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Abstract - A second-order sliding mode control is used for high-order uncertain plants using
equivalent control approach to improve the performance of control systems. They combine
backstepping with quasi-continuous controller and twisting controllers. This paper considers a two
of the most popular controllers that are used to solve the nonlinearities problem which are the
backstepping quasi-continuous control (BQCC) and backstepping twisting controllers to control the
angular velocity of a hydraulic motor to improve tracking performance and robustness to
uncertainties. For the system dynamics, a linear state feedback with suitable high gain was
designed as the virtual controller, where steady state error can be made arbitrarily small according
to the gain value. A time varying sliding variable was then selected based on the designed virtual
controller. The main benefit of using time varying sliding variable is that the system torque
required is initially zero, in addition to the fact that its increasing rate can be put in a suitable range.
The system’s stability analysis has been presented using the Lyapunov function in the low level
subsystem. The second order control action was used for the high level subsystem and the
conventional sliding mode is used for the low level subsystem. The performance and the robustness
of the proposed control in forcing the angular velocity to track the reference value (100-2000
RPM) with uncertainty of (+10%) and disturbances of (5-30 N.m) in the system parameters were
studied. First, the mathematical model of the system was created. Then, Matlab-based simulation
was used to assess the system performance. The results showed that the system exhibits excellent
performance and robustness for multi-step input and multiplicative uncertainty.
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Uncertainty.

1. Introduction

The hydrostatic transmission systems are widely
used in many applications because the system has
high efficiency of the primary power source, the
system is highly efficient even under partial load.
Furthermore, high power-to-weight ratios, fast and
smooth response characteristics and low cost in
comparison to other types of drives. The hydrostatic
transmission systems have some problems in
controlling of the angular velocity for the rotary
actuator, mainly because of the uncertainties in the
parameters. This proposed hydrostatic transmission
system consists mainly of the inlet-throttled pump, a
throttling valve for adjusting the pump flow rate, and
arotary actuator, as shown in Figure 1.

The proposed system regulates the volume of fluid
flow, which determines the velocity of the actuator
[1,2].

The inlet throttled the
advantages of pump control systems and valve

system combines
control systems in terms of simplicity, cost and
efficiency. Table 1 gives a definition of system model.

The Quasi-Continuous and Twisting are 2-Sliding
Mode Controllers, they are used with systems in
presence of the disturbances and the variation in
their parameters. Backstepping control design is
used for designing the Quasi-Continuous and
Twisting Controllers. Lyapunov functions are used as

guides to ensure stability at lower level subsystem,

[3].
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Table (1): A definition of system model

Symbol Quantity
Py Fluid pressures on the input of the
actuator
Py Fluid pressures output of the
actuator
v, Volumetric displacement of
The actuator per unit of rotation
Nat Actuator Torque Efficiency
] mass moment of inertia
b Viscous Damping Coefficient
7} angular displacement
6 angular velocity
6 angular acceleration
%4 instantaneous volume of the
chamber
Vs Volume of the chamber when &
equals zero
B Fluid bulk modulus of elasticity
Q; Volumetric flow rate from the
charge pump
k1 Coefficient ofleakage
k. Valve Static Gain
ty Valve Time Delay
W, Valve Natural Frequency
k, Constant of proportionality
A, Valve openning area
T Disturbance Torque

Numerous studies investigated the use of the sliding
mode controller to the hydraulic systems, a novel
Adaptive-Gain Twisting controller (ATC) algorithm
that is robust to the bounded disturbances with the
unknown boundaries is proposed in [4]. The
efficiency of the proposed (ATC) is experimentally
verified on a mass-spring-damper system, with the
reduction in control chattering. A novel finite time
convergent output feedback adaptive-gain twisting
controller with adaptive super-twisting observer in
the feedback path is proposed in [5]. The efficacy of
the proposed scheme is improved in the system.
Variable Gain Super-Twisting Algorithm (VGSTA) is
proposed in [6]. The effectiveness of the proposed
design  procedures was validated through
experimental results. Many methods had been
proposed for instance, some principal SMCs with
their relative sliding surfaces and Lyapunov
functions were illustrated in [7]. Dozens of articles
have applied SMC to UAVs in order to solve the
position and the attitude tracking problems ensuring
robustness against external disturbances. An
algorithm based on a higher order sliding mode
control (HOSMC) technique, known as super-
twisting algorithm, was used in [8] and in [9]. Second
order sliding mode controller was also proposed in
[10], and [11] used a HOSM observer as an estimator

of the effect of the external disturbances such as
wind and noise. Integral sliding mode controller was
proposed in [12], and an adaptive sliding mode
controller was developed in [13].

In this work, the flow rate is controlled by the
inlet throttling valve and a fixed displacement pump.
This system is characterized by its low cost and high
efficiency. However, controlling the motion of the
system is challenging due to the nonlinearities and
uncertainties associated with the system. The
stability and performance of the closed-loop
situations were studied. The main purpose of this
paper is to design a robust controller to the model
system in spite of the variation in parameters values.
A Backstepping Quasi-Continuous and Backstepping
Twisting Controllers for closed-loop operation are
utilized here to direct the actuator speed to the
desired value with considering to parameters
variation. The numerical simulations will
demonstrate the effectiveness of the proposed
controllers with a broad range of the parameters
variation. The multiplicative parametric uncertainty
was studied, and the system's robustness was
evaluated with six of the parameters are related to
the valve dynamics which are the natural frequency,
the damping ratio, the static gain, and the time delay,
the other two parameters are the discharge
coefficient and the fluid bulk modulus. All these
parameter changes were considered within the
range of (+/-) 10% of their nominal values.

