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This study presents a practical method for solving fractional order delay variational problems. The fractional
derivative is given in the Caputo sense. The suggested approach is based on the Laplace transform and
the shifted Legendre polynomials by approximating the candidate function by the shifted Legendre series
with unknown coefficients yet to be determined. The proposed method converts the fractional order delay

variational problem into a set of (n + 1) algebraic equations, where the solution to the resultant equation
provides us the unknown coefficients of the terminated series that have been utilized to approximate the
solution to the considered variational problem. Illustrative examples are given to show that the recommended
approach is applicable and accurate for solving such kinds of problems.

1. Introduction

Fractional calculus, also known as calculus of fractional order or
fractional differential calculus, is a section of mathematics that trans-
acts with differentiation and integration of fractional order. It general-
izes the concepts of differentiation and integration to include fractional
powers. Since fractional calculus is an active area of research the math-
ematicians and scientists continue to explore its theoretical foundations
and practical applications. It provides a powerful tool for modeling
and analyzing systems with memory effects, long-range interactions,
and fractal-like behavior in Engineering,'»> Biology,> Epidemiology,*
Chemistry, Physics,® Control Theory,” electrical and electromechan-
ical systems,'%!! Fluid Mechanics,'? viscoplasticity,'® etc.!4-19

The distinctiveness of fractional calculus, which may be seen as
the reason for its effectiveness in applications for problems in the real
world, is that the abundance of fractional operators enables researchers
to select the best appropriate one to simulate the problem under
research. There has been an upsurge in recent years in research on
these fractional computation issues. The research into these concerns
are mostly centered on the use of fractional derivatives, particularly
Riemann-Liouville(R-L) and Caputo fractional derivatives, in place of
classical derivatives.

It is widely known that time delay act an important function
in designing several processes and dynamical systems in real-world
problems.?%2! Time-delayed equations frequently occur in different
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branches of research and several kinds of engineering especially pop-
ulation, electrical engineering, mechanical engineering, manufacturing
process and nervous networks.??-24

The delay fractional equation is used to represent the mathematical
model for cancer development, See Refs. 25, 26. It might be maintained
that variation problems with delayed arguments occupy an important
space. The fractional calculus of variations include time delay is still
the subject of very few studies in the literature.

Variational methods such as Ritz technique®’ and variational itera-
tion method?®-3! have been, and continue to be, popular tools for non-
linear analysis. For example, the soliton solutions and their evolution of
lots of nonlinear equations were accurately captured by the variational
approximation method, which always substitutes some ansatzs into the
obtained Lagrange functional, and find the variational parameters by
solving the corresponding Euler-Lagrange equations.?’~3! When con-
trasted with other analytical or numerical methods, variational-based
methods show a lot of advantages.>%->!

Firstly, they can be used to investigate practical problems from a
global perspective, and provide physical insight into the nature of the
solutions. Secondly, they suggest an energy conservation for the whole
solution domain, and require much less strong local differentiability of
each variable than the methods, which solve PDEs directly. Last but
not the least, the obtained solutions are the best among all the possible
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trial-functions. Because variational principles are the theoretical basis
for many kinds of variational-based methods, it is very important to
seek explicit variational formulations for nonlinear and complex PDEs,
which is a nontrivial problem.

Recently, many scientists have made many attempts and great
success for constructing different kinds of variational principles in var-
ious fields such as fluid dynamics, meteorology, ocean, mathematical
biology, solid state physics, and plasma physics.3?=37

The fractal variational principle in a fractal space becomes a hot
topic in mathematics, mechanics and physics, it plays a significant role
in variational-based numerical methods and analytical methods.38-*3
Additionally it is the most effective tool to the establishment of a fractal
differential equation for a porous medium, or an unsmooth boundary
problem, or a discontinuous problem**

In this paper, we reduce the time-delay problem to a nondelay
system of algebraic equations using the properties of the Legendre
polynomials (LPs) and Laplace transformations.

Numerous scientific and technical fields have found extensive use
for approximation by orthogonal families of functions. Orthogonal
functions that are most often used are Legendre polynomials,*>4®
Legendre wavelet,"” Chebyshev polynomials,*® Chebyshev wavelet,*’
Euler polynomials,®® Laguerre series,®! fractional-order Legendre
wavelets.>?

