set of m ̃2 respectively and the continuous function Ω where Ω = λ ο πr : M(H,D) → [0,1] where �C� ∩�(F1, E)⊂ ̃Ω-1(0) and �C� ∩�(F2, E)⊂ ̃Ω-1(1) where i, j=1, 2 , i ≠ j. 
 
3. Fibrewise pairwise Soft bitopological Regular and pairwise Soft Normal Spaces 

Now we proceed to consider the fibrewise soft types of the higher soft near separation axioms, beginning 

with fibrewise soft near regularity and fibrewise soft near completely regularity. 

 

Definition 3.1. The fw-sbts (M, �̃�, �̃?, E) over (B, NO�, NO?, D) is named fibrewise pairwise soft regular 

(briefly fw-ps regular) space if for all point ��  ∈� (�C� , �); g� ∈� (B, D), and for all τ ̃i - soft open set (F, E) 

of ��   in (M, �̃�, �̃?, E), we have a Nj- soft nbd (N, D) of g in (B, NO�, NO?, D) and a τ ĩ - soft open set (V, E) 

of ��  in (�(�,Q), ��(�,Q), �?(�,Q), �(�,Q)) such that the τ ̃i - closure soft of (F, E) in �(�,Q) is contained in 

(V, E)  (i.e., �(�,Q) ∩�  �j − kl(
, �) ⊂� (m, �)), . 
             Such as, the trivial fibrewise soft bitopological spaces with soft regular fibre are fibrewise 

pairwise soft bitopological regular space. 

 

Remark 3.2. 

(a) The nbds of m are given by a fibrewise soft basis it is enough if the condition in Definition (3.1) is 

satisfied for each fibrewise soft basic nbds. 

(b) If  (M, �̃�, �̃?, E) is fw-ps regular space over (B, NO�, NO?, G) then (�S∗, ��S∗, �?S∗, �S∗) is fw-ps regular 

space over  (�∗, NO�∗, NO?∗, d∗) for all subspace (�∗, NO�∗, NO?∗, d∗) of (B, NO�, NO?, G). 
  

        Soft subspaces of fw-ps regular space spaces are fibrewise pairwise soft bitopological regular space, 

where i=1, 2. Actually we have.  
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Proposition 3.3. Suppose ф : (M, �̃�, �̃?, E) →(�∗, �̃�∗, �̃?∗, �∗) is a fw-ps irresolute embedding function, 

where (M, �̃�, �̃?, E)  and (�∗, �̃�∗, �̃?∗, �∗) are fw-ps bitopological spaces on (�∗, NO�∗, NO?∗, d∗) . If (�∗, �̃�∗, �̃?∗, �∗) is fw-ps regular then (M, �̃�, �̃?, E) so is. 
Proof. Let ��  ∈� (�C� , �); g� ∈� (B, D) , and (F, E) be a �̃j- soft open set of ��   in (M, �̃�, �̃?, E). Then (F, E) = ф2�(
∗, �∗), where (
∗, �∗) is a �̃j∗-soft open set of �� ∗ = ф(��) in (�∗, �̃�∗, �̃?∗, �∗). Since (�∗, �̃�∗, �̃?∗, �∗) is fw-ps regular, there is a NOj- soft nbd (N, D) of g in (B, NO�, NO?, D) and a �̃j∗- soft open set (m∗, �∗) of �� ∗ in �(�,n)∗  such that �(�,Q)∗  ∩� �̃j − kl(m∗, �∗)  ⊂� (
∗, �∗). Then (V, E) = ф2�(m∗, �∗) is a 

�̃j- soft opens set of ��   in �(�,Q) such that �(�,Q) ∩�  �̃j −Cl(V, E) ⊂� (
, �), and so (M, �̃�, �̃?, E)  is fw-ps 

regular, where � = 1, 2, as required. 

         

          Class of fw-ps regular spaces is fibrewise soft multiplicative; � = 1, 2, in the next. 

Proposition 3.4. Suppose {(�>, �̃�>, �̃?> , �>)} be a finite family of fw-ps regular spaces over (B, NO�, NO?, 

D). So, the fw-ps regular product (M, �̃�, �̃?, E)  = ∏ (�>, �̃�>, �̃?> �>)S  is fw-ps regular.  