The present work organized as follows: firstly, it
is introduced an overview to the second order
sliding mode control and backstepping. Secondly, the
model of the hydraulic system is presented in next
section. After that the required steps and
assumptions for designing a Quasi-Continuous and
Twisting controllers are introduced, the numerical
results of the effectiveness of the proposed
controllers with comparisons between them and the
conclusions are presented in the latter sections.

2. System Description

As shown in Figure 1, the proposed hydrostatic
transmission system utilizes inlet throttling valve for
controlling the flow. Fixed displacement pump is
utilized for pumping the flow during a desired
pressure to rotary actuator. The standard four-way
directional valve controls the direction of the
hydraulic fluid flow to the rotary actuator. In Figure
1, the hydrostatic transmission load that is moved by
the actuator is shown as a rotary mass-spring-
damper system with a load disturbance torque given
by T,;. The mass moment of inertia, torsional spring
rate, and the damping coefficient of the viscous for
the load are shown in Figure 1 by the symbols (J),
(b), and (k) respectively.

The rotary actuator is shown with the fixed
volumetric displacement per unit of rotation ¥, and
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is connected to the rotating mass at the output shaft.
In Figure 1, the inlet-throttled pump is used to
design an angular velocity control system because
the flow in the proposed system is adjusted by a
valve positioned at the pump inlet to reduce the
energy losses across the valve, where shows fixed-
displacement pump is sized according to its
volumetric displacement 1, and is driven by an
external power source (not shown in Figure 1 at
angular velocity w,. The pressure in the supply line

of the charge pump is controlled using a high-
pressure relief valve that is set at the desired supply
pressure P,.. The charge pump itself is a fixed-
displacement pump (usually a gear pump or a
gerotor pump) that is used in conjunction with a
relief valve for the purposes of providing makeup
flow to the main fixed-displacement pump. The flow
passages exist inherently within the system may also
be designed for the purposes of directing fluid flow
into the reservoir for cooling and filtration. The
Coolers and filters are not shown in Figure 1.

Figure 1: Angular Velocity Control System for a Rotary
Actuator

3. Dynamic Model of the System

The Dynamic Model of the System response will be
created in order to realize the dynamic problems, so
a mathematical model should be written for the
system. The Basic components for model system are
shown in Figure 1. The mathematical equations of
the plant system are derived. They include the
torque dynamics as the rotary actuator's motion
equation and pressure dynamics as the rate of
pressure rise equation. The model has one inputs
(4,) and one disturbance (T}).

The torque dynamics can be expressed as follows
[14,15]:

JO+ b8 +k8 = 0oV (Ps— Ps) =T, 88

In Eq. (6), the torque exerted on the load by the
rotary actuator is given by 1.V, (Py — Pg) where n,,
is the torque efficiency of the actuator. The load
spring is typically excluded from velocity control
analysis, i.e, k = 0.6 = w and P,= P, then Eq. (1)
becomes as Eq. (2):

J6 + b6 = 14, PV, — T, (2)

The rate of pressure rise equation can be
expressed as follows:

v
B

The instantaneous volume of the chamber can be
expressed as follows:

P+ kiP = (Q; —V,6) (3)

V="V,+V8 (4)

Also, 8 is considered here as the rotor rotation,
therefore it can be expressed as
follows:

8 = 2m(1 — cos (6))/2 (5)

where the inlet flow, Qi,, can be expressed as
follows:

Q; = A0 \I% (6)

Therefore, equation (7), accordingly, becomes as
follows,

. 2P; .
p, = ﬁ (Av(?d f? — kP, — Vaﬁ) 7)

The transfer function for the dynamics of the inlet
throttled valve was experimentally determined and
is shown in Eq. (8) [16]:

. I g 2

G,(s) = 4y _ kpkgeTdwy
v TV, S+2fwpsted
in 5 § WpS+iy

(8)

The time delay introduces a serious limitation on
the controller performance that can be achieved. The
reason for that limitation is that the effect of the
change of the input on the output will be delayed by
an amount of time that is equal to the time delay. The
time delay limits the closed-loop bandwidth
frequency to be less than the reciprocal of the time
delay as shown in Eq. (9) [17]:

w, < = (9
Td
Now, the mathematical model of the inlet-
throttled angular velocity control for rotary actuator
system, transformed into state space form as
follows:

f=w (10)
. b NarVa Ty
= Pyylatap Ta 11
3] i + T B (11)
2P
s = v \Avla [ Vaw —KiFs (12)

From Eq. (8), the second derivative of the valve
opening area can be written as:

‘Ellu = _szn‘;lv - wrzt‘qu + kukswrztvz'n (t - Td) (13)
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The dynamic delay in V¥, (t—7,) will be
represented as a low pass filter

Vinlt—14) _

e—STd = !
Vin (5) Tg5+1

(14)

or
Td"l’in(t_rd)'i' an(t—fd)= Vz’n(t) (15)

For the convenience of controller design, the
following state variables are defined:

[B 8 Ps Av f'iv Vz‘n(t_rd)]l"_’

[xy % x3 x4 x5 %]”