This work investigates the solution of the fractional order time-
delayed variational problems by approximating the functional in terms
of shifted Legendre polynomials with the aid of the Laplace transform
because of computational efficiency of the Legendre polynomials also
the combination of Legendre polynomials and the Laplace transform
are more accurate than other kinds of polynomials and finally the
minimization procedure has been done.

2. Preliminaries

Definition 2.1. The (R-L) fractional integral operator I of order n > 0
of a function # € C,,n > —1 can be expressed as follows®3:

1 i —_y)1-1g
@ =Tm /0 (t—=VT"'%W)dv, n>0, v>0,
% (1), n=0.

(2.1)

Definition 2.2. The Caputo fractional derivative BDZ of order n > 0

of a function % € C,'{’,n > —1 is defined as follows®:

1 Ty
I'(m—mn) (7 —vyrti-m
m
g =
7 2@ n=m,

dv, m—1l<n<m, v>0, meN,
oD% () =

(2.2)

Below, we list some relations between the Caputo’s and (R-L)
operators as:

n_op _ (LD ) nu
W Iz (F(ﬂ+n+1) o

cphph = ( LutD ) u—y _
2 ODTT —<1_(”7”+1))T ) u>-=1, n>0.

@) { DIV (1) =V (2).
@) DI () = ¥(5) - X2 L0

(5) Z{¢ DI (0)} = S1L(V (1)) - Z’;=}) 1=x=1gy(®)(0), where & is
the Laplace transform operator.

u>-1, n>0.

>0, n—1<n<n.

Definition 2.3. The Atangana-Baleanu fractional derivatives in the
caputo sense(ABC derivative) of order x for given function #(r) €
H'(a,b),b > a, n > 0 (where A denotes Atangana, B denotes Baleanu
and C denotes Caputo type) with base point a is defined at a point
T € (a, b).
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1. The left Atangana-Baleanu—Caputo derivative:

ABC D1 (1) = B(”)/ ) By Tl s, 23)
where y = ﬁ’ and B(n) being a normalization function satisfying
Bim=0-m+—— F( ) (2.4)
where B(0) = B(1) = 1, E,() stands for the Mittag-Leffler function
defined by

E, 4(z) = g} F(#:'ﬂ)’ E,(2)=E(2), z€C, (2.5)

which is an entire function on the complex plane ans I'(.) denotes the
Euler’s gamma function defined as

I'(z)= / " le™"dz, R(z)> 0. (2.6)
0

2. The right Atangana-Baleanu-Caputo derivative:

b
ABC i gy () = B / 7(s) Eyl-nS= 1ds. 2.7)
: l=-nJ: L—n

3. Shifted Legendre polynomials (ShLPs)

Suppose that the (LPs) of degree i are indicated by £,(¢) that defined
on the interval (—1,1), by the recurrence formulae>*

21+1

z+1(f)_ 1L, (t)——ﬁ,-_l(t)» i=12,..,

Lot =1, £L,0=t,

then by t = 2r—1, (LPs) that defined on the interval (0,1) will be called
(ShLPs) and is denoted by L] (r) and it is generated using the following
recurrence formulae

L, (0= 2’+11( -ner (T)——ﬁ (@, i=12..,

Lim =1, Lin)=2r-1.

The orthogonality relation is defined by

1 1 o
/ L ode = w7 1=0
o 1 0, fori#j.
The (ShLPs) £ (r) of degree i can be expressed explicitly analytically
as

% d i (i +x)l7*
£_' = _1 H—K—’
) Zé( ) (i — 1)1 (k)?

where
L0 =1,  Lih=1

(ShLPs) can be used to represent any function f(r) € L,[0,1] as

©

@)=Y L),

i=0

where ¢; given by

1
=Q2i+ 1)/ f@L: (r)dr.
0

If we use the first (n + 1)-terms to approximate f(r), we may write

n

fo@) = Z LX),

i=0
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4. The direct approach

In this section, we consider the fractional order delay variational

problems (FODVPs)

b
J = / F(z, % (1), (r =), DI (1), I'¥ (r))dx,

a

subject to
Y(b) =%, € R,

and

% (t)=q(r) forany v € [a—v,a],

where ¢ is a given function.