Proof. Let ��  ∈� (�C� , �); g� ∈� (B, D). Consider a �̃j-soft open set (F, E) = ∏ (
>, �>)S  of � in (M, �̃�, �̃?, 

E), where (F, E) is a �̃j- soft open set of ^>(�)  =  �> in (M, τ ̃1, τ 2̃, E) for each index 9. Since (M, �̃�, �̃?, E) is fw-ps regular there is a NOj- soft nbd ($>, d>) of g in (B, NO�, NO?, D) and a �̃j-soft open set (m>, �>) 

of �> in (�>, �>) − ($>, d>) where, the closure soft ((�>, �>) − ($>, d>)) ∩� �̃j − kl(m>, �>) of (m>, �>) 

in ((�>, �>) − ($>, d>)) is contained in (
>, �>). Therefore the intersection (N, D) of the ($>, d>) is a �̃j-
soft nbd of g and (V, E)= ∏ (m>S , �>) is a �̃j-soft open set of � in �(�,Q) where the �̃j-closure soft 

�(�,Q)  ∩�  �̃j − kl(m, d) of (V, E) in (�(�,Q), �(�,Q), �(�,Q)) is contained in (F, E), and so (M, �̃�, �̃?, E) 

=  ∏ (�>, �̃�>, �̃?> �>)S  is fw-ps regular. 

 

          The similar conclusion embraces for infinite fibrewise soft products provided all of the factors is 

fibrewise soft non-empty. 

Proposition 3.5. Suppose ф : (M, τ ̃1, τ 2̃, E) →(o, pO�, pO?, q) be a soft open, soft closed and soft irresolute 

fibrewise surjection function, where (M, �̃�, �̃?, E) and (o, pO�, pO?, q) are  fw-sbts over (B, NO�, NO?, D). Then 

(M, �̃�, �̃?, E) is fw-ps regular iff (o, pO�, pO?, q) so is. 
Proof.(⇒) Let 3�  ∈� (oC� , q); g� ∈� (B, D), and let (U, L) be a pj-soft open set of 3 in (o, pO�, pO?, q). Pick � ∈ ф2�(3). Then (F, E) = ф2�(U, L) is a �̃j-soft open set of �. Since (M, �̃�, �̃?, E) is fw-ps regular 

there is a NOj-soft nbd (N, D) of g and a �̃j-soft open set (
∗, �∗) of � where �(�,Q)  ∩� �̃j − kl(
∗, �∗) ⊂� (
, �). Then o(�,Q) ∩�  ф(�̃j − kl(
∗, �∗))  ⊂�  ф(
, �)  = (s, q). Since ф is 

soft closed, then ф(�̃j − kl(
∗, �∗))  =  pjkl(ф(
∗, �∗)) and since ф is soft open, then ф(
∗, �∗) is a soft 

open set of 3. Thus (o, pO�, pO?, q) is fw-ps regular as asserted. 
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( )Let ��  ∈� (�C� , �); g� ∈� (B, D), and let (
, �) be a �̃j-soft open set of � in (M, �̃�, �̃?, E). Pick 3 ∈
ф(�). Then ф(
, �)  = (s, q) is a �̃j- soft open set of 3. Since (o, pO�, pO?, q) is fw-ps regular there is a �̃j-
soft nbd ($, d) of g and a �̃j-soft open set (s∗, q∗) of 3 where o(�,Q)  ∩�  �̃j − kl(s∗, q∗) ⊂� (s, q). Then 

�(�,Q) ∩�  �̃j − ф2�(kl(s∗, q∗))  ⊂�  ф2�(s, q)  = (
, �). Since ф is closed, then ф2�/kl(s∗, q∗)0 =  pOj −
kl(ф2�(s∗, q∗)) and since ф is soft irresolute, then ф2�(s∗, q∗) is a soft open set of ℎ. Thus (M, τ ̃1, τ 2̃, 

E) is fw-ps regular.  

