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Abstract. In this paper, the new approach to solve important type of partial differential
equations based on (1+1) dimension was proposed. Analytical solitary wave combine with
Adomain Decomposition method is suggested to get exact solution of nonlinear (1+1)
dimension PDEs. Yields solution in rapid convergent series from easily computable terms to
get exact solution, and in some cases, yields in few iteration we get exact solution. Moreover,
this approach does not require any discretization or perturbations and therefore reduces the
computations. The suggested procedure easy implementation yet highly accurate and rapidly
converge to exact solution compares with the other methods.The methodology presented here
is useful for strongly nonlinear problems.

1. Introduction

In the last three decades, the Adomian Decomposition Method (ADM) has confirmed successful in
getting analytical solution of non-linear differential equations by obtained solution in terms of
convergent power series [1]. This method does not require discretization of the variables or domain [2,
3]. The theoretical analysis of convergence for the series solution of ADM has been studied by
Adomian [4], Cherrault [5], Cherrault et al. [6], and Chrysos et al. [7].

In recent years, there has been development in the application of ADM in solving partial

differential equations (PDEs) with variable coefficients. For example, Wazwaz and Gorguis [8] also
used the ADM solved linear (1+1) differential equations with variable coefficients. Soufyane and
Boulmaf [9] applied ADM to get analytical solutions to the non-linear parabolic equation with variable
physical parameters in time and space. Achouri and Omrani [10], applied the ADM to get numerical
solutions for the damped generalized regularized long-wave equation (DGRLW) with variable
coefficients, and Tawfiq et al. (11-14) used this method for solving different model equations.

It is observed however that there are only a limited number of studies being researched on the use
of ADM for solving nonlinear wave equations. The aim of this paper is to get the analytical solution of
this type of equations using new modification of ADM.

2. Combine ADM with Solitary Wave for Solving Nonlinear (1+1)-D Equation

In this section we describe the procedure of suggested new approach for solving nonlinear (1+1)-
D equations with initial condition.
For a given NLPDEs with independent variables X = (x,y, z, ..., t) and dependent variable u:

G(u, Uy, Uy, Ug, Uy, ) =0 ...(1)
First, suppose the following new wave variable:

Ell=x—ct. ...(2)

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



MAICT IOP Publishing
Journal of Physics: Conference Series 1530(2020) 012098  doi:10.1088/1742-6596/1530/1/012098

Then the solution of this equation is of the form

u(x, t) =u(é) =f (x—t) ...(3)

Now, substitute equation (2) into equation (1) to obtain new form of equation since the equation
transform from PDE to ODE. Hence we solve final form by ADM as follow:

1. Express the PDE, linear or nonlinear, in operator form.
2. Take the inverse operator to both sides of the Eq. (3).
3. Write u(x, y) into a decomposition infinite series of the form:

[ee]

u(X,t) = Z w, (X, ) e (4)
n=0
4. for the nonlinear term
Nlu = Z Aln and Nzu = Z AZTL . (5)
n=0 n=0
Where A,, is Adomian polynomials can be computed by
1ar | <,
n= FZ(A u;) , n=012,.. (6)
i=0 A=0

3. llustrative Examples
In this section we gave three examples to illustrate suggested modification, and implemented to
the nonlinear wave equations:

Example 1
Conceder the following nonlinear 3™ order (1+1)-D dispersive equation formulated by Kdv as:
Up — O6UU + Uyyyy =0 (7
such that u(x, t) is can able derivativeandu - 0 as |x| - 0
U —6UU, + Uy =0

Let U(x,t) = f(x —ct)

U = —cf'

Up=f' Uee =" ) U =

—f' —ff'+f"=0 , Z=x-—ct
—cf =3f2+f"=0

~2cff' ~ 6f2f' +2f'f" =0
—cf?=2f7 4 (f)* =0
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()% =cf? +2f3 (3)
f=tJcf?+2f3

fr=vef 142

lety?=2L  f=Sy2 f=cyy

cYy' = J_m/FgYZxM + Y2

vy _I_\/E
YV1+Y?2 -2

dy c
—— =4+-dz
yV1+Y?2 -2

Y=icsch§z

2 c
Y — csch?s
c 2

f= %CSChZ %Z , the solution of equation (7) is

U = Zcsch? \/—E(x —ct)
2 2
This solution satisfy the equation (7), that is

f= gcsch2 g (2)