(4.1)

Based on the (ShLPs), this approach approximates the fractional

order derivative SDZ@ (1) as follows:

n
DI (1) = Y ¢ L}(T),

i=0

(4.2)

where £ (r) are (ShLPs) and the unknown coefficients to be determined
are ¢;,i = 0,1,...,n. When both sides of Eq. (4.2) are subjected to the

Laplace transform, we find

i=0

2D ()} =2 {2 c,.ﬁ;*m} :

(4.3)

The Laplace transform of the fractional order derivative (see prop-

erty (5)), yields

n—1

LAY (1)} — Z sl 00y = &

k=0
or

n—1

LAY (1) = Zs" K= 1?](’“)(0)+ =7

KU

(4.9)

(4.5)

Applying inverse Laplace transform on both sides of Eq. (4.5), gives

sh

n—1
@(r):gl{ L DI 1@<K>(0)+—$

k=0

n

VD =T @)= 2 b)-%),

where 1 is a Lagrange multiplier.

By using Eq. (4.6) into Eq. (4.8), yields

ZSVI K— lay(’&)(())

2 Snfkfl Q/(K) 0)

s _
a1
V(CO’ChCZ’---an):/a F |:T,f l{s—” 2
1 o
+ S—nf{gciﬁ,-(f)}},(p(f—\/)
n 1 T 1 n—1
LF _ _ -1 -1 = n—x—1 gy, (k)
,g(:)c,ﬁl(r), F(n)/o (=) <.$ {s”’;)s 2 (0)

c,ﬁf(f)} } . (4.6)

If Egs. (4.2) and (4.6) are substituted into Eq. (4.1), giving us

b n—1
T = / F [T,z-l {l Y sl ()
a st k=0

+ S%f{gciﬁf(f)}},(p(f—v)
1
l,(>r()/(r—v)" < {
+ S—ﬂf{gciﬂi(v)}}> ]dr.

We define a new functional V [#/] by

(4.7)

(4.8)
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+ Sin,z {Zé c,.c;*(v)} }> dv] dr
1 n—1 1 n
) <g—1 { 5 Kzzosn—;c—lgyw)(O) + S—”f {% ciﬁf(b)} } — %) .

In Eq. (4.8), the initial extremization of the (FODVPs) is transformed
into the extremization of a functional with a finite set of variables.
When we set the partial derivatives of ¥ with respect to ¢; to zero, we
obtain

v

=0, i=0,1,2,....n
dc

One can arrive at the desired answer of Eq. (4.1) by solving for ¢;
and substituting into Eq. (4.6).

5. Numerical examples

We make the following examples into consideration to illustrate the
effectiveness and precision of the suggested approach.

Example 5.1. Consider the (FODVPs) of the form

2
J[@]:/ [(UD;@(T) r(n+2)1‘)2+}’(1)+(@/(T—])—@/',’(T—1))2]d‘t
0

(5.1)
where
y(@) = / @) - ar, (5.2)
0
known on the C'[—1,2] set with the given constraints
w(2) =21+,
{?7/(1') =0, for all 7 €[-1,0], 5-3)
where the closed form (see Ref. 55) is
p R T €[-1,0],
Z(®) = {r”“ 7 €[0,2]. 5.4
Consider, for n =2
2
(DI (2) =Y L] (D). (5.5)
i=0
Therefore,
1 n—1 n
V()= { = z_‘{)s" 1y 0) + —z { ZO c,ﬁf(r)} }
o (Lot cr c
=27 S 2 oLy + e Li + oLy} }
o [ % 2¢; ¢ 12¢,  6c, cy
=< {mmm—smﬂm—smﬂ,ﬁ :
Then,
() = oy 2¢ gl Gy 12¢0 10
I'(n+1) I'(n+2) I'n+1) I'(n+3)
6, 1 [
- + ", 5.6
Tn+2) Tn+1)" (5.6)

Substituting Egs. (5.5) and (5.6) into Eq. (5.1), we get

2
TP ()] = /0 [((cocg(r) +0,L3(0) + 6 L3(0) - T(n +2)7)’

+((+ D@ - 1)+

/r<( ¢ ' 2¢; e cy My 12¢, 42
o \ I'tn+1) I'n+2) I'n+1) I'(n+3)
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=1 =n=0.9 = n=0.75 n=0.5
Fig. 1. The approximate solution of Example 5.1.
Table 1 and
(MAE) at various values of 7. 5 5
n (MAE) 21“(%)15"" ZF(%)TEW
=—" = s 5.10
0.9 3.109x 107 /i (- ) /2 r(z+ .10
0.75 1332% 107 3~ PR
0.5 1.332x 107"°

where the closed form is:

0, re[-1,0]
Y (r) = s (5.11)
" 2t2, t€]0,2].

