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Abstract 

Glass fiber–reinforced polymer (GFRP) reinforcement provides an effective alternative to 

conventional steel in concrete structures due to its corrosion resistance. Nevertheless, the 

lower elastic modulus of GFRP necessitates careful consideration of serviceability be-

havior in GFRP-reinforced concrete members. This study presents a numerical sectional 

analysis model for predicting the flexural response and ultimate capacity of hybrid re-

inforced concrete beams incorporating embedded GFRP profiles in combination with 

either mild steel or GFRP reinforcement bars under monotonic static loading. The pro-

posed model employs realistic nonlinear stress–strain relationships for concrete and 

steel, together with secant moduli of elasticity evaluated at different loading stages. Par-

ticular emphasis is placed on detailed stress distribution in flexural sections, including 

the contribution of tension stiffening in the post-cracking regime. The formulation inte-

grates nonlinear constitutive material behavior with theoretical sectional equilibrium to 

evaluate the effective flexural secant stiffness. For practical serviceability assessment and 

to reduce dependence on complex analytical procedures, strain vectors and stiffness 

matrix components are derived using elasticity coefficients that reflect modulus degra-

dation obtained from numerical analysis. The accuracy of the model is verified through 

comparison with experimental results, including ultimate flexural capacity and moment–

deflection responses. Many crucial parameters were studied, such as the longitudinal 

reinforcement ratio, type of reinforcement, concrete compressive strength, position of the 

I-GFRP profile, and rotation of the I-GFRP profile. The results of this study demonstrated 

that both the longitudinal reinforcement ratio and the rotation of the I-GFRP profile have 

a significant influence on the ultimate load capacity and deflection behavior. The close 

agreement between numerical predictions and experimental observations demonstrates 

the reliability and applicability of the proposed model for structural engineering analysis 

and design. 
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1. Introduction 

Deterioration due to corrosion of steel reinforcement is a continuing problem for 

reinforced concrete (RC) structures exposed to aggressive and damaging environments. 

Loss of service life as a result of corrosion leads to increased maintenance and repair costs 

for RC structures. Fiber-reinforced polymer (FRP) bars have emerged as an exciting al-

ternative to conventional steel reinforcement in civil engineering applications over the 

past ten years. FRP materials provide beneficial properties that make them desirable. The 

three primary features of FRP bars are a high strength-to-weight ratio, corrosion re-

sistance, and reduced weight compared to steel. Generally, FRP bars consist of glass, 

carbon, aramid, or metallic fibers embedded in a polymeric resin matrix, which may be 

composed of polyester, phenolic, vinylester, acrylic, and epoxy resins [1–5]. 

Due to their many advantages, including lightness, tensile strength, resistance to 

chemicals and corrosion, and electrical insulation properties, glass fiber polymer com-

posite (GFRP) materials are becoming increasingly accepted as an alternative to steel 

bars, profiles and plates in RC structures [6–10]. However, because of the low Young’s 

and shear moduli of GFRP materials [11–14], members reinforced with GFRP may expe-

rience higher levels of deformation and lower levels of stiffness under high service load 

or ultimate load conditions. 

To overcome these limitations, the use of hybrid structural systems (those that 

combine FRP components with a reinforced concrete system) has been proposed and has 

been shown to improve the load-carrying capacity and performance of structures [15–19]. 

Additionally, the mechanical weakness of the GFRP composite material can be improved 

by combining it with conventional reinforcement [20] or other cementitious composite 

materials [21]. As a result, pultruded FRP components (profiles) embedded within con-

crete elements are receiving significant attention from researchers, as evidenced by the 

large volume of both experimental and numerical research that has been published in the 

literature regarding this type of structural component. In addition, the concrete-filled 

glass fiber–reinforced polymer (GFRP) box can be applicable in many structural build-

ings as it acts as a stay-in-place formwork with reduced cost and time. The GFRP box 

provides confinement of concrete, as well as increased strength when exposed to corro-

sive environments. Many studies have used the GFRP box members in both flexural 

[22,23] and axial applications [24]. 

The flexural performance of GFRP-polymer concrete hybrid beams designed with 

three different standard pultruded GFRP U-shaped profiles was experimentally tested by 

Ferreira et al. [25] under static loading and numerically modeled to assist in the evalua-

tion of this flexural performance. The findings indicated a better composite interaction 

between the GFRP and polymer concrete constituents that exceeded expectations, as well 

as an increase in the overall structural performance of the GFRP-polymer concrete hybrid 

beams. 