         

           The soft functionally type of the fibrewise soft regularity axiom is stronger than the non soft 

functionally type but its properties are equally like. In the ordinary theory the term completely regular is 

always used instead of functionally regular and we spread this usage to the fibrewise soft theory. 

 

Definition 3.6. The fw-sbts (M, �̃�, �̃?, E) on (B, NO�, NO?, D)  is named fibrewise pairwise soft completely 

regular (briefly, fw-ps completely regular) if for all point ��  ∈�  (�C� , �); g� ∈�  (�, d), and for all �̃j-soft 

open set (
, �) of � there exists a Nj-soft nbd ($, d) of g and a �̃t- soft open set (m, �) of � in �(�,Q) 
and a continuous function  u ∶  �(�,Q)  → I where that �C  ∩� (m, �)  ⊂� u2�(0) and 

�(�,Q)  ∩�  (�(�,Q), �(�,Q)) − (
, �))  ⊂� u2�(1), where �, v = 1, 2, � ≠ v. 
            For example, � × � is fw-ps completely regular space for all fw-ps completely regular spaces (�, �̃�, �̃?, �), . 
 

Remark 3.7. 

(a) The soft nbds of � are given by a fibrewise soft basis it is sufficient if the condition in Definition 

(3.6) is satisfied for every fibrewise soft basic nbds. 

(b) If (M, �̃�, �̃?, E) is fw-ps completely regular space on (B, NO�, NO?, D) then (�S∗, ��S∗, �?S∗, �S∗) is fw-

ps completely regular space on (�∗, NO�∗, NO?∗, d∗) for all subspace (�∗, NO�∗, NO?∗, d∗) of (B, NO�, NO?, D). 
         

         Soft subspaces of fw-ps completely regular spaces are fw-ps completely regular spaces. Actually we 

have. 

Proposition 3.8. Suppose ф : (M, �̃�, �̃?, E) →(�∗, �̃�∗, �̃?∗, �∗) is a fw-sbts irresolute embedding ; (M, �̃�, �̃?, E) and (�∗, �̃�∗, �̃?∗, �∗) are fw-sbts over (B, NO�, NO?, D). If (�∗, �̃�∗, �̃?∗, �∗) is fw-ps completely regular 

then so is (M, �̃�, �̃?, E). 

Proof. The proof is like to the proof of Proposition (3.3). 

 

           The class of fw-ps completely regular spaces is finitely multiplicative, as the next. 
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Proposition 3.9. Suppse {(�>, �̃�>, �̃?> , �>)} is a finite family of fw-ps completely regular spaces on (B, NO�, NO?, D). The fw-sbts product (M, �̃�, �̃?, E) = ∏ (�>, �̃�>, �̃?> , �>)S  is fw-ps completely regular. 
Proof. Let ��  ∈� (�C� , �); g� ∈� (B, D). Consider a fw-ps �̃j-open set ∏ (
>S , �>) of � in (M, �̃�, �̃?, E)  , 
where (
>, �>) is a �̃j>- soft open set of ^>(�) = �> in {(�>, �̃�>, �̃?> �>)} for each index 9. Since {(�>, �̃�>, �̃?> , �>)} is fw-ps completely regular we have a NOj −soft nbd ($>, d>) of g and a �̃t −soft open 

set (m, �) of �> in (M, �̃�, �̃?, E) and a continuous function u> ∶  �(�Y,QY)  → I ; (�>)C 

∩�  (m, �) ⊂� u>2�(0) and �(�Y,QY)  ∩�  (�(�Y,QY) − (
>, �>))  ⊂�  u>2� (1). So the intersection ($, d) of the 

($>, d>) is a Nj- soft nbd of g and u ∶  �(�,Q)  → I is a continuous function where: 
  u(w) = �x�>= 1, 2, … , x {u>(w>)} for w = (w>)  ∈  �(�,Q).  

Since �C  ∩�  ^>2� (m, �)  ⊂�  ^>2� [(�>)C  ∩� (m, �))]  ⊂�  ^>2� (u>2�(0)) = (u> ∘ ^>)2� and �(�,Q)   ^>2� (�(�Y,QY), �(�Y,QY)) − (
>, �>))  ⊂� ^>2� [�(�Y,QY) ∩�  (�(�Y,QY), �(�Y,QY)) − (
>, �>)] ⊂�  ^>2� 
(u>2� (1))= (^> ∘ u>)2�(1), where �, v = 1, 2 � ≠ v this proves the result. 