6¢ c 2
2l __2 t”)—z"“) dx| ar.

- t
rm+2 TI(n+1) Now, let
2
Now, we define $D'Y (1) = Z L (0), (5.12)
V(eg, €1, Cysnnrcy) = T 1= A |#(2) = 27]. i=0
and
Differentiating ¥ with regards to ¢; and putting them equal to c ¢ e —ci +c
i % _ %9 4 1 3 0 1 2 2
zero, then we get a system of (n + 1) algebraic equations with (n + 1) 17 (v) = S5t + (? - CZ) T+ < ) > T (5.13)
undetermined coefficients c;. Theref
Therefore the solution of the problem (5.1)-(5.4), now becomes eretore,
ready by substituting the determined coefficients c;, into Eq. (5.6). W)= .2 { G + 20 ¢ 120 60 o }
Table 1 shows the maximum absolute errors(MAE) related to the grloognt2 gl g3 g2 gt
problem (5.1)-(5.4) at different values of 7. then
Fig. 1 represent the approximate solution of problem (5.1)-(5.4) at
various values of #. D) = o - 2 ¢ - 12¢) 1o
“TTa+0" TTw+2" T Th+h  Th+3)
Example 5.2.
P ey . (5.14)
e 2 e 2 I(n+2) I(n+1)
[Z _ c - -
JZ]= /O [(OD,@ @O-f) +IEY @O -f) +r@ Substituting Eqs. (5.12)—(5.14) into Eq. (5.7), we get
(@ @-D-2", =) dr, 5.7) i
h 2 2r (%) i
where T = / (eoL23 (D) 4 €125 (1) + 025 (0)) —
, Ly (-
v (1) =/ (Zo-1P7 0+ f-27) a, (5.8) :
0 or l) T:+W 2
known on the C'[—1,2] set with the given constraints 4 (c_214 " (C_l _ CZ) 24 (M) T2> SR T
. 2 3 2 r (% + 50)
v(@=22, (5.9) )
% (t)=0, for all te€[-1,0], +(m+D@E-D")
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t
Fig. 2. The approximate solution of Example 5.2.
Table 2 Legendre functions and Laplace transform. The practicability of the
(MAE) at various values of . devised method was examined on two numerical examples. It may
n (MAE) be said that our approach is very powerful at both approximate and
0.9 9.107x 107> analytical solution investigating.
0.75 7.558x 107
0.5 3.608 x 1071° . ..
Declaration of competing interest
. The authors declare that they have no known competing finan-
+ / [( 0 _pmy 2 S B 126 i cial interests or personal relationships that could have appeared to
o NI+ In+2) Fo+b ITh+3) influence the work reported in this paper.
__Sa oy & ,ﬂ)
In+2) o+ , Data availability
c c cy—cte 2F(%)ﬁ+ﬁ s
—7214 + (?l - cz) £+ ( 2 2‘ 2 ) 2+ — 213 | dt|dr. No data was used for the research described in the article.
r(l+ @)
2

Now, we define
.
V(s €11 Caunercy) = T [X] = 4 [@(2) - 27] .

Differentiating ¥ with regards to ¢; and putting them equal to
zero, then we get a system of (n + 1) algebraic equations with (n + 1)
undetermined coefficients c;.

Therefore the solution of the problem (5.7)-(5.11), now becomes
ready by substituting the determined coefficients ¢;, into Eq. (5.14).

Table 2 shows the maximum absolute errors(MAE) related to the
problem (5.7)-(5.11) at different values of #.

Finally Fig. 2 represent the approximate solution of problem (5.7)-
(5.11) at various values of #.

