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Abstract. The Taylor series is defined by the f and g series. The solution to the satellite's equation of motion is 
expanding to generate Taylor series through the coefficients f and g. In this study, the orbit equation in a perifocal system 
is solved using the Taylor series, which is based on time changing. A program in matlab is designed to apply the results 
for a geocentric satellite in low orbit (height from perigee, hp= 622 km). The input parameters were the initial distance 
from perigee, the initial time, eccentricity, true anomaly, position, and finally the velocity.  The output parameters were 
the final distance from perigee and the final time values. The results of radial distance as opposed to time were plotted for  
dissimilar times in seconds and their comparison with the exact solution, with the aim of selecting an optimized reference 
orbit at a height of 622 km. The results indicated that the two series diverged excessively as the time increased from the 
exact solution, excluding the time of 850 sec. The f and g series had a little shift. Besides, the root mean square error 

(rmse) is computed for 750 sec. It was about 5 for the two series before diverging at about 180 sec and rapidly growing 
with time. For 850 sec, the (rmse) is approaching 10 for the two series and increasing quickly over time. So, the (rmse) is 
directly proportional to time, which means that as time increases, the diverging behavior and the value of the (rmse) will 
also increase. If more terms (Δt) are used for the two series and more time is included, the two series will deviate from 
the exact solution. The program's results are compared to other published studies in this field; they demonstrated high 
convergence.  

Keywords: Perifocal System, Lagrange Series, True Anomaly, Taylor Series, Eccentricity, Elliptical Orbit, Dynamic 
Orbit. 

INTRODUCTON 

Celestial objects and space phenomena can be studied in astronomy. This field uses principles of physics and 

numerical mathematics to describe the creation, evolution, and celestial events in space [1]. Celestial objects take 

account of planets, stars, clusters, and moons [2]. Significant events include x-ray bursts, background radiation [3], 

pulsars, supernova explosions and cosmic microwaves. Any phenomenon that emerges outside of Earth's 

atmosphere [4] is also studied by astronomy, including refractive index [5], atmospheric parameters besides electron 

density estimation [6]. In observational astronomy [7], data are collected by observations of celestial objects [8]. The 
main principles of remote sensing and image processing are then utilized to examine the collected data [9]. One of 
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the most essential fields of celestial mechanics is still dynamic orbit propagation [10]. Celestial mechanics 

developed the method of solving a satellite’s equation of motion or that of other celestial objects without using 

measurements [11]. The explanation of a satellite's equation of motion is divided into four forms [12]: numerical, 

analytical, semi-analytical and classical [13]. The basic principle of Lagrange’s method is series expansion; it simply 

needs one function generation for each step. The Taylor series likes single-step methods, as the order increases, 
stability and precision are also increased. It is a mixture of a single method and a multi-step method [14]. Various 

low altitude satellites are not staying in their orbits around the Earth, but are approaching it, because of the influence 

of the drag force on the orbiting satellites [15]. The atmosphere gradually becomes thinner at higher altitudes, 

making the homecoming of satellites to Earth difficult [16]. The altitude of the satellite will decrease when it 

approaches a denser region of the atmosphere. Resistance between the surface of the satellite and the drag force 

produces a significant amount of heat [17]. This comes about due to the satellite’s rapid velocity. A great quantity of 

heat is formed, which is enough to put an end to the entire satellite or portions of it [18]. The FORMAC computer 

program is used to apply the two series f and g in a Keplerian gravitational field that is advanced by Sconzo et al. 

[19]. These two Taylor series are used to determine the orbit of the satellite, like Gauss and Lambert. In addition, the 

coefficients for the two and three body concerns are achieved [20]. Feng used GPS-based data; the concept of 

reduced dynamic orbit determination was put into practice for LEO satellites [21]. In 2003, Lin and Xin used f and g 

series with the Laplace method for determining the initial orbit using angular data. Sharifi and Seif developed 
Lagrange coefficients from J2 [22]. In 2009, Fouad and Anas studied the impact of the position on the time for 

astronomical twilight [23]. Pellegrini et al. used the solution to the stark problem with Sundman transformations for 

the Taylor series [24]. In 2019, Fouad calculated the differences for the sunrise, sunset as well as the time for the 

day length [25]. Astronomy is divided into two subfields: theoretical and observational [26]. Information gathering 

from observations of celestial objects is the goal of observational astronomy. Developing computational or 

analytical models to define astronomical events and celestial objects is the aim of theoretical astronomy [27]. These 

branches work well together; in this study, theoretical astronomy is studied in order to determine the best reference 

orbit [28].  