Valve input voltage V;, was considered here as
the control input. So, set V;,, = u, but x is considered
as the new control signal, where this the actual
control signal is the input voltage with delay time.
The state space model with a control signal x will
be more appropriate for designing a controller, as
well as we can consider 8= Fypy d= — %,thus

then we can write complete the mathematical model
as follows:

For the system model dynamic without inlet
throttling valve dynamic,

x‘l == xZ
xlz = — alxz + azxg + d (16-3)
And for the inlet throttling valve dynamic,
XJ‘ = xS

i = —wixn, — 28w, xs + k k. wixg (16-h)

. Xg Vin(T)

x5 = — + —

Ta Ta

4. Second-order Sliding Mode Control
and Backstepping

Second-order sliding mode control is a powerful
nonlinear control technique that offers significant
advantages, particularly for systems with
uncertainties and disturbances. It aims to drive the
system state to zero in finite time, while ensuring
robustness and stability. The second-order and
higher-order sliding mode approaches have been
actively developed over the last two decades for
chattering attenuation and robust control of
uncertain systems with relative degree two and
higher respectively. The second-order sliding mode
control, compared to first-order SMC has the
advantage that it provides a smooth control and
better performance in the control implementation
yielding less chattering and better convergence
accuracy while preserving the robustness properties.

The main idea is to reduce to zero, not only the
sliding surface, but also its second-order derivative.
It means that the second-order sliding mode
corresponds to the control acting on the second
derivative of the sliding surface [18]. It should be
noted there are different types of 2-SMC algorithms
such as the quasi-continuous ‘twisting’ and ‘super-
twisting’, ‘sub-optimal’ and ‘global’, asymptotic
observer algorithms, and drift algorithm. The paper
referred about two proposed methods quasi-
continuous and twisting algorithms. They can
guarantee limited performances and robustness of
the control system and the design procedure is
usually not systematic, hence in complex systems it
can be difficult to be applied. On the other hand,
model-based control design is systematic and can be
applied in general cases, and specifications in terms
of robustness and tracking accuracy can be a priori
assigned, as well as various criteria can be
fulfilled [19]. Once more consider a dynamic system
of the form:

¥ =al(t,x)+blt,x)u, o= o(t,x) (a7

u is control, ¢ is the only measured output with

relative degree equal to two and the smooth
functions a; b; are unknown. The task is to make the

output ¢ vanish in finite time and to keep o = 0 by

means of discontinuous globally bounded feedback
control. The system trajectories are supposed to be
infinitely extendible in time for any bounded input.

Assume that the measured output ¢ is twice

differentiable with respect to time. Then calculating
the second total time derivative & along the

trajectories of Eq.(18), as shown in Eq.
(19):

& =h(t,x)+ glt,x)u (18)

. ) 35
where the functions h=4d |,—; g =a—g #0 are
u

some unknown smooth functions. Suppose that the
inequalities:

0<K,=g=Ky [h=C. (19)

hold globally for some K, ;K,; and C > 0. Note
that, at least locally, Eq. (19) is satisfied for any
smooth system Eq. (18) with the well-defined
relative degree 2. Obviously, no continuous feedback
controller of the formu = ¢(o,&) can solve the
stated problem. Indeed, such a control ensuring
o = 0 has to satisfy the equality & = 0 as well, which
means that (0,0) = —h(t, x)/g(t, x),
whenever g = ¢ = 0. In other words, due to the
uncertainty, the 2-sliding mode o = ¢ = 0 needs to
be established. Assume now that Eq. (19) holds
globally. Then Egs. (18) and (19) imply the
differential inclusion
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= [_C: C] + [Kmf KM]H (20)

Most 2-sliding controllers may be considered as
controllers for Eq. (20) steering ¢; dto 0 in
(preferably) finite time. Since the inclusion Eq. (20)
does not “remember” the original system Eq. (17),
such controllers are obviously robust with respect to
any perturbations preserving Eq. (19). The problem
is to find a feedback:

u = gl(o,d) (21

such that all the trajectories of Egs. (20) and (21)
converge in finite time to the origin ¢ = & = 0 of the
phase plane g, . We will now consider a number of
the most popular controllers solving this problem.
The controller guarantees the appearance of a 2-
sliding mode o = ¢ attracting the trajectories of the
sliding variable dynamics in finite time [20].

Since the system relative degree with respect to o
is two while the system dimension when considering
the valve dynamics is five, then we need to use the
Backstepping control to design the actual control
input voltage. Backstepping works its
way recursively from the inner states (closest to the
control input) to the outer states (system output). At
the lower-level subsystem, it treats a specific state as
a virtual control to design a control law. This virtual
control helps achieve the desired behavior for the
overall system.

Backstepping  approach  will enable us
construction a sliding variable, which it is one of the
two steps in designing a SOSMC. The Backstepping
ensures also the asymptotic stability or at least the
ultimate bound on the steady state error for the
objective variable of lower-level subsystem. While
deriving the control law (the second SMC design
step) is made easily will ensure the attractiveness of
the sliding manifold (the zero level of the sliding
variable) [21].