 

Lemma 3.10. Let ф : (M, �̃�, �̃?, E) → (o, pO�, pO?, q) be a soft open and soft closed fibrewise surjection 

function, where (M, �̃�, �̃?, E)  and (o, pO�, pO?, q) are fw-sbts over (B, NO�, NO?, D). Let ∁: (M, �̃�, �̃?, E) 

→(ℝ, , ~��, ~�? , �) be a soft continuous  real-valued function which is fibrewise soft bound above, in the 

sense that ∁ is bounded above on each fiber soft of �. Then �: (o, pO�, pO?, q) → (ℝ, , ~��, ~�? , �) is soft 

continuous, where  �(�) = Sup�∈ф*+(�) ∁(�). 

 

 

          The similar conclusion holds for infinite fibrewise soft products provided that all of the factors is 

fibrewise soft non-empty. 

Proposition 3.11. Suppose ф : (M, �̃�, �̃?, E) →(o, pO�, pO?, q) is a soft open, soft closed and soft irresolute 

fibrewise surjection function; (M, �̃�, �̃?, E) and (o, pO�, pO?, q) are fw-sbts on (B, NO�, NO?, D). If (M, �̃�, �̃?, 

E) is fw-ps completely regular then (o, pO�, pO?, q) is so. 

Proof. Let 3�  ∈� (oC� , q); g� ∈� (B, D), and let (s-, q-) be a pOj- soft open set of 3. Pick ��  ∈� (�C� , �); g� ∈� (B, 

D), so that (
!, �!) = ф2�(s-, q-) is a �̃j- soft open set of �. Since (M, τ 1̃, τ ̃2, E) is fw-ps completely 

regular we have a NOj- soft nbd ($, d) of g and a �̃j- soft open set (m!, �!) of � in �(�,Q) and a 

continuous function u ∶  �(�,Q)  → I where �C ∩� (m!, �!) ⊂�  u2�(0) and �(�,Q) ∩�  (�(�,Q) −
(
!, �!)) ⊂� u2�(1). Using Lemma (3.10)  we get a continuous function � ∶  o(�,Q)  → I where 

oC ∩� (�-, q-)  ⊂� �2�(0) and o(�,Q) ∩� (o(�,Q), q(�,Q))‒(s-, q-) ⊂� �2� (1), where �, v = 1, 2 , � ≠ v. 
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           At this time we present the type of fibrewise soft near normal space as next. 

Definition 3.12. The fw-sbts (M, �̃�, �̃?, E) on (B, NO�, NO?, D) is named fibrewise pairwise soft normal 

(briefly, fw-ps normal) if for all point g� ∈� (B, D) and each disjoint pair �̃j − (k, �), and �̃t − (�, �)  of 

soft closed sets of �, there exists a NOj soft nbd ($, d) of g and a disjoint pair of �̃j- soft open sets (
, �), 

and �̃t-soft open set (m, �) of �(�,Q) ∩� (k, �), �(�,Q) ∩� (�, �) in �(�,Q), where �, v = 1, 2, � ≠ v. 
 

Remark 3.13. If (M, �̃�, �̃?, E) is fw-ps normal space oN (B, NO�, NO?, D) then(�S∗, ��S∗, �?S∗, �S∗)  is fw-ps 

normal space oN (�∗, NO�∗, NO?∗, d∗)  for all soft subspace (�∗, NO�∗, NO?∗, d∗)  of (B, γ 1̃, γ 2̃, D) 

 

          Soft closed subspaces of fw-ps normal spaces are �: − �;normal. Actually we have. 

Proposition 3.14. Suppose ф : (M, �̃�, �̃?, E) →(�∗, �̃�∗, �̃?∗, �∗) is a soft closed fw-ps irresolute 

embedding ; (M, �̃�, �̃?, E) and (�∗, �̃�∗, �̃?∗, �∗) are fw-sbts over (B, NO�, NO?, D). If (�∗, �̃�∗, �̃?∗, �∗) is fw-ps 

normal then so is (M, �̃�, �̃?, E). 