6. Conclusions

In the current study, an effective and straightforward technique
is created for resolving many types of fractional variational problems
with time delay, which are frequently utilized as models in engineering
sciences. We reduce the problem to a set of algebraic equations that
must be solved while tackling variational problems using the shifted

References

1. Ferreira NM, Duarte FB, Lima MF, Marcos MG, Machado JT. Application of frac-
tional calculus in the dynamical analysis and control of mechanical manipulators.
Fract Calc Appl Anal. 2008;11(1):91-113.

2. Magin RL. Fractional calculus in bioengineering. Crit Rev Bioeng. 2004. http:
//dx.doi.org/10.1616/critrevbiomedeng.v32.i34.10.

3. Magin RL. Fractional Calculus models of complex dynamics in biological tissues.
Comput Math Appl. 2010;59:1586-1593. http://dx.doi.org/10.1016/j.camwa.2009.
08.039.

4. Almeida R, Brito Da Cruz AMC, Martins N, Monteiro TT. An epidemiological
MSEIR model described by the Caputo fractional derivative. Int J Dynam Control.
2019;7:776-784. http://dx.doi.org/10.1007/s40435-018-0492-1.

5. Oldham KB. Fractional differential equations in electrochemistry. Adv Eng Softw.
2010;41:9-12. http://dx.doi.org/10.1016/j.advengsoft.2008.12.012.

6. Hilfer R. Applications of Fractional Calculus in Physics. World scientific; 2000.
http://dx.doi.org/10.1142/3779.

7. Bergounioux M, Bourdin L. Pontryagin maximum principle for general Caputo frac-
tional optimal control problems with Bolza cost and terminal constraints. ESAIM
Control Optim Calc Var. 2020;26:35. http://dx.doi.org/10.1051/cocv/2019021.

8. Lazima ZA, Khalaf SL. Optimal control design of the in-vivo HIV fractional model.
Iraqi J Sci. 2022:3877-3888. http://dx.doi.org/10.24996/ijs.2022.63.9.20.

9. Khalaf SL, Flayyih HS. Analysis predicting and controlling the COVID-19 pandemic
in Iraq through SIR model. Results Control Optim. 2023;7:100507. http://dx.doi.
0rg/10.1016/j.padiff.2023.100507.


http://refhub.elsevier.com/S2666-8181(24)00021-4/sb1
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb1
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb1
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb1
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb1
http://dx.doi.org/10.1616/critrevbiomedeng.v32.i34.10
http://dx.doi.org/10.1616/critrevbiomedeng.v32.i34.10
http://dx.doi.org/10.1616/critrevbiomedeng.v32.i34.10
http://dx.doi.org/10.1016/j.camwa.2009.08.039
http://dx.doi.org/10.1016/j.camwa.2009.08.039
http://dx.doi.org/10.1016/j.camwa.2009.08.039
http://dx.doi.org/10.1007/s40435-018-0492-1
http://dx.doi.org/10.1016/j.advengsoft.2008.12.012
http://dx.doi.org/10.1142/3779
http://dx.doi.org/10.1051/cocv/2019021
http://dx.doi.org/10.24996/ijs.2022.63.9.20
http://dx.doi.org/10.1016/j.padiff.2023.100507
http://dx.doi.org/10.1016/j.padiff.2023.100507
http://dx.doi.org/10.1016/j.padiff.2023.100507

HF.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

Mohammed and O.H. Mohammed

Debnath L. Recent applications of fractional calculus to science and en-
gineering. Int J Math Sci. 2003;54:3413-3442. http://dx.doi.org/10.1155/
$0161171203301486.

Oustaloup A, Pommier V, Lanusse P. Design of a fractional control using
performance contours, Application to an electromechanical system. Fract Calc Appl
Anal. 2003;6(1):1-24.

Hummmady LZ, Abdulhadi AM. Peristaltic transport for fractional generalized
maxwell viscoelastic fluids through a porous medium in an inclined channel with
slip effect. Iraqi J Sci. 2015;56(4B):3215-3229.

Diethelm K, Freed AD. On the solution of nonlinear fractional order differential
equations used in the modeling of viscoplasticity. In: Keil F, Mackens W, Vo3 H,
Werther J, eds. Scientific Computing in Chemical Engineering II. Berlin, Heidelberg:
Springer; 1999:217-224. http://dx.doi.org/10.1007/978-3-642-60185-9-24.
Farhood AK, Mohammed OH. Homotopy perturbation method for solving time-
fractional nonlinear variable-order delay partial differential equations. Partial
Differential Equations Appl Math. 2023;7:100513. http://dx.doi.org/10.1016/j.
padiff.2023.100513.