Correia and coworkers [26] conducted experiments on a simply supported beam 

with a GFRP profile, connected to concrete with either steel bolts or an epoxy bonding 

layer, and subjected to bending with varying effective spans. They carried out various 

investigations regarding the performance of hybrid beams based on the type and con-

figuration of the supports utilized. The results of their tests indicate that hybrid beams 

produced with GFRP–concrete exhibit increased stiffness and strength compared with 

hybrid beams manufactured from only GFRP profiles. Furthermore, a continuous epoxy 

bonding layer achieved increased stiffness compared to the bonded connection achieved 

using steel bolts. Therefore, it can be determined that a connection made using an epoxy 

bonding layer will produce a smaller overall deflection and a greater level of flexural 

strength than GFRP hybrid beams. 
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Evbuomwan [27] studied the use of different forms of FRP in composite beams, in-

cluding varying parameters such as type of concrete (normal or lightweight), bonding 

systems (epoxy adhesive or mechanical bolts), and FRP section configuration (rectangu-

lar and I-sections). The experimental results showed that the composite beams exhibited 

higher ultimate failure loads than the plain GFRP beams. The use of epoxy adhesive 

and/or mechanical connectors (bolts) ensured adequate composite action. 

Neagoe et al. [28] experimentally evaluated hybrid beams composed of pultruded 

GFRP profiles encased in concrete and reported high flexural capacity-to-self-weight ra-

tios and improved bending resistance. However, they also noted reduced flexural stiff-

ness compared to conventional RC beams, primarily due to the low elastic modulus of 

GFRP and partial interaction effects. 

Hadi and Yuan [29] experimentally investigated RC beams incorporating pultruded 

GFRP I-profiles encased in concrete and reinforced with longitudinal steel or GFRP bars 

under four-point bending. Their results showed that beams reinforced with steel bars 

achieved higher ultimate load and ductility compared to conventional RC beams, 

whereas beams reinforced with GFRP bars exhibited brittle failure and reduced stiffness 

and load capacity. Also, it was observed that the location of the GFRP I-profile had little 

effect on the flexural response. Madenci et al. [30] conducted experimental, theoretical, 

and finite-element analyses on pultruded GFRP beams subjected to three-point bending, 

reporting close agreement between predicted data and experimental results. Using epoxy 

adhesive and/or mechanical connectors (bolts) ensured adequate composite action. Gemi 

et al. [31] investigated experimentally, analytically, and numerically the behavior of pul-

truded GFRP composite beams infilled with hybrid fiber-reinforced concrete under 

four-point loading. The experimental variables included the pultruded GFRP box pro-

files, conventional steel bars, GFRP bars, hybrid bars, and the external GFRP wrapping. 

The results demonstrated that the hybrid-bar specimens exhibited the best performance 

in terms of energy dissipation capacity and maximum load capacity when reinforced 

concrete was used in the pultruded profile. In addition, the presence of pultruded GFRP 

increased the initial stiffness of the beam. Therefore, the pultruded profile significantly 

enhanced the behavior of traditional reinforced concrete beams, and GFRP composite 

wrapping also considerably improved the behavior of the pultruded profile infilled with 

a reinforced concrete beam. 

Ibrahim et al. [32] studied the experimental and numerical response of reinforced 

concrete (RC) composite specimens with encased pultruded I-GFRP sections under 

three-point loading. The study addressed the effect of using the shear connector between 

the GFRP beams and concrete to improve the composite action. The results reveal that the 

ultimate load of the embedded GFRP beam increased by 65% and 51% for the composite 

specimens with and without shear connectors, respectively. Moreover, a nonlinear Finite 

Element (FE) model was developed and validated by the experimental results to conduct 

a parametric study. The peak loads of the composite specimen without shear studs in-

creased by 14% and 31%, and that of the composite specimen with shear studs increased 

by 20% and 32% for the compressive strength of 35 MPa and 45 MPa, respectively. 

Although there has been a significant amount of both experimental and numerical 

research on GFRP–concrete hybrid beams, the majority of research has been generated 

from full-scale experimental tests and detailed finite element simulations. Both of these 

types of studies are valuable sources of information, but, unfortunately, they represent 

computationally intensive methodologies that are not necessarily practical for everyday 

use as a design. On the other hand, few studies have considered the application of sim-

plified, yet still reliable, section-based numerical models to provide a complete repre-

sentation of certain critical aspects of flexural behavior within a unified analytical 

framework. These aspects include stiffness reduction, cracking development, tension 
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stiffening influence, and ultimate flexural capacity. The inadequacy of existing studies 

becomes more apparent in the case of hybrid reinforced concrete beams with embedded 

GFRP profiles. In these cases, the flexural response of the hybrid system, including the 

stress redistribution and stiffness evolution of the concrete, either internal steel or GFRP 

reinforcement, and the embedded pultruded performance, dictates the flexural behavior 

of the hybrid system when subjected to flexural loading. 

