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Computer Simulations of Imaging a Dirac Delta Function by a Ground -
Based Optical Telescope

Ali Talib Mohammed' , Mazin Shnke-r Tdav E. J:llnd
Dep. of Astromomy, Eﬂhge of Scence. meﬂfﬂlzghhd
Dep. Compuoter Science, Al — Maamoon College

Absiract
Two — dimensional numerical simulations are camied out to shedy the elements of observing a
Diirac point source and a Dirac binary system. The essential featuwres of this simulation are
demoncstrated in terme of the point spresd function and the modolation ransfer fimetion. Tao
mathematical equations have been extracted fo present, firstly the relationship between the
radius of optical telescope and the distance berween central frequency and the cut — off
frequency of the optical telescops, and secondly the relationship between the radius of the
optical telescope and the average frequency components of the moduolation tramsfer function
Eevywords: Point spread function, modulation transfer fonction, imaging systems, and optical

telescope.
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1. Introduction:
High frequency components are essential for many optical astronomical applications. These
components are necessary features for imaging 3 very faint object that is close to 2 sharp
bright objact or very faint binary systermn existed at a very long distance from the observer [1].
Finding criteria for imaging a point source is considered one of the most important subjects in
astronomy, such as assessing the performmance of an optical system [2]. The Eayleigh criterion
is considersd to be the dominant limit parameter in predicting the performance of an optical
imaging system [3]. The performance of a proond optical telescope is severely limited by the
point spread function (psf) [4, 5].

In addition to these criteria, ground—based optical imaging systems require perfect comelation
between the psf and the radins of the optical telescope aperture. The diffraction of
alerromarnetic waves canses an optical system to behave as low — pass filter in the formation
of an image. The cut — off frequency is directly estimated by the shape and size of the limiting
pupil in the optical system. The size of telescope aperture and consequently the value of the
cut — off frequency play sn importsnt parameter in estimates the psf and equivalently the
modulation transfer fonction (MTF) [6]. The MTF describes the image stroctore as 3 function
of its spatial frequencias.

The lterature inwvolves many works that tackle the problem, that conceming with the
limitations of the radins of the optical telescope [7, 8, and 9].

The aim of thizs paper is to present 3 gquanfitative assessment of the quality of psf and MTF of
imaging a Dirac delta function and a binary star consisting of two Dirac delta fonctions using
different diameters ground — based optical telescope.

2. Imcoherent Imaging Theory:

Consider an extremely distant gquasi mopechromatc point source (like a Dirac delta function)
located on the optical axis of simple imaging system. The Dirac delta function is given by
[10].
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The field distribngion incident oo the aperture conld be expressed as [11]

L7 (. ) = m(y. phetine 2

where M. ) andge . are the amplinde and phaze of the mcident wawefroot and the
wariables iarirepresent distances in the apertore fancton. Smce the pednt source is considersd
1o be a Dirac delta fmction, mim, ) =1 and @in, ) =0

I we assume the apertare of a tzlescope is a droular functien, By, »). of madios B as given by
[12]:

i fimene sy =R

PmT) !_ﬂ - 3)

[, pc ) is the center of two — dimenczional aray. Then the mage of the Thirac delta fonction
wihich is considered to be the psf of the optical telescope af a certain diameter TN, The
estimated psfis given by [13]):

psiixy)-[FT(pin.r)’ o
where FT depotes Fourier ransform. The MTF is given by [14]:
MTF (ux) =|FT (psfic. 3) (=)

The fundamental equation to be used for the formation of an Image by an ideal optical system
is given by [15].

i(x.3) = | | om. 1)l (x—n.3 - )y ()

The above squation is alse could be written as-

ix, ¥} —o(x.3) @ pifix.)) (7

Thezs two eguations are equivalent and representing a commbition equation. 1x, ¥)is the
observed or recorded image intersity, ofx,y) & the object infensity, pgfioc,»)is the psfor
imape blmring function caused by an optical system and & denodes convohmtion eperator.

3. Numerical Simnlutions and Besalis:

The object to be obssarved by optical telescope is taken to be a Dirac delta function according
to eq. (). This is done by taking an array of size 512 by 512 pixals of zere vahaes except the
ceniral wahae of this amay which is sef to one.

forw=1m & y=vyc
590 =g oo ®

where (x. & v.) is the index of central point The absoluts Foarier transformus of S(x, ) &
then estimated and the results are shown m fzure (1]

The results demonstrate constant valoes. This indicates that:

S )@ 5 = (x3) )

This means that any functon convalved with F(x, ¥) . the result will be the function iteelf