Mohammed OH, Jaleel DHA. Legendre-adomian-homotopy analysis method for
solving multi-term nonlinear differential equations of fractional order. Ital J Pure
Appl Math. 2021;45:581-589.

Mohammed OH, Mohsin AK. Approximate methods for solving one-dimensional
partial integro-differential equations of fractional order. Ital J Pure Appl Math.
2021;46:205-220.

Mahdi NK, Khudair AR. Stability of nonlinear g—fractional dynamical systems on
time scale. Partial Differential Equations Appl Math. 2023;7:100496. http://dx.doi.
org/10.1016/j.padiff.2023.100496.

Vellappandi M, Govindaraj V. Operator theoretic approach to optimal control
problems characterized by the Caputo fractional differential equations. Results
Control Optim. 2023;10:100192. http://dx.doi.org/10.1016/j.rico.2022.100194.
Ibraheem QW, Hussein MS. Determination of time-dependent coefficient in time
fractional heat equation. Partial Differential Equations Appl Math. 2023;7:100492.
http://dx.doi.org/10.1016/j.padiff.2023.100492.

Dzurina J, Grace SR, Jadlovska I, Li T. Oscillation criteria for second-order
Emden-Fowler delay differential equations with a sublinear neutral term. Math
Nachrichten. 2020;293:910-922. http://dx.doi.org/10.1002/mana.201800196.
Jhinga A, Daftardar-Gejji V. A new numerical method for solving fractional delay
differential equations. J Comput Appl Math. 2019;38:166. http://dx.doi.org/10.
1007/540314-019-0951-0.

Chen Y, Wang H, Xue A, Lu R. Passivity analysis of stochastic time-delay neural
networks. Nonlinear Dynam. 2010;61:71-82. http://dx.doi.org/10.1007/s11071-
009-9632-7.

Kilbas AA, Srivastava HM, Trujillo JJ. Theory and Applications of Fractional
Differential Equations. Amsterdam, Netherlands: Elsevier; 2006.

Scalas E, Gorenflo R, Mainardi F. Uncoupled continuous-time random
walks: solution and limiting behavior of the master equation. Phys Rev E.
2004;69:0111071-0111078. http://dx.doi.org/10.1103/PhysRevE.69.011107.
Dehghan M, Salehi R. Solution of a nonlinear time-delay model in biology via
semi-analytical approaches. Comput Phys Comm. 2010;181(7):1255-1265. http:
//dx.doi.org/10.1016/j.cpc.2010.03.014.

Xu S, Feng Z. Analysis of a mathematical model for tumor growth under
indirect effect of inhibitors with time delay in proliferation. J Math Anal Appl.
2011;374(1):178-186. http://dx.doi.org/10.1016/j.jmaa.2010.08.043.

Wu Y. Variational approach to higher-order water-wave equations. Chaos Solitons
Fractals. 2007;32(1):195-198.

Gazzola F, Wang Y, Pavani R. Variational formulation of the Melan equation. Math
Methods Appl Sci. 2018;41(3):943-951.

Baleanu D, Jassim HK, Khan H. A modification fractional variational iteration
method for solving nonlinear gas dynamic and coupled KdV equations involving
local fractional operator. Therm Sci. 2018;22:283.

He JH, Liu F. Local fractional variational iteration method for fractal heat transfer
in Silk Cocoon Hierarchy. Nonlinear Sci Lett A. 2013;4(1):15-20.

Yang XJ, Baleanu D. Fractal heat conduction problem solved by local fractional
variation iteration method. Therm Sci. 2013;2(17):625-628.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Partial Differential Equations in Applied Mathematics 9 (2024) 100635

Cao XQ, Peng KC, Liu MZ, Zhang CZ, Guo YN. Variational principles for two
compound nonlinear equations with variable coefficients. J Appl Comput Mech.
2021;7(2):415-421.

He JH, Anjum N, Skrzypacz PS. A variational principle for a nonlinear os-
illator arising in the microelectromechanical system. J Appl Comput Mech.
2021;7(1):78-83.