In order to adequately address the need for rational section analysis methods to 

predict the nonlinear flexural behavior of hybrid systems in a computationally efficient 

manner and in a manner that can provide acceptable results for serviceability and 

strength evaluations, additional research is required. 

Accordingly, this research work studies hybrid RC beams with embedded GFRP 

profiles and their numerical behavior using the sectional analysis methodology intro-

duced in [33] by Oukaili. The FORTRAN program presented in [34] by Oukaili has been 

rewritten and modified in MATLAB for easier use and to enable efficient performance of 

further investigation and implementation. 

The novelty of the proposed model lies in its unified and generalized sectional 

formulation, in which the existing constitutive and sectional equilibrium frameworks are 

extended into a single consistent nonlinear analysis procedure capable of handling mul-

tiple reinforcement configurations and cross-sectional geometries. Specifically, the model 

integrates steel reinforcement, GFRP bars, and embedded GFRP I-sections within a single 

strain compatibility and equilibrium framework, rather than treating them as separate 

specialized cases. 

In addition, the formulation is generalized to accommodate both rectangular and 

circular cross-sections within the same computational structure, allowing a unified 

treatment of hybrid reinforced concrete members under monotonic loading. This repre-

sents an extension beyond the original formulations, which were limited to more specific 

configurations. 

The proposed numerical model has been validated through comparison with the 

available experimental data, specifically by evaluating the ultimate moment capacity, 

midspan deflection and overall load–deflection performance responses. 

Additionally, unlike previous investigations that depended primarily on testing 

programs or detailed finite element modeling, this work develops a unified nonlinear 

formulation for a secant-stiffness sectional analysis that explicitly integrates embedded 

pultruded GFRP profiles within the cross-sectional equilibrium approach. The proposed 

model predicts stiffness degradation, crack initiation and propagation, tension stiffening, 

and reinforcement interaction influences in a computationally efficient manner suitable 

for practical design applications. Additionally, the effects of GFRP profile rotation and 

positioning are systematically evaluated, providing new insights into optimizing hybrid 

concrete beams incorporating GFRP components. 

2. Numerical Model and Sectional Analysis 

Concrete structural members may be analyzed using discrete numerical approaches 

or through cross-sectional (sectional) analysis concepts. Several researchers, including 

Oukaili [33,34], Kawakami et al. [35,36], and Rodríguez-Gutiérrez et al. [37], have inves-

tigated the strength and deformation behavior of structural concrete cross-sections using 

sectional formulations. In contrast to approaches based on tangential sectional stiffness, 

Oukaili [33,34] proposed an iterative sectional analysis procedure founded on the use of 

secant sectional stiffness. Compared with tangential stiffness–based methods, secant 

stiffness approaches exhibit improved numerical convergence and are simpler to im-

plement in practical applications. 
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In Oukaili’s formulation [33,34], the secant sectional stiffness is evaluated through 

area integration of the secant modulus of elasticity of the constituent materials across the 

cross-section. The constitutive relationships governing concrete and steel behavior, as 

well as the corresponding secant moduli of elasticity, are adopted from the nonlinear 

material model proposed by Karpenko et al. [38–40], which is capable of representing the 

complete nonlinear response of concrete in both tension and compression, in addition to 

the nonlinear behavior of steel reinforcement. With appropriate modifications, Oukaili’s 

methodology has been successfully applied to a wide range of structural analysis prob-

lems, including strength, cracking, and deformability assessment of ordinary reinforced 

concrete, partially and fully prestressed concrete members, and GFRP bar–reinforced 

concrete beams [36,37]. The original computational implementation of the model was 

developed in the FORTRAN programming language [33]. 

The present numerical model comprises two main components: (i) a stress–strain 

model and (ii) a force vector–strain vector relationship. The Karpenko model [38–40] is 

employed to define the nonlinear stress–strain behavior of concrete and steel and to de-

termine their corresponding secant moduli of elasticity at each loading stage. 

This formulation relates the sectional force vector (axial force plus biaxial bending 

moments) to the strain vector (axial strain and principal axis curvatures). This formula-

tion relies on the secant sectional stiffness and requires numerical integration of all of the 

resisting forces applied by the various cross-sectional components, based on the secant 

modulus of elasticity for each material. Further, an iterative solution procedure is applied 

to obtain the components of strain that will exist under applied loading and satisfy the 

conditions of sectional equilibrium and compatibility. 