5. Control Design and Stability Analysis

The second order sliding mode control (SOSMC)
method is recognized as one efficient tool to design a
robust controller for complex high-order nonlinear
dynamical systems because it has superb
characteristics such as insensitivity to large
parameter variations; it's operating with the
presence of disturbance inputs, and its ability to
reject it. These characteristics gained SOSMC
significant interest in recent years and made it a
more attractive control method. Unfortunately, this
control method has also a phenomenon namely the
chattering effect, which may cause a glitch to system
components in practical engineering systems.
However, many efforts have been made to
minimize the chattering phenomenon. As well as this
method is still being developed and implemented in
many practical applications such as an underwater

vehicle, a steered-by-wire road vehicle [22]. In this
section, a convenience strategy to design a second
order sliding mode controller will be presented.
Firstly, we will divide the system in Eq.(16-a) and
Eq.(16-b) into two subsystems; upper and lower
subsystems. For lower-level subsystem, the sliding
variable is assigned based on the standard or 1st
order SMC theory. The objective from the designed
controller is to force state trajectories into the level
zero for each sliding variable. The loci of the points
of the sliding variable level zero are called the sliding
manifold or switching surface. After designing the
SOSMC successfully, the state trajectory is directed
towards the sliding manifold and then maintained it
on this manifold for all future time. As a result, the
state moves toward the origin or its neighborhood
and stays there for all next time. This behavior is
known as the reaching and sliding phases [23,24].
The uncertainty in the above equations (16-a)
consists in the stiffness value; i.e., f and €, can be

written as:

b v v,
Let a,=- , ;= Nac¥a , blz g a_
! I V@+Vﬂ.}:i
=7
K Btz |—
g = B — and ¢ =——2~ thenfor
VO +VR.J.'1 VO +VRJCJ_
B =pn+ AB and C; =Cy, +AC,

= by = by, +Ab )
€1 = ¢, +Acy
Accordingly, the above equations (16-a) can be
expressed as follows:

by = by, + Ab; and

x‘l = xz
J':z = — lez + azxa + d (22)
.7':3 = — blnx2 - bznxg + Cnx4+ 51

where §; = — Abyx, — Abyxg + Acx,.

Note that in Eq. (22) the subscription refers to
the functions with nominal parameters, d and §,, are
the disturbance and perturbation terms, which they
act on the dynamics of the system model. The first
and the second subsystems are referred to them
here as the wupper and lower subsystems
respectively. The system was modeled with two
degrees of freedom but actuated by only one control
input (the valve input voltage), i.e. the control input
does not exist in the upper subsystem dynamics (the
system model without inlet throttled valve dynamic
model), which is affected by the perturbation §;,
however; the control input does exist in the lower
subsystem dynamics, in the inlet throttled valve
dynamic model) which is affected by the
perturbation §, and §;. In this work, a nonlinear
controller will be designed using the second order
sliding mode control theory. The sliding mode
control will be designed for each degree of freedom
separately with the considering of a perturbation
term &, ,d8, and §;. Then using the Back-stepping
approach, the control law can be derived. The
proposed controller will enforce a desired behavior
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on the overall system. Using the Back-stepping
approach will enable one control action from
controlling the system. As mentioned above, the SMC
is designed for each subsystem; So, for the second
linein Eq.(16-a), X, = — a;x; + a;x;+d

So a sliding variable is defined according &

where ¢ is initially equal to zero. The first and
second time rate of change of ¢ are given by

O =—ay%, + ax;+d (24)
&=—aX, + ayi;+d

=—ay(—ayx, + azx; +d)+ a,(—byx, —
byxz + cx,) +d
= (af —azb ), — (@105 + ap by)xz + azcn, —

Rld'i-d (25)

By considering x, as the virtual controller u,, the
& in the differential inclusion form is given by,

& € [—C,Cl+ [K,,, Kylxy

C can be selected according for the Eq.(25), in the
following form in Eq.(20),
|(af —azb)x; — (a0, + az by)x; — ayd+d| <
| a% — azbll|ma,r|x2| +1(a1a;+ az by)|maxlxsl +
|~ad+d| <cC

while K, and K, is determined according
K = |axc] = Ky where K, = |ac] = Ky,

where K, = |a;¢|pmand [a;¢]pa, = Ky

Case 1: Twisting Controller
The twisting controller described below is
the first 2-sliding controller which was proposed. It
is defined by the formula:

u, = —Hr*(risign(o) +nsign(6)), > >0  (26)
where 1; and r; satisfy the conditions
(n+7n)Kn=C > -n)ky+C  (n-n)K, >
¢ (27)
Hy(tAp) = Ap = (1 —e™°T°F) (28)

where A; and a; are positive constants which

will be selected according to the required system
response performance.

Case 2: Quasi-Continuous Controller

The controller in Eq. (29) guarantees the
appearance of a 2-sliding mode ¢ =0 and ¢ = 0
attracting the trajectories of the sliding variable
dynamics Eq. (23) in finite time.

An important class of controllers comprises the
recently proposed so-called quasi- continuous
controllers, featuring control continuous everywhere
except the 2-sliding manifold o = & = 0 itself. Since
the 2-sliding condition requires the simultaneous
fulfillment of two exact equalities, in the presence of
any small noises and disturbances, the general-case
trajectory does not ever hit the 2-sliding set. Hence,
in practice the condition ¢ = & = 0 is never fulfilled,
and the control remains continuous function of time,
all the time. The larger the noises and switching
imperfections, the worse the accuracy and the
slower the changing rate of u,,. As a result, chattering

is significantly reduced. The following is a 2-sliding
controller with such features:
& +Bla| 2?50 ni{a)

This control is continuous everywhere except the
origin and it vanishes on the parabola
& + Bla|'/? sign(a) = 0. For sufficiently large, there
are numbers py; p; 0 < py < f < p; such that all
the trajectories enter the region between the
curves & + p;|a|*/? sign(g) = 0.1 = 1,2 and cannot
leave it, where:

a, =0 aK,—C=0 (30)
Suppose the inequality

1
aK,, — C — zmcmﬁ— Zp?=0 (31)

holds for some positive p > [5 (it is always true for
a sufficiently large «), then the controller in Eq. (29)
guarantees the establishment of a stable 2-sliding
mode ¢ = 0 for the sliding variable dynamics given
by Eq. (23), in finite time.