The apertare of optical telescope ple,y) is computed according to &g (3) by pensrating an
array of size 512 by 512 pixsls with a circle of diameter 1) cenfered at the middle of this armay
whose valuss are ones. The psf and the MTF are computed via egs. (4] 8 5) and the results
are shown in figures (2 to 7) respectively.
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Figure 1: Estimated absolute Fourier transform of a Dirac delta function &(x, y)
a - Surface plot. and b — Central line.
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Figure 2: psf at D=240 pixels, a - Surface plot, and b — Cenmral line.
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Figure 3: MTF at D=240 pixels, a— Surface plot. and b — Central line.
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Figure 4: psfat D = 120 pixels, a — Surface plot, and b — Central line
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Figure 5: MTF at D = 120 pixels. a - Surface olot. and b — Central Ime
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Figure 6: psf at D = 40 pixels. a — Surface plot, and b — Central line.
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Figurz 7: MTF at D= 40 pixels, a — Surfacs plot, and b — Ceniral lina.

The abowve results demonstrated how the psf and MTF are vanas with D). the width of the psf

mmammddtnmlehecnm:i%ﬁmm a3 D increases. The oot — off Tequency at
different values of [ are so clear in plots.

The bimary star (bs) is taken to be a twoe Dirac delta fonctions and the separation distance is
Elmtnhtamm:%mtﬂrllpi:ﬂa']‘hjsdjm:uze i chosen to ensure that the full wadt at

half mans of the pef for i =240 pr is far less tham 11 pi
i mmu]ll!ﬁngme{ﬂf largs optical telescope (D pixeals) iz 1 pixels
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Figure &: a — Surface plot of aripinal a Dirac binary star, b — Sorface plot of a Dirac binary
star af [ = 240 pixels, ¢ - Ceniral Line through (3], and d - Ceniral line through (5.

The power specimum (pw) of the Diirac hinary star is computed by:

P, )=|FT (osr. )| (0]
amd the ﬂ'e:?ge power specimum (APS) is given by:
4PS = = ) an
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Figurs &: a - Original pw of a Dirac bi star, b — pw of a Dlizac hinary star at D=240 pixels,
c—*.imﬂ:ep]-unh:u@iﬂ-md d — Surface plot through (b).

The onginal power spectmam {fz. & - a,c) illnsate that the pw reach the boarder of the amay

and no any attemuation Enﬁﬁt&Tﬁi&EdﬁTﬁmm}'ﬂmﬂEﬂﬂ[tﬂHﬂg placs.

The autocormelation (Aut) of the observed image by the optical telescope has been computed

by the following equation-

ut(x. ) = |FT " () an

1
—
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Figure 10: Aunt function a[D=34'!]pm$.a—Eurﬁ|:E plot, and b — Cenfral line.
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Figure 12: pw of Dirac binary star at D = 120 pmels, a — Image section, and b — Surface plot.
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Figure 13: Aut function at D = 120 pixels, a — Surface plot, and b — Central line.
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Figure 15: Aut function at DV =420 pixels ., miace plot, and b — Central line.

The peaks beyopd the central spike in pw are aftepoated as B iocreases. The two peaks
beyond the central spike in Aui becomes wider as B increasss and disappear at T = 40 pixels.

The dis@ance betwesn the central poimt of MTF and the oot — off frequency is computed
mmpmémmﬁmrﬂhﬁnfRﬁpgbumm'ﬂ:.ecn‘-‘.hpnm‘rsnt’ﬁgu.re(l"—aj The salsd
lime of this figure repressnts the least sgoare ﬁﬁ

The average frequency components of the (AFM) also are computed according to
following equation-

MR
AFC = [ | MTF(u, v)dudv (13)

The ]'Eui[li- illnstmated in fizure (14§ — b). The cicle points are the compated data and the solid
line is the fitted data
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Fimare 16 a — AFC as a function of B, b — Distance {4} as a function of B
APS is compated at different values of B as shown in fizare (17).
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Figore 17: APS az a fimction of U

4 Conclusions:

The conchesiens that conld be dawn from these smulations are as follows:

1. The average fequency componenis of MTF (AFC) are linsarly proporiional with the
radius of telescope (B and obey the mathematical squation AFC e QU0 TE 00407

2 The distance pen the cenimal frequency (d) and the oot — off equency is also liearly
propormonal with B and obey mathematical equation o =1 9084E — 00053

3. The power spectium of a two dimensional Dirac delta famction is &iﬁ;fmnﬂmr
brighimess and its extent poes to infinity while with optical telescope, this s becomes
marmow and the brighimess becomes smaller as we g0 away from the cember of this

4 The average power spectoom (APS) i linsarly proportonal with B and : the
mathemarical equation 4P5 - (UHRERE — 00001
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