Moreover, in the proposed sectional analysis model, failure modes are identified 

during the iterative strain compatibility procedure based on material-specific limit states. 

Steel yielding is detected when the computed steel stress reaches the yield stress, while 

GFRP rupture is identified when the tensile strain reaches the ultimate strain capacity, 

assuming linear-elastic behavior up to failure. Concrete crushing is determined when the 

extreme compressive strain exceeds the ultimate concrete strain limit. 

The governing failure mode at ultimate capacity is automatically determined by the 

first material reaching its corresponding limit state during the nonlinear iteration pro-

cess. This procedure allows the model to distinguish between different governing failure 

mechanisms, including ductile steel yielding and brittle GFRP rupture, depending on the 

reinforcement configuration. 

2.1. Assumptions of the Sectional Analysis 

A set of fundamental assumptions that are utilized to create a sectional numerical 

model in order to achieve a consistent and tractable analytical approach for analyzing the 

nonlinear flexural behavior of sections represents a basis for establishing a sectional 

model. The assumptions from which these are derived are based on classical section 

analysis. These assumptions and criteria have general applicability within the context of 

composite and hybrid structural analysis and provide definitions for strain compatibility, 

material behavior, and sectional equilibrium relative to the analysis of a section under 

monotonic static loads. 

 Based on the Bernoulli–Navier assumption, plane sections stay plane after bending, 

leading to the linear distribution of strain throughout the depth of the cross-section. 

 A perfect bond exists between the concrete, internal reinforcement (either as steel or 

GFRP bars) and the embedded GFRP profiles, and the strains in all constituent ma-

terials of the cross-section are compatible with the concrete strains at each material’s 

centroid location. 
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 Material nonlinearity is explicitly considered, and the stress–strain behavior of con-

crete and steel is described using the constitutive model proposed by Karpenko et al. 

[37–39], in which stresses are related to the secant modulus of elasticity evaluated at 

each loading stage. 

 The concrete cross-section is discretized into fiber (bar) elements, with dimensions 

selected to satisfy accuracy requirements, while reinforcement bars and embedded 

GFRP profiles are modeled as axial elements subjected to tension or compression. 

 Shear, torsional, and shear deformation effects are neglected, and the sectional re-

sponse is governed solely by axial strains and bending curvatures. 

 Time-dependent effects, such as creep and shrinkage, as well as temperature effects, 

are not considered in the present analysis. 

 When concrete reaches the maximum tensile stress, concrete does not fall directly to 

zero but exhibits a gradual reduction in stress with increasing strain as the applied 

load continues to increase. 

 The uncracked concrete region located between two adjacent cracks is considered an 

effective section in the strain calculation throughout all loading stages up to failure. 

 The tensile zone of concrete is not fully neglected after cracking; instead, it is par-

tially retained within the cracked tensile region defined by the crack-tip influence 

zone. 

2.2. Stress–Strain Model 

The constitutive model proposed by Karpenko et al. [38–40] is adopted in this study 

to represent the nonlinear stress–strain behavior of concrete and steel reinforcement, as 

illustrated in Figure 1. In addition to its theoretical formulation, this model has been 

previously evaluated and validated against experimental data and alternative constitu-

tive relationships in earlier studies [41,42]. In this model, the material stress is expressed 

as: 

𝜎𝑚 = 𝜀𝑚𝐸𝑚𝑣𝑚 (1) 

where 𝐸𝑚𝑣𝑚  denotes the secant modulus of elasticity corresponding to the current 

stress–strain state. The coefficient 𝑣𝑚 is equal to unity in the linear-elastic range and 

takes values less than unity in the nonlinear portion of the stress–strain curve. 

For the nonlinear regime, Karpenko et al. derived the following quadratic expres-

sion for the coefficient 𝑣𝑚: 

𝑣𝑚
2 [1 +

  𝑒2𝑚 (𝑣𝑜 − 𝑣̂𝑚)2  𝜀𝑚̃  
2

𝑣̂𝑚
2   (1 − 𝜎̃𝑚,𝑒𝑙)