Ho(t2y) = Ag * (1 — e™e°t) (32)

where 45 and @, are positive constants which

will be selected according to the required system
response performance.

As we mentioned above, u,, is considered as the

v
virtual control for the system dynamic which is given
by Eq. (16-a). To derive the actual control system
signal, the throttling valve dynamic is included Eq.
(16-b), and we need again to rewrite it considering
the nominal and the perturbation terms [25].

The uncertainty in Eq. (16-b) consists in the
stiffness value too; i.e., &, w,, k. and 74 can be written
as:

{=& + Iﬂf"i:"-"n=ﬁ"-"n:,,l'i''ﬂﬁ"--‘;n. -!f5=ksn+ Ak, and

Tg= Tg,+ Aty

So, Eq. (16-b) can be expressed as follows:

International Journal of Mechatronics and Applied Mechanics, 2024, Issue 18 255



Design of a Hydraulic Motion Control System Using Two Backstepping Time Varying Sliding Mode Strategies

3'64 = Xg
dg = — 25wy Xs— w,lxgt ky, kg 0,2x5+ 6, (33)
. Xy Vi;; ':.t:'
Xg = T + T+ i
where 8, = —2A(Fw,)x, — Awlx, + k,Alk wl)x,

and63=——&&%)x5—%&(ij Ve (8).

Note that in Eq. (33), the subscription refers to
the functions with nominal parameters, &,, §; are
the perturbation terms, which they act on the second
is the valve dynamic model respectively. the second
subsystems are referred to them here as the lower
subsystems respectively. The control input does
exist in the lower subsystem dynamics, in the inlet
throttled valve dynamic model, which is affected by
the perturbation &, &;.

In a similar way, the following steps are adapted
for the lower subsystem which it given in Eq. (34).
Let e, be defined as:

e, =Xg—Up (34)
And it’s the time rate of change is given by
&, =iy — iy (35)

As can be seen that the relative degree between
5, and the valve input voltage ¥, is two, where ¥,
does not appear in x5 control.

Accordingly, we must define the following sliding
variable as an output with relative degree one can be
defined as:

s=é,+A,e, (36)
And the time rate of change of s is:

§ == pun Xg— g Xyt ky ke wo v +8;-

i+ 8
p T Mgk,

(37)
where 4, is perturbation and 4, = 0 is a design
parameter. To evaluate ¢, we need to determine the

time rate of change of Up, and since 1i,, is uncertain,

v
therefore we need to estimate it through the sliding
mode observer in Appendix (A) [26,27].

Again, consider x, be the virtual controller and
denote it by u,. Then to design the control u, , we
use the following non-smooth Lyapunov function:

v =%s2 (38)

To ensure the attractiveness of the sliding
manifold (s =0), k, is selected such that the

derivative of the Lyapunov function ¥, is negative
definite as can be shown in the following steps;

I, =sgn(s) « 3

= SQH{:S} ® [_muix4 - Efnmnnxs

+ k

k:,zmuiuv"' &2 _ﬁp +‘:{1:é1:] (39)

Yn

a

= S5F [_mu;x4_ Ef:zmunxs"' kr,lk:,zwunur + 02]

where 52 =0y —il, +A,8,.
Now, let

Uy = (Uyp +uvs)r/(kvnksnwni (40)

Let the first term in the control law is u,,, is taken
here as:

Upn = (UniX4 + zfnwnnXS (41)

While the second term in the control law is u,, is
taken as:

Ups = _kv * Hu(t) * 5 (42)

Here the H,(t) function is a positive function
defined as

H,(t) = (1 —e™%) (43)

where «,, is positive constant which will be selected

according to the required system response
performance. Accordingly, ¥, becomes;

V, =5+ [k, #H,() ¥ 5 + E;‘:]
< —k,, ¢ H,(t) #52 + |5]|5,] (44)
= —(1 = Bk, * Hy(t) 52, Vsl > L B <0

ke Hy 'f) B

Again, as in the previous design steps, s is ultimately

— '53
bounded by b, = TR
Not that, the actual control input voltage V,,(t) can
be taken equal to the designed controller u, and

study the effect of the delay in the valve system
dynamic through the simulations and in this case the
virtual controller x; will take a period of time to

follow the designed controller u, . one can reduce

the delay time effect via modifying the relation
between V,,,(t) and u, in the following form

Vi) = g {1 - 25} 4 Bnag, (45)

in Tip

where 7 _is a design parameter.
Now we need to explore how the ultimate bounds b,
and b, affected the main design objective which it is
the ultimate bound b, on the error function e. The
following proposition give the answer about this
question.