1= Ve () (—csch & Ye e
f —22csch2 (2)( cschzz cothzz)(z)

f' = %\/Ecsch2 %z coth%z , substitute £, f’ in eq. (8)

2 3 3
—c [C— csch* £Z] -2 [C— csch® £Z] +< cscht Y scoth? 2
4 2 8 2 4 2 2
—c3 3 3
= esch* Loz — S eschd Lz + C—csch‘*ﬁz(l + csch? ﬁz)
4 2 4 2 4 2 2
—c3 \/E

NG c3 c3 Ve c3 c
—csch* Xz ——csch® Xz +—csch* Xz 4+ —csch®=z=0
4 2 4 2 4 2 4 2

;Flzlus U = Scsch? e (x — ct) is representing the exact solution.

Also can be obtain the same solution of equation (7) by solving equation (9) as follows



MAICT IOP Publishing
Journal of Physics: Conference Series 1530(2020) 012098  doi:10.1088/1742-6596/1530/1/012098

—cf —3f2+f" =0
’ dp 1"
Letp=f', »p=f

dp

pE=Cf+3f2

PP _Cr2 . ¢3
T =5f"+f

fr=tvef 142 ©
lety2 =2
c
=Cy2
f'=cYy’

cYy' = i\/F%YZ\/l + Y2

YI

YV1+Y?2

dy c
——=+-dz
yV1+Y?2 -2

csch Yy =+ %z

Y=icsch§z

2 c
Y _ csch?s
c 2

f= %csch2 %Z > U= %cschzg(x —ct)
Example 2
Conceder the following nonlinear 2™ order (1+1)-D PDE:
Upr — Uyy + Sinu = 0
ulx,y)=f(—ct) , let z=x—ct

u; = —cf’
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U = f' Sy = f ’ uxxxzf”’
c2f" —f" +sinf =0

(c?=1Df" +sinf =0

(c2=1Df"f + f'sinf =0

(112 4 cosf = ~1

2
cz-1

(f)? = (-1 + cosf)

2

(f')? = = (1 = cosf)

2
1-c2

(f)? =

o2 f
(2sin 5

. (x—ct)
So, u(x, t) = 4tan™1(ev1-¢ )

Example 3

doi:10.1088/1742-6596/1530/1/012098

Conceder the following nonlinear 4™ order (1+1)-D Boussines equation:

Ure = Uy + 3(U)x + Uax (10)
Let u(x,t) = f(x —ct)

ug =—cf', uy =c*f"

w=f
Cf = [+ 3R+
Cf' = f +3(2) +f"

Uyx = f” » Uxxx = fm » Uxxxx = f””
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cAf=f+3f2+f"

(> =1f =3f*—f" =0

2(c* - Dff' — 6f'f* —2f'f" =0
(= Df* —2f>= (f)* =0
(f)? = (= Df* - 2f°
fr=2/(=Df? - 2f3

fr=4VeZ-1f /1—522—_1f

f

let y2 =

c2-1

f'=(*-1yy

(= Dyy' =+ -1 y2 [T y2

yr _ +\/c2—1
yJi-y* T 2
- Ve2-1
sech™ly = +——z
ve2-1
y = tsech 2
2 -1
= f = tsec z
2 Vez-1
= =sech’*——z
c2-1 2 VeZ-1
f= sech® ——z
2 2
c?-1 Ve2-1
u= se hzT(x—ct)

That is represent the exact solution
4. The Convergence Analysis of LADM

In this section the convergence of the suggested approach will be discuss. Now, consider the
general form of equation as:
u-Nu=f ;ueH (11)
where H is the Hilbert space, N is the nonlinear operator N : H — H and f'is also in H. Substituting the
decomposition series equations (4) and (5) in equation (11) to get:
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[ee]

> ) —i An(x,0) = f
n=0

n=0
So the recursive terms are got by: uo = f and un+1 = Ax(uo, Ui, ..., Un)
Proposed approach suggest finding Bn =u; +u, + us + ... + u, by using iterative scheme

Bo=0
B+ = N(Bn + ug), where

n
N(Bn + uy) = ZAL-
i=0

If the limit exist B = lim B,,, in a Hilbert space, then B is a solution of the equation B =
n—oo

N(uo + B) in H.