Proof. Let g� ∈� (B, D) and let �̃j − (k, �) and �̃t − (�, �) be disjoint pair of soft closed sets of �. Then 

ф(k, �), ф(�, �) are disjoint pair of �̃j∗- and �̃t∗- soft closed sets of �∗. Because of (�∗, �̃�∗, �̃?∗, �∗) is fw-

ps normal we have a NOj- soft nbd ($, d) of g and a disjoint pair of �̃j∗- and �̃t∗- soft open sets 

(m, �), (s, �) of �(�,Q)∗  ∩�  ф(k, �), �(�,Q)∗ ∩�  ф(�, �) in �(�,Q)∗ . Then ф2�(m, �) and ф2�(s, �) are 

disjoint pair of �̃j- and �̃t- soft open sets of �(�,Q) ∩� (k, �), �(�,Q) ∩� (�, �) in �(�,Q). 
 

Definition 3.15. A soft mapping  <"': (�, �) → (�, d) is called soft- biclosed (briefly, S-biclosed) map if 

the image of every S-closed set in � is S-closed set in o. 
 

Proposition 3.16. Let ф : (M, �̃�, �̃?, E) →(o, pO�, pO?, q) be a soft- biclosed continuous fibrewise 

surjection function, where (M, �̃�, �̃?, E) and (o, pO�, pO?, q) are fw-sbts over (B, NO�, NO?, D). If (M, �̃�, �̃?, E) 

is fw-ps normal then so is (o, pO�, pO?, q). 
Proof. Let g� ∈� (B, D) and let (k, q), (�, q) be disjoint pair of pOj- and pOt- soft closed sets of(o, pO�, pO?, q)  . 
Then ф2�(k, q), ф2�(�, q) are disjoint pair of �̃j- and �̃t- soft closed sets of (M, �̃�, �̃?, E). Since (M, �̃�, 

�̃?, E) is fw-ps normal there exists a NOj- soft nbd ($, d) of g and a pair of disjoint of �̃j- and �̃t- soft open 

sets (
, �), (s, �) of �(�,Q)  ∩�  ф2�(k, q) and �(�,Q)  ∩�  ф2�(�, q). Since ф is soft biclosed the sets 

o(�,Q) −  ф(�(�,Q), �(�,Q)) − (
, �)), (o(�,Q), q(�,Q)) −  ф(�(�,Q), �(�,Q) − (s, �)) are pOj- soft open in 
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(o(�,Q), p�(�,Q), p?(�,Q), q(�,Q)), and form a disjoint pair of a pOj- and pOj- soft open sets of o(�,n) ∩� (k, �), 

o(�,n) ∩� (�, �) in (o(�,Q), p�(�,Q), p?(�,Q), q(�,Q)), as required. 

 

          Lastly, we present the type of fibrewise soft near functionally normal space in the next. 

Definition 3.17. The fw-sbts (M, �̃�, �̃?, E) on (B, NO�, NO?, D) is named fibrewise  pairwise functionally 

(briefly, fw-ps functionally) normal if for all point g� ∈� (B, D) and all pair of �̃j- and �̃t- (k, �), (�, �) of 

disjoint soft closed sets of (M, �̃�, �̃?, E) there exists a NOj soft nbd ($, d) of g and a pair of disjoint �̃t- and 

�̃j- soft open sets (
, �), (s, �) and a continuous function  u ∶ �(�,Q)  →I 

where �(�,Q)  ∩� (k, �)  ∩� (
, �)  ⊂�  u2�(0) and �(�,Q)  ∩� (�, �) ∩� (s, �) ⊂� u2�(1) in �(�,Q). 
          For example, � × � is fw-ps functionally normal space whenever (�, �̃�, �̃?, �) is fw-ps functionally 

normal space. 
 

Remark 3.18. If (M, �̃�, �̃?, E) is fw-ps functionally normal space over (B, NO�, NO?, D) then  (�S∗, ��S∗, �?S∗, �S∗) is fw-ps functionally normal space on (�∗, NO�∗, NO?∗, d∗) for each subspace (�∗, NO�∗, NO?∗, d∗) of (B, NO�, NO?, D). 

