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Abstract: In this paper, we consider a new approach to solve type of partial differential 

equation by using coupled Laplace transformation with decomposition method to find the 

exact solution for non–linear non–homogenous equation with initial conditions. The 

reliability for suggested approach illustrated by solving model equations such as second 

order linear and nonlinear Klein–Gordon equation. The application results show the 

efficiency and ability for suggested approach.  
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1. Introduction 

A differential equation is a mathematical equation that relates some function with 

its derivatives. In applications, the functions usually represent physical quantities, the derivatives 

represent their rates of change, and the differential equation defines a relationship between the two. 

Because such relations are extremely common, differential equations play a prominent role in many 

disciplines including engineering, physics, economics, and biology [1, 2]. Many physical and 

chemistry phenomena can be modeled using the language of calculus. For example, compute the 
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pollution of heavy metals in soil by using the mathematical model for that phenomena and when we 

solve that model we find the valued of pollution in soil by heavy metals for more details see [3-7].  

There are many researches explain how to solve the partial differential equations using efficient 

method to get exact or approximate solution such ADM [8], VIM [9], HPM [10], and HAM [11]. In 

recent years many researchers used coupled method to solve types of PDEs such [12-16].   

Here we solved important type of PDEs by combine Laplace transformation with ADM that is 

LT-ADM to find the exact solution for non-linear Klein - Gordon equation.  

2. Klein - Gordon Equation 

The Klein - Gordon equation it is one of the most important mathematical models in quantum 

field theory, appears in relativistic physics and described dispersive wave phenomena in general [2]. 

Here we used the suggested approach to solve this type of PDEs. 

2.1. Solving Linear Klein - Gordon Equation  

The standard form of linear Klein Gordon equation is given by  

 

Where a is a constant and  is the source term with initial conditions 

                                                          (2) 

 

To solve that equation 1 by using LT-ADM: 

First we take the Laplace transformation for equation 1 to get: 

 

 

 

Use the initial conditions in equation 3 to get:  

 

 

 

Now, by using the decomposition representation as follow: 
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then, take the invers Laplace transformation to get   

 

 

 

 

 

Apply the invers Laplace transformation to find  

Now, we take illustration example as follow: 

 

Example 1 

Consider a homogenous linear Klein - Gordon equation  

   , with initial conditions   

 

Applying LT-ADM as follow 

                                                                     

 

Using ICs equation 5 becomes 

 

 

 

Now, using the decomposition representation for the dependent variable u: 

 

 

take the invers Laplace transformation to get   
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Hence, 

 

 

 

 

 

 

 

 

 

And so on 

 

 

Depending on equation 6, we obtain 

                                      

i.e.,  

 

The exact solution is                                                                                

 

Example 2 

Consider inhomogenous linear Klein - Gordon equation  

   , with initial conditions   

 applying Laplace transformation for the equation 

 

 



Int. J. Modern Math. Sci. 2020, 18(1): 31-41  

        

Copyright © 2020 by Modern Scientific Press Company, Florida, USA 

35 

Using initial conditions to get: 

 

 

 

Now, we using the decomposition representation for dependent variable u 

 

 

take the invers Laplace transformation to get  
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And so on 

 

Depending on equation 7, we have: 

                                      

                   

 

 

So, the exact solution is  
 
2.2. Solving Nonlinear Klein Gordon Equation 

The standard form of nonlinear Klein Gordon equation is  

 

where a is constant,  is the source term and  is nonlinear function of . With 

initial conditions: 

 

 

To solve equation 8, by using LT-ADM, first we take the Laplace transformation for equation 

(8) to get 

 

 

 

Take the initial conditions in equation 3 we get  
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Now, using the decomposition representation for dependent variable: 

 

The nonlinear form is decomposed as follow: 

 

Where   is Adomian polynomials can be computed by using the formula 

 

 

 

Now, applied the invers Laplace transformation to get   

 

 

 

And so on 

 

Apply the invers Laplace transformation to find the  

Now, we illustrate the above steps by solve the following example  

 

Example 3        

Consider nonlinear nonhomogeneous Klein - Gordon equation  

   , with initial conditions   

Firstly, apply Laplace transformation  
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Using ICs to get 

 

 

Now, using the decomposition representation for u such: 

 

 

Then, apply the invers Laplace transformation to get   

 

 

Now, calculate the nonlinear form as 

 

Where   are Adomian polynomials computed by: 

 

So,  
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And so on, then depending on equation 13 we have 

 

    

Here we have noise terms which are 

 

So, the remaining noncanceled term which it satisfies the equation, that is the exact solution is  
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3. Conclusions 

In this paper, new approach suggested for solving important type of non-linear non-

homogenous PDFs, based on combine Laplace transformation with Adomian decomposition method to 

get exact solution. The proposed approach shows that it is in good agreement with the other methods 

solution and it is better than ADM. The experimental results show that the LT-ADM is 

computationally efficient for solving non-linear evolution problems and can easily be implemented 

without using computer. 
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