Theorem 1
Let N be a nonlinear operator, N: H — H where H is Hilbert space and u be the exact solution of
equation (10). The decomposition series Y.n—q U, (X, t) converges to u when
3y <1; lupall S vllugll nez
Proof
We need to prove the sequence B, =u; + w» + u3 + ... + uy, is a Cauchy sequence in the Hilbert
space H.

Bn+1 = Ball = lltnsall < vllunll <v2llup-all < < ¥y Hluoll

Now, we show B, is Cauchy sequence:
1By = Bull = (Bm = Bm-1) = (Bm-1 =Bm—2) =+ = (Bn+1 — Bu)l

< ”Bm —Bm-1 " + IBm—1 = Bm—2 Il + [IBm—2 = B3l + -+ " Bh+1 —Bp ”
Y™ luoll +y™ Hluoll + ... + ¥ Hlugl

IA

(Y™ + y™ e ™) gl

<YM+ ™2 4 ) [l

yn+1
S0, B — Ball = 5= lluol, forn,meN;m = n
Since y < 1, the sequence B, , n = 0, ..., oo is a Cauchy sequence in the Hilbert space. Hence,
lim B, = B.
n—-oo

so B is the solution of equation (10)
5. The order of Convergence for suggested approach

In this section we determine the order of convergence

Definition 1 [15]
Let B, is a sequence that converges to B. If there exist two constants p and ¢, ¢ € R, p € N, such that
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no [(B, — BYP

Then the order of convergence of By is p.
Proof

Consider the Taylor expansion of N(B, + u,) around the point (B + u,), i.e.,

N(By + 1) = N(B + o) + N(B + uo)(By— B) + 2 N'(B + uo)(By — B + ... +=— N™(B + u,)(By — B)" +
N(Ba + to) — N(B + o) = N'(B + wo)(Bn — B) + Zi N'(B + uo)(Ba— By + ... +% N™(B + u,)(Bn — B)" +
(1)

Since N(B + uo) = B and N(Bn + uo) = Bn+1, so equation (11) becomes
Bui — B=N'(B + u,)(B,— B) + %N"(B +u,)(Ba— B)* + ... +% N™(B + uo)(Ba—B)™ + ... (12)

Theorem 2

Let N e CP[a, b] if N™ (B+u)=0form=0, 1, 2, ..., p-1 and NP (B + ug) # 0, then the order of
sequence B is p.

Proof
From the hypotheses of theorem, and equation (12) we get:
Buii-B= %NP(B +uo) (B, - B)P %NP“ (B +w) (B, - B)P*! + ... (13)
Now, dividing both sides of equation (13) by (B, — B)? we obtain:
Bny1i=B _ 1 vp 1 yp+t -
BB p!N (B + up) + (p+1)!N (B+u) (B,-B)+... (14)

for both sides of equation (14) we take the limit as n —o0, so we get:

Bny1-B| _ .1 . 1 1
(Bn+_13)p| = lim ZNP(B + up) + lim —=NP*'(B  +  w)  (B,-B) ¥

lim

n —»oco

Since lim (B.) = B then we has:
n —»oo

lim

n —»oo

Bny1 —B |
(Bn - B)P
Then by definition 1 the order is p.

1
= lim —'Np(B + ug) =c

n-op;

6. Conclusions

In this research we consider the inhomogeneous nonlinear (1+1) dimensional differential equations
with variable coefficients. To solve it, suggested approach is applied. Then, it is seen that suggested
modification has the same exact solution. In addition to their effectiveness and usefulness in solving
nonlinear PDEs, we show that these decomposition methods are powerful tools in solving nonlinear
(1+1) dimensional differential equations. Compared to other methods for solving this type of PDEs,
there is no need for of nonlinear terms. Moreover, we can easily and rapidly attain the solution if we
use suggested approach compared with ADM.
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