 

           Soft closed subspaces of fw-ps functionally normal spaces are fw-ps functionally normal. In fact we 

have. 

Proposition 3.19. Let ф: (M, �̃�, �̃?, E) →(�∗, �̃�∗, �̃?∗, �∗) be a soft closed fibrewise irresolute embedding, 

where (M, �̃�, �̃?, E) and (�∗, �̃�∗, �̃?∗, �∗) are fw-sbts over (B, NO�, NO?, D). If (�∗, �̃�∗, �̃?∗, �∗) is fw-ps 

functionally normal then  (M, �̃�, �̃?, E) is so. 

Proof. Let g� ∈� (B, D) and let (k, �), (�, �) be disjoint pair of �̃t- and �̃j- soft closed sets of (M, �̃�, �̃?, E) 

. Then ф(k, �)), ф(�, �) are disjoint pair of �̃t- and �̃j-soft closed sets of (�∗, �̃�∗, �̃?∗, �∗). Because of (�∗, �̃�∗, �̃?∗, �∗) is fw-ps functionally normal there exists a NOj- soft nbd ($, d) of g and a disjoint pair of �̃j- and �̃t- soft open sets (
, �), (s, �) and a continuous function u ∶  �(�,Q)∗  → I where 

�(�,n)∗  ∩ �  ф(k, �) ∩� (
, �) ⊂� u2�(0) and �(�,Q)∗ ∩�  ф(�, �) ∩� (s, �)  ⊂� u2�(1) in 

(�(�,Q)∗ , �(�,�)∗ , �(�,Q)∗ ). Then � =  u ∘  ф: �(�,Q)  → I is a continuous function such that �(�,Q) ∩� (k, �)  ∩�  ф2�(
, �) ⊂� �2�(0) and �(�,Q)  ∩� (�, �)  ∩� ф2�(s, �)  ⊂�  �2�(1) in 

(�(�,Q), �(�,Q), �(�,Q)), as required. 

 

Definition 3.20.A mapping <"': (�, �) → (�, d) is called soft biopen (briefly, S-biopen) map if the 

image of every �̃j- soft open set in � is pOj- open set in o, . 
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Proposition 3.21. Let ф : (M, �̃�, �̃?, E) →(o, pO�, pO?, q)  be a soft biopen, soft closed and continuous 

fibrewise pairwise surjection function, where (M, τ ̃1, τ 2̃, E) and (o, pO�, pO?, q)  are fw-sbts over (B, NO�, NO?, 

D). If (M, �̃�, �̃?, E) is fw-ps functionally normal then so is (o, pO�, pO?, q). 
Proof. Let g� ∈� (B, D) and let (k, �), (�, �) be disjoint pair of pOt- and pOj-soft closed sets of (o, pO�, pO?, q) . 
Then ф2�(k, �), ф2�(�, �) are disjoint pair of �̃t- and �̃j- soft closed sets of (M, τ 1̃, τ 2̃, E). Since (M, τ ̃1, 

τ 2̃, E) is fw-ps functionally normal there exists a NOj- soft nbd ($, d) of g and a disjoint pair of �̃j- and �̃t- 

soft open sets (
, �), (s, �) and a continuous function u : �(�,Q)→I where  �(�,Q) ∩� 

 ф2�(k, �) ∩�(
, �)⊂�  u2�(0) and �(�,Q)  ∩�  ф2�(�, �) ∩�(s, �) ⊂� u2�(1) in �(�,Q). Now a function 

� ∶  o(�,Q)  → I is given by  

�(3)  =  ;1��∈ф*+(-)u(�) ;  3 ∈  o(�,Q). 
Since ф is soft -biopen and soft closed, in addition to a continuous, it follows that � is continuous. 

Because of o(�,Q)  ∩� (k, �) ∩�  ф(
, �)  ⊂� �2�(0) and o(�,Q) ∩� (�, �) ∩�  ф(s, �) ⊂� �2�(1) in 

�(�,Q). This proves the proposition. 
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