 

THEORY 

Perifocal System 

This system is described by a body starting from the focus of the orbit, as illustrated in Figure 1a. The x axis 

extends from the focus and passes through the periapse, which is the nearest point to the body from the focus of the 
elliptical orbit. This axis is vertical on the y axis; the y axis represents the path of the body along the elliptical orbit. 

The true anomaly is an angle formed from the periapse as well as the y axis. The xy plane and z axis are 

perpendicular to each other, as shown in Figure 1b. The position vector r [29]: 

 

𝑟 = 𝑥�̂� + 𝑦�̂�                                                                              (1) 

 

Where x: is the position relative to the x direction, �̂�: is a vector in the x direction, y: is the position relative to 

the y direction,�̂�: is a vector in y direction, r: is the magnitude of r in the x and y direction and represented by [29]: 

𝑟 =
ℎ2

𝜇
×

1

1+ 𝑒 𝑐𝑜𝑠  (𝜃)
                                                                        (2) 

 
Where h: is the angular momentum, μ: is the product of the gravitational constant with the mass of the Earth, e: 

is a coefficient, denotes the eccentricity of the orbit, θ: is an angle that refers to true anomaly.  

The orbit equation is another name for equation (2). As a result, it can be written in terms of the perifocal system 

as [11]: 

𝑟 =  
ℎ2

𝜇
×

1

1+ 𝑒 𝑐𝑜𝑠  (𝜃)
× (𝑐𝑜𝑠(𝜃)�̂� + 𝑠𝑖𝑛(𝜃)�̂�)                                             (3) 

 

By taking the time derivative of equation (1), one can calculate the velocity as follow [29]: 

 

𝑣 = 𝑣𝑥�̂� + 𝑣𝑦�̂�                                                                            (4) 
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Here, vx=- 
𝜇

ℎ
𝑠𝑖𝑛(𝜃) and vy=

𝜇

ℎ
× (𝑒 + 𝑐𝑜𝑠(𝜃)) Hence, equation (4) can be written in terms of perifocal system as 

[29]: 

𝑣 =
𝜇

ℎ
 [− 𝑠𝑖𝑛 𝜃�̂� + (𝑒 + 𝑐𝑜𝑠 𝜃)�̂�]                                                          (5) 

 

 

 
 

FIGURE 1. The Perifocal System 
 

The f and g Series  

This series is employed as a classical method used in celestial mechanics for determining celestial body orbits 

based on the Keplerian motion of satellites [14]. It is used to describe the relationship between the changing of a true 

anomaly and time; the objective of this relation is to find the position and velocity with respect to time. Polynomial 

equations for f and g are developed in order to replace the changing of time for a true anomaly since times are close 

to the initial time. The following describes the Taylor series [29]: 

𝒓(𝑡) = ∑
1

𝑛!

∞

𝑛=0
𝒓(𝑛) (𝑡𝑜) (𝑡 − 𝑡𝑜)𝑛                                                          (6) 

 

Where to: is the time at the initial point, t: is the time at the final point, 𝒓(𝑛)(to): is the distance at initial time for 

nth the time derivative and is calculated as follows [29]: 

 

𝒓(𝑛) (𝑡𝑜) = (
𝑑𝑛𝑟

𝑑𝑡𝑛)𝑡=𝑡𝑜
                                                                   (7) 

 

So, the f and g series in terms of the change in time are [29]:   

 

𝑓 = 1 −  
𝜇

2𝑟𝑜
3 ∆𝑡2 + 

𝜇

2

𝑟𝑜 .𝑣𝑜 

𝑟𝑜
5 ∆𝑡3 +

𝜇

24
[2 

𝜇

2𝑟𝑜
6 +

𝑣𝑜
2 

𝑟𝑜
5 − 15 

(𝑟𝑜  .𝑣𝑜)2 

𝑟𝑜
7 ] ∆𝑡4                            (8) 

g = ∆𝑡 − 
𝜇

6𝑟𝑜
3 ∆𝑡3 +  

𝜇

4

(𝑟𝑜 .𝑣𝑜) 

𝑟𝑜
5 ∆𝑡4                                                          (9) 

 

Where ro: is the initial distance at to, vo: is the initial velocity at to, Δt: is the difference in time between the point 

at final time and the point at initial time. 
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CALCULATIONS 

Calculation of the Radial Distance 

The flowchart below is required to create the program and complete the requirements of the study. 