Cao XQ, Guo YN, Zhang CZ, Hou SC, Peng KC. Different groups of variational
principles for Whitham-Broer-Kaup equations in shallow water. J Appl Comput
Mech. 2020;6(SI):1178-1183.

Liu MZ, Cao XQ, Zhu XQ, Liu BN, Peng KC. Variational principles and solitary
wave solutions of generalized nonlinear Schrodinger Equation in the Ocean. J Appl
Comput Mech. 2021;7(3):1639-1648.

He JH. Variational principle for the generalized KdV-Burgers equation with fractal
derivatives for shallow water waves. J Appl Comput Mech. 2020;6(4):735-740.
Rosa MA, Lippiello M, Elishakoff I. Variational derivation of truncated
Timoshenko-Ehrenfest Beam theory. J Appl Comput Mech. 2022;8(3):996-1004.
He JH. A fractal variational theory for one-dimensional compressible flow in a
microgravity space. Fractals. 2020;28(2):20500243.

Wang KL, Yao SW. Fractal variational theory for Chaplygin-he gas in a
microgravity condition. J Appl Comput Mech. 2021;7(1):182-188.

Khan Y. A varational approach for novel solitary solutions of FitzHugh-Nagumo
equation arising in the nonlinear reaction diffusion equation. Int J Numer Methods
Heat Fluid Flow. 2020:0299.

Wang KL. Variational principle for nonlinear oscillator arising in a fractal
nano/microelectromechanical system. Math Methods Appl Sci. 2020:1-10.

Ma H. Fractal variational principles for an optimal control problem. J Low Freq
Noise Vib Active Control. 2022;41(4):1523-1531.

He JH, Qie N, He CH, Saeed T. On a strong minimum condition of a fractal
variational principle. App Math Lett. 2021;119:107199.

He JH. Variational principle for the generalized KdV-Burgers equation with fractal
derivatives for shallow water waves. J Appl Comput Mech. 2020;6(4):735-740.
Panigrahi BL, Nelakanti G. Legendre Galerkin method for weakly singular Fred-
holm integral equations and the corresponding eigenvalue problem. J Appl Math
Comput. 2013;43:175-197. http://dx.doi.org/10.1007/512190-013-0658-0.
Saadatmandi A, Dehghan M. A new operational matrix for solving fractional-order
differential equations. Comput Math Appl. 2010;59:1326-1336. http://dx.doi.org/
10.1016/j.camwa.2009.07.006.

Razzaghi M, Yousefi SA. The Legendre mavelets operational matrix of integration.
int J Syst Sci. 2001;32(4):495-502. http://dx.doi.org/10.1080/00207720120227.
Nemati S, Sedaghat S. Matrix method based on the second kind Chebyshev
polynomials for solving time fractional diffusion-wave equations. J Appl Math
Comput. 2016;51:189-207. http://dx.doi.org/10.1007/s12190-015-0899-1.
Babolian E, Fattahzadeh F. Numerical solution of differential equations by using
Chebyshev wavelet operational matrix of integration. J Appl Math Comput.
2007;188(1):417-426. http://dx.doi.org/10.1016/j.amc.2006.10.008.

Mohammed HF, Mohammed OH. Towards solving fractional order delay vari-
ational problems using Euler polynomial operational matrices. Iraqi J Sci.
2023;64(9):5593-5603. http://dx.doi.org/10.24996/ijs.2023.64.9.32.

Hwang C, Shih YP. Parameter identification via Laguerre polynomials. J Comput
Appl Math. 1982;13:209-217. http://dx.doi.org/10.1080/00207728208926341.
Rahimkhani P, Ordokhani Y, Babolian E. Fractional-order Legendre wavelets
and their applications for solving fractional-order differential equations with
initial/boundary conditions. Comput Methods Differential Equations. 2017;5(2):117-
140.

Podlubny 1. Fractional Differential Equations. Academic press New York; 1999:198.
In: Mathematics in Science and Engineering; http://dx.doi.org/10.1016/50076-
5392(99)x8001-5.

Bhrawy AH, Doha EH, Ezz-Eldien SS, Abdelkawy MA. A Numerical Technique
Based on the Shifted Legendre Polynomials for Solving the Time-Fractional Coupled
KdV Equations. Calcolo: Springer-Verlag Italia; 2015. http://dx.doi.org/10.1007/
510092-0132-x.