Appendix (A)

In order to estimate i, (assuming a bound on
|ﬂp| is known) the following observation algorithm is

proposed:
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where 1y, is an observer injection term that is to
be designed so that the estimates x;, i; — uy,, ﬁp.
Let us introduce an estimation error (an auxiliary
sliding variable):

Vi=u,—x (47)
Yy =ty — Xy (48)

Let u,(0) = x; (0) and make the injection term

x; thatdrives y;=u,-x; — 0 in finite time.

In this case x; will converge to u, in finite time. Let
the following choice of injection term:

x'?=(1—exp[—a2*t)]*ku*y1 (49)

ty =0, ku = Uandup—aﬂ, or X7 — Uy The

sliding mode dynamics are computed using the
concept of equivalent control [26]:

Vi =uU,—i; =0 (50)
It is clear that the state variable i, can be exactly
estimated as:
Uy =27t 2t, (51)

6. Results and Discussion

The dominant parameters in the system model of the
proposed hydrostatic transmission (HST) systems
are given in Table 2, which presents the values of the
system model parameters.

Table 2: Model Parameters

Dimensional Quantity Definition The value (SI units)
kg static gain of the valve 0.72
ks Leakage Coefficient 0.14*10~ m*. s /kg
k, constant of proportionality 3.75%107% m* /volt
E Pressure Supply 25*%10% N/m*
cd Discharge Coefficient 0.62
B input pressure 2*105 N/m?
v Actuator Volume 8.2*107% m?
Mass moment of inertia 0.013 kg.m"
P fluid density 850 kg/m?
b viscous damping coefficient 0.025065 kg.m"/s
v Volumetric displacement of the actuator 1.3051*10% m?*/ rad
g Fluid Bulk Modulus 1*10° N/m*
Nar Actuator mechanical Efficiency 0.95
gy Valve Natural Frequency 85 rad/s
Tg time delay of valve 0.015 s
£ Damping Ratio of the Valve 0.8

The parameters in the robust controller are given in Table 3, which presents the values of the controller

parameters.
Table 3: The Definitions of Quantities of Controller
Parameters Value Model Type
c 25
" 24.1 Control low of upper- level Subsystem
" 144613 (Twisting Controller)
Ky 5.1867
K, 2.5933
Ar 45
oy 0.5
c 25
o 9.6402 Control low of upper-level subsystem
5 1 (Quasi-Continuous Controller)
B 0.01
K 2.5933
g 18
g 0.5
Ay 0.4 Control low of lower-level subsystem
oy 2
k, 5+ 1073
ku 100 Estimator
e 0.5
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The parameters of the switching function in Eq.(23)
and switching function in Eq.(36) are chosen
depending on table (3). The reduced dynamics, when
the states reach zero value in a finite time, is
exponentially asymptotically stable. In deriving the
sliding mode control laws in Egs. (26) and (29) for
each controller respectively for the upper-level
subsystem and Eq. (40) for the lower-level
subsystem, where the nominal system parameters
are considered as well as the disturbances and
uncertainties. The sliding mode controller will
definitely overcome system uncertainties for
suitable control laws. This design chose the desired
velocity as 1600 RPM at zero second with
disturbance torque 25 N.m, was applied to the
actuator, as an external load at 35 seconds, where
the effects of the disturbance torque on the angular
velocity w,, desired pressure F,, valve opening area
Ay, input voltage V;,, are shown in the Figures (2-
18) for three cases as followed:

Casel: Constant desired angular velocity

The desired angular velocity of actuator to
Xaq = 1600 RPM — 167.5516 rad/s is supplied as a
set point. As a result, the angular velocity reaches the
final value at steady state for the two robust
controllers with the supplied disturbance torque
effects (25 N.m) is applied in the time = 35 sec at
steady state with high stability and performance as
shown in Figure 2. The response results of the robust
controller are shown in Table 4.

180

160 -

140

120

100

80

w, (rad/sec)

60

40

Twisting Controller
Quasi-Continous Controller

20 ‘

0

0 2‘0 4‘0 6‘0 8‘0 160 120
time (sec)
Figure 2: The velocity time response of closed-loop
with two robust controllers with torque disturbances

effects
Table 4: Results of velocity time response with two
robust controllers
Robust Controllers TC QcCc
Steady state value 1674 rad /s 167.2 rad /sec
Error steady State 0.1516 rad/sec 0.3516 rad fsec
Rise Time 1.363 sec 2.43 sec
Max. Overshoot 0 0
Steady state value 167 4 rad /s 167.1 rad /sec
(with disturbance)

The desired angular velocity of actuator to
X,q = 1600 RPM — 167.5516 rad/s is supplied as a
set point. As a result, the pressure supply reaches the
final value at steady state for the two robust
controllers with the supplied disturbance torque
(25 N.m) effects is applied in the time = 35 sec at
steady state with high stability and performance as
shown in Figure 3. The response results of the robust
controller are shown in Table 5.

7
25 x 10

Twisting Controller
Quasi-Continous Controller

0 2‘0 4‘0 6‘0 8‘0 1 O‘D 120
time (sec)
Figure 3: The pressure supply time response of closed-
loop with two robust controllers with torque

disturbances effects

Table 5: Results of pressure supply time response with
two robust controllers

Robust Controllers TC QCC
Steady state value 3.385 MP 3.38 MP
Rise Time 1.333 sec 2.07sec
Max. Overshoot(%) 2.304 % 0
Steady state value 23.55 MP 23.54 MP
(with disturbance)

The desired angular velocity of actuator to
Xpq = 1600 RPM — 167.5516 rad/s is supplied as a
set point. As a result, the valve opening area reaches
the final value at steady state for the two robust
controllers with the supplied disturbance torque
(25 N.m) effects is applied in the time = 35 sec at
steady state with high stability and performance as
shown in Figure 4. The response results of the two
robust controllers are shown in Table 6.