2 ] − 𝑣𝑚 *2𝑣̂𝑚 −
  𝜀𝑚̃ (𝑣𝑜 − 𝑣̂𝑚)2 

𝑣̂𝑚 (1 − 𝜎̃𝑚,𝑒𝑙)
(𝑒1𝑚 −

 2 𝑒2𝑚  𝜎̃𝑚,𝑒𝑙 

1 −  𝜎̃𝑚,𝑒𝑙

)+

+ [𝑣̂𝑚
2 − (𝑣𝑜 − 𝑣̂𝑚)2 (1 +

 𝑒1𝑚  𝜎̃𝑚,𝑒𝑙 

1 − 𝜎̃𝑚,𝑒𝑙

−
 𝑒2𝑚  𝜎̃𝑚,𝑒𝑙 

2

 (1 − 𝜎̃𝑚,𝑒𝑙)
2
 
)] = 0  

(2) 

with the following definitions (Figure 1): 

 𝑣̂𝑚 =
𝜎̂𝑚

| 𝜀𝑚̂| 𝐸𝑚

,      𝜀𝑚̃ = |
𝜀𝑚

𝜀𝑚̂

|,     𝜎̃𝑚,𝑒𝑙 = |
𝜎𝑚,𝑒𝑙

𝜎̂𝑚

|,   𝑒2𝑚 = 1 − 𝑒1𝑚 (3) 

where the subscript 𝑚 denotes the material type. Here, 𝜎̂𝑚 and 𝜀𝑚̂ represent the ulti-

mate stress and the corresponding strain of the material, respectively; 𝐸𝑚 is the initial 

modulus of elasticity; 𝑣̂𝑚 is the value of 𝑣𝑚 at the ultimate stress; 𝜀𝑚 is the current 

material strain; 𝜎𝑚,𝑒𝑙  is the maximum elastic stress; and 𝑒1𝑚, 𝑒2𝑚, and 𝑣𝑜  are materi-

al-dependent parameters defined in detail by Karpenko et al. [38–40]. 

The value of 𝑣𝑚 is obtained by solving Equation (2) and selecting the larger of the 

two real roots. This procedure ensures a continuous and stable representation of the 

material nonlinearity throughout the loading process. 

In contrast to concrete and steel, the tensile and compressive behavior of the GFRP 

reinforcement is assumed to be linearly elastic up to failure. 
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The adopted constitutive model enables a unified treatment of concrete cracking, 

post-cracking tension stiffening, and nonlinear compression behavior within the sec-

tional analysis framework. 

  
(a) (b) 

Figure 1. Stress–strain diagram of: (a) concrete, (b) steel. 

2.3. Force Vector–Strain Vector Model 

In order to analyze structural concrete members represented as linear bar elements, 

a force vector–strain vector formulation using MATLAB is employed. This formulation is 

based on the concept of secant sectional stiffness and represents a modified version of the 

original methodology proposed by Oukaili [34]. 

In the present study, the proposed formulation extends the original sectional analy-

sis framework to accommodate multiple cross-sectional geometries (rectangular and 

circular sections) and hybrid reinforcement systems, including steel bars, GFRP bars, and 

embedded GFRP I-sections within a unified computational scheme. In addition, the 

MATLAB implementation enables a more modular and extensible structure for stress–

strain iteration procedures, allowing consistent treatment of heterogeneous reinforce-

ment contributions under nonlinear sectional equilibrium conditions. 

These extensions, together with the generalized treatment of reinforcement config-

urations as presented in Equations (4)–(12), constitute the main methodological ad-

vancement beyond the original FORTRAN-based model. 

In this investigation, the principal modification introduced is that embedded GFRP 

profile sections are considered as independent sectional components within the 

cross-section of the beams (see Figure 2). The embedded GFRP profiles are discretized 

and included in the sectional equilibrium equations, in a similar manner to concrete fi-

bers and steel reinforcing bars, enabling their axial stiffness to be included directly in the 

force–strain relationship. 

Material nonlinearity of concrete and steel is captured through strain-dependent 

secant moduli, while the GFRP profiles are modeled as linear-elastic elements within 

their working strain range. Owing to the nonlinear behavior of the section, the solution of 

the governing equations requires an iterative numerical procedure. 
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Figure 2. General sectional shape with positive sign conventions. 

By adopting the Karpenko constitutive model and enforcing equilibrium conditions 

at the cross-section level, the following expressions for the sectional axial force and 

bending moments can be obtained: 

𝑁 = ∑ 𝜀𝑐𝑖  𝐸𝑐  𝑣𝑐𝑖  𝐴𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝜀𝑠𝑗 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 + ∑ 𝜀𝑓𝑘 𝐸𝑓 𝐴𝑓𝑘  

𝑘=𝑞

𝑘=1

𝑗=𝑝

𝑗=1

 (4) 

𝑀𝑥 = ∑ 𝜀𝑐𝑖 𝐸𝑐  