Sayevand K, Rostami M, Attari H. A new study on delay fractional variational
problems. Int J Comput Math. 2017;95(6-7):1170-1194. http://dx.doi.org/10.
1080/00207160.2017.1398323.


http://dx.doi.org/10.1155/S0161171203301486
http://dx.doi.org/10.1155/S0161171203301486
http://dx.doi.org/10.1155/S0161171203301486
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb11
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb11
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb11
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb11
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb11
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb12
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb12
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb12
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb12
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb12
http://dx.doi.org/10.1007/978-3-642-60185-9-24
http://dx.doi.org/10.1016/j.padiff.2023.100513
http://dx.doi.org/10.1016/j.padiff.2023.100513
http://dx.doi.org/10.1016/j.padiff.2023.100513
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb15
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb15
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb15
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb15
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb15
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb16
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb16
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb16
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb16
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb16
http://dx.doi.org/10.1016/j.padiff.2023.100496
http://dx.doi.org/10.1016/j.padiff.2023.100496
http://dx.doi.org/10.1016/j.padiff.2023.100496
http://dx.doi.org/10.1016/j.rico.2022.100194
http://dx.doi.org/10.1016/j.padiff.2023.100492
http://dx.doi.org/10.1002/mana.201800196
http://dx.doi.org/10.1007/s40314-019-0951-0
http://dx.doi.org/10.1007/s40314-019-0951-0
http://dx.doi.org/10.1007/s40314-019-0951-0
http://dx.doi.org/10.1007/s11071-009-9632-7
http://dx.doi.org/10.1007/s11071-009-9632-7
http://dx.doi.org/10.1007/s11071-009-9632-7
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb23
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb23
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb23
http://dx.doi.org/10.1103/PhysRevE.69.011107
http://dx.doi.org/10.1016/j.cpc.2010.03.014
http://dx.doi.org/10.1016/j.cpc.2010.03.014
http://dx.doi.org/10.1016/j.cpc.2010.03.014
http://dx.doi.org/10.1016/j.jmaa.2010.08.043
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb27
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb27
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb27
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb28
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb28
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb28
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb29
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb29
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb29
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb29
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb29
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb30
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb30
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb30
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb31
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb31
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb31
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb32
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb32
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb32
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb32
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb32
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb33
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb33
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb33
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb33
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb33
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb34
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb34
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb34
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb34
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb34
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb35
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb35
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb35
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb35
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb35
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb36
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb36
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb36
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb37
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb37
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb37
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb38
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb38
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb38
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb39
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb39
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb39
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb40
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb40
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb40
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb40
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb40
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb41
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb41
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb41
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb42
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb42
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb42
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb43
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb43
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb43
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb44
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb44
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb44
http://dx.doi.org/10.1007/S12190-013-0658-0
http://dx.doi.org/10.1016/j.camwa.2009.07.006
http://dx.doi.org/10.1016/j.camwa.2009.07.006
http://dx.doi.org/10.1016/j.camwa.2009.07.006
http://dx.doi.org/10.1080/00207720120227
http://dx.doi.org/10.1007/s12190-015-0899-1
http://dx.doi.org/10.1016/j.amc.2006.10.008
http://dx.doi.org/10.24996/ijs.2023.64.9.32
http://dx.doi.org/10.1080/00207728208926341
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://refhub.elsevier.com/S2666-8181(24)00021-4/sb52
http://dx.doi.org/10.1016/s0076-5392(99)x8001-5
http://dx.doi.org/10.1016/s0076-5392(99)x8001-5
http://dx.doi.org/10.1016/s0076-5392(99)x8001-5
http://dx.doi.org/10.1007/s10092-0132-x
http://dx.doi.org/10.1007/s10092-0132-x
http://dx.doi.org/10.1007/s10092-0132-x
http://dx.doi.org/10.1080/00207160.2017.1398323
http://dx.doi.org/10.1080/00207160.2017.1398323
http://dx.doi.org/10.1080/00207160.2017.1398323

	A hybrid technique for solving fractional delay variational problems by the shifted Legendre polynomials
	Introduction
	Preliminaries
	Shifted Legendre polynomials (ShLPs)
	The direct approach
	Numerical examples
	Conclusions
	Declaration of competing interest
	Data availability
	References