6 x10°

Twisting Controller
Quasi-Continous Controller

00 2‘0 4‘0 l;O 8‘0 1(;0 120
time (sec)
Figure 4: The valve opening area time response of
closed-loop with two robust controllers with torque

disturbances effects
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Table 6: Results of valve opening area time response
with two robust controllers

Robust TC QcCC
Controllers
Steady state value 5.25 % 1075 m® 5.241 % 1075 m*®
Rise Time 1.393 sec 2.49 sec
Max.Overshoot 0 0
(%)
Steady state value | 5.913 » 107% m*® 5.904 x 1075 m*®
(with disturbance)

The desired angular velocity of actuator to
Xaq = 1600 RPM — 167.5516 rad/s is supplied as a
set point. As a result, the control action ( V;, with
delay time) reaches the final value at steady state for
the two robust controllers with the supplied
disturbance torque (25 N.m) effects is applied in
the time = 35 sec at steady state with high stability
and performance as shown in Figure 5. The response
results of the robust controller are shown in Table 7.

25

Vin(t — td) (volt)

0.5

Twisting Controller
Quasi-Continous Controller

0

0 2‘0 46 6‘0 8‘0 1(;0 120
time (sec)
Figure 5: The control action time response of closed-
loop with two robust controllers with torque
disturbances effects

Table 7: Results of valve opening area time response
with two robust controllers

Robust TC QcCc

Controllers

Steady state value 1.944 volt 1.941 volt

Rise Time 1.3715 sec 2.485 sec

Max.Overshoot 0 0
(%)
Steady state value 2,19 volt 2.186 volt
(with

disturbance)

The desired angular velocity of actuator to
Xaq = 1600 RPM — 167.5516 rad/s is supplied as a
set point. As a result, the valve input voltage (V;,)
reaches the final value at steady state for the two
robust controllers with the supplied disturbance
torque (25 N.m) effects is applied in the time

= 3bsec at steady state with high stability and

performance as shown in Figure 6. The response
results of the robust controller are shown in Table 8.

25

Vin (volt)

0.5

Twisting Controller
Quasi-Continous Controller

0

0 2‘0 4‘0 6‘0 8‘0 160 120
time (sec)

Figure 6: The valve input voltage time response of

closed-loop with two robust controllers with torque

disturbances effects

Table 8: Results of valve input voltage time response
with two robust controllers

Robust Controllers TC QcCcC
Steady state value 1.944 volt 1.941 volt
Rise Time 1.3875 2.62 sec
Max.Overshoot (%) 0 0
Steady state value 2.19 volt 2.186 volt
(with disturbance)

Case2: Piecewise constant desired angular
velocity

At the time = 100 s, at steady state, this design
chose increasing  the set  point  with
X,q = 36.6519radfs . As a result, the angular
velocity reaches the final value at steady state for the
two robust controllers but at the time = 200 s, at
steady state, this design chose adjusting the set point
with x,4 = —20.944 rad/s . As a result, the angular
velocity reaches another final value at steady state
for the two robust controllers with high stability and
performance as shown in Figure 7. This
demonstrates that the proposed controller can meet
various operational requirements. The response
results of the robust controller are shown in Table 9.

200

@
3

w, (rad/sec)

=)
3

50

Twisting Controller
Quasi-Contnous Controller

0

0 50 100 150 200 250 300
time (sec)

Figure 7: The velocity time response of multi steps for
closed-loop with two robust controllers with torque
disturbances
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Table (9): Results of velocity time response of multi

steps for two robust controllers
Robust Controllers TC QcCc

167 4 rad /s 167.1 rad /sec

Steady state value with
set point
(167.3516 rad /sec)
Steady state value with
increasing set point
(36.6519 rad,sec)
Error steady State with
increasing set point
(36.6519 rad,/sec)
Steady state value with
decreasing set point
(—20.944 rad,sec)
Error steady State with
decreasing set point
(—20.944 rad /sec)

204 rad /sec 203.7 rad /sec

0.0519 rad/sec | 0.0519 rad/sec

182.1rad/s 182.1rad/s

0.936 rad /sec 0.636 rad /sec

At the time = 100 s, at steady state, this design chose
increasing the set point with x,4 = 36.6519 rad/s .
As a result, the pressure supply reaches a final value
at steady state for the two robust controllers but at
the time = 200 s, at steady state, this design chose

adjusting the set point with x,3 = —20.944 rad/s . As
a result, the pressure supply reaches another final
value at steady state for the two robust controllers
with high stability and performance as shown in
Figure 8. This demonstrates that the proposed
controller ~can meet various operational
requirements. The response results of the robust
controller are shown in Table 10.