 

 
 

FIGURE 2. The program to calculate the radial distance 

 

Calculation of the Root Mean Square Error (RMSE) for the Radial Distance 

The reference position of the satellite is based on the reference orbit; both are different from the actual position 

of the satellite. The disparity between the square of these two positions ri and rExact over number of measurements is 
known as the (rmse). To reduce this value, the reference orbit is calculated as close as possible with respect to the 

actual orbit. The reference orbit is different from the actual orbit for two reasons: firstly, making use of incorrect 

started value settings; and secondly, imprecise modeling of perturbations acting on a satellite, the (rmse) is 

calculated by [24]: 

rmse = √
∑ (ri−rExact)2

i

R
                                                                    (10) 

Where, ri is the value due to the f and g series of the ith, rExact is the exact value measured from [36], and R is the 

number of measurements. 
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RESULTS AND DISCUSSION 

In this paper, the results are applied to a geocentric satellite in low orbit with a height from perigee (hp) of 622 

km. The eccentricity of the orbit and the perigee radius were 0.1 and 7000 km respectively. The radial distance is 

plotted against time using the f and g. As seen in Figure 3, the solution by the f series diverges from the exact 

solution, whereas the solution by the g series is more divergent as compared with f. After roughly 390 sec in Figure 

3, the f series begins to deviate significantly from the exact solution, but the g series is deviated after around 280 

sec. Figure 4 shows that the radial distance for the f series increases from 7000 km to 8600 km and intersects with 

the ideal solution at time 850, while the radial distance for the g series has a value between (7000-7890) km. This 

leads to a stable orbit as compared with the exact solution. In Figure 5, the f series begins to shift further towards the 

y-axis and intersect with the exact solution at 1200 sec, while the g series diverges more from the exact solution with 

a little hump at 900 sec. When the time is increased to 1050 sec, the two series will disagree with the exact. The two 

series in Figure 6 deviate more from the exact solution as the time increases to 1150 sec. The f and g series will 
deviate more and more from the exact solution as more time is spent calculating the radial distance. If more terms 

(Δt) are included for equations (8 and 9) and more time is used, the two series will deviate from the exact solution, 

as seen in Figure 7. As a result, the radial distance of convergence is measured at this moment and has a value of 

1550 sec, while Bond and Allman found that this value equals 1700 sec [29]. Additionally, the (rmse) in this study is 

computed for 750 sec. It was about 5 for the two series before diverging at about 180 sec and rapidly growing with 

time. For 850 sec the (rmse) is approaching 10 for the two series and increasing quickly over time. So, the (rmse) is 

directly proportional to time, which means that as time increases, the diverging behavior and the value of the (rmse) 

will also increase. The program's results are compared to [29,31], they demonstrated high convergence 

 

 
 

FIGURE 3. Plot the radial distance against time for 750 sec 

 

 
FIGURE 4. Plot the radial distance against time for 850 sec 
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FIGURE 5. Plot the radial distance against time for 950 sec 

 

 
 

FIGURE 6. Plot the radial distance against time for 1050 sec 

 

 
 

FIGURE 7. Plot the radial distance against time for 1150 sec 
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FIGURE 8. Plot the radial distance against time for 4000 sec 

 

CONCLUSION 

This research could lead to the following conclusions:   

1. When the time is less than or equal to 850 sec, the f and g series begin to diverge from the exact 

solution and exhibit a tendency to the x-axis. As time exceeds 850 sec and reaches 1150 sec, the two 

series begin to deviate from the exact solution and exhibit a tendency toward the y-axis.   

2. If the g and f series are calculated over an extended period of time, the result of the solution will agree 

with the actual solution at a specific time. After a certain period of time, the g and f series will deviate 
from the actual solution. This demonstrates that Lagrange series is only valid for a short time.    

3. The time of 850 sec is more appropriate for the exact solution, particularly for the f series.  

4. The (rmse) is calculated for 750 sec. It was about 5 for the two series before diverging at about 180 sec 

and rapidly growing with time. For 850 sec the root mean square error is approaching 10 for the two 

series and increasing quickly over time. So, the (rmse) is directly proportional to time, which means that 

as time increases, the diverging behavior and the value of the (rmse) will also increase.   

5. If more terms (Δt) are used for the two series and more time is included, the two series will deviate from 

the exact solution. In addition, a future work is planned to use the Taylor series (the f and g series) in 

order to find the velocity in terms of true anomaly or time. Also, more orders are used with equations (8 

and 9). 
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