7
2.5 10

P, (Pa)

Twisting Controller
Quasi-Continous Controller

00 5‘0 100 15‘0 2(;0 25‘0 300

time (sec)
Figure 8: The pressure supply time response of multi
steps for closed-loop with two robust controllers with

torque disturbances

Table 10: Results pressure supply time response of
multi steps for two robust controllers

TC (Case 1) QcCcC

Robust Controllers

Steady state value with set 23,35 MP 23.54 MP
point (167.3516 rad fsec)

Steady state value with 2420 MP 24.28 MP
increasing set point

(36.6519 rad/sec)

Steady state value with 23.85 MP 23.85 MP

decreasing set point
(—20.944 rad/sec)

At the time = 100 s, at steady state, this design chose
increasing the set point with x,; = 36.6519 rad/s .
As a result, the valve opening area reaches a final
value at steady state for all the two robust
controllers but at the time = 200 s, at steady state,
this design chose adjusting the set point with
¥pq = —20.944 rad/s . As a result, the valve opening
area reaches another final value at steady state for
the two robust controllers with high stability and
performance as shown in Figure 9. This confirms
that the proposed controllers can meet various
operational requirements. The response results of
the robust controller are shown in Table 11.

%10

Twisting Ccentroller
Quasi-Contious Controller

0 . . . . .
0 50 100 150 200 250 300
time (sec)

Figure 9: The valve opening area of multi steps for two
robust controllers with torque disturbances effects

Table 11: Results of opening area time response of
multi steps for two robust controllers
TC (Case 1) QcCc

Steady state value | 5.913 x 107*m® | 5.904 x 10~ ®*m°
with set point
(167.5516 rad fsec)

Robust Controllers

Steady state value | 7.061 x 107°*m® | 7.052 x 10~*m?
with increasing set

point

(36.6519 rad/sec)

Steady state value | 6.372 x 107°*m® | 6.373 x 10~*m*

with decreasing set
point
(—20.944 rad,sec)

At the time = 100 s, at steady state, this design chose
increasing the set point with x,; = 36.6519 rad/s .
As a result, the control action reaches a final value at
steady state for all the two robust controllers but at
the time = 200 s, at steady state, this design chose
adjusting the set point with x,4 = —20.944 rad/s . As
a result, the valve opening area reaches another final
value at steady state for the two robust controllers
with high stability and performance as shown in
Figure 10. This demonstrates that the proposed
controller ~can meet various operational
requirements. The response results of the robust
controller are shown in Table 12.
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Figure 10: The control action time response of multi
steps for two robust controllers with torque
disturbances effects

Table 12: Results of multi steps control action time
response of multi steps with two robust controllers

Robust Controllers TC (Case 1) QcCcC
Steady state value | 2.19 volt 2.186 volt
with set point

(167.5516 rad /sec)

Steady state value | 2.613 volt 2.611 volt
with increasing set

point

(36.6519 rad/sec)

Steady state value | 2.36 volt 2.36 volt

with decreasing set
point
(—20.944 rad /sec)

Case3: Control robustness under parameters
uncertainty

For the Backstepping Twisting Controller, Figures
(11-14) show the time response of the uncertain
system with multiplicative uncertainty within the
range of +10% of the nominal values for the six
parameters of the system. It could be noticed that
the system has good performance within the whole
uncertainty set. Note that the responses stayed have
high stability and performance although the high
uncertainties.
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Figure 11: The perturbed velocity time response for
closed-loop with (BTC) and disturbances effects
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Fig. (12): The perturbed pressure supply time response
for closed-loop with (BTC) and disturbances effects
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Figure 13: The perturbed valve opening area time
response for closed-loop with (BTC) and disturbances

effects

25

—

Vin(t — td) (volt)

0.5

0

0 2‘0 4‘0 (6‘0 ) 8‘0 1(;0 120
t (sec
Figure 14: The perturbed control action time response
for closed-loop with (BTC) and disturbances effects

For the Backstepping Quasi-Continuous Controller,
Figures (15,16,17,18) show the time response of the
uncertain system with multiplicative uncertainty.
The uncertainties were determined based on errors
in uncertain parameters of nominal system within
the range of £10% of the nominal values for the six
parameters of the system. It could be noticed that
the system has good performance within the whole
uncertainty set. Note the responses stayed have high
stability and performance although the high
uncertainties.
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Figure 15: The perturbed velocity time response for
closed-loop with (BQCC) and disturbances effects
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Figure 16: The perturbed pressure supply time
response for closed-loop with (BQCC) and

disturbances effects
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Figure 17: The perturbed valve opening area time
response for closed-loop with (BQCC) and
disturbances effects
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Fig. (18): The perturbed control action time response
for closed-loop with (BQCC) and disturbances effects

7. Conclusions

This work presents a design of a Backstepping Quasi-
Continuous and Backstepping Twisting Controllers
for controlling the angular velocity of a rotary
actuator. Two switching functions for two level
subsystems; low level subsystem and high level
subsystem have been constructed where the back-
stepping method was used. The controlled system’s
stability analysis has been presented using the
Lyapunov function in the low level subsystem. The
second order control action is used for the high level
subsystem and the conventional sliding mode is used
for the low level subsystem. The simulation results
demonstrated that the Backstepping Quasi-
Continuous and Backstepping Twisting Controllers
ensure robust stability and performance in the time-
domain specifications with uncertainties and
disturbances. It can be concluded from the inlet
throttled system can be used as a great alternative
for the available hydraulic power transmission
(Pump controlled and valve controlled systems) if
the right control technique is used. It can also be
concluded that both the backstepping quasi-
continuous and backstepping twisting controllers
provide a precise control for the system. However,
twisting controller provide beter performance in
terms of response speed and disturbance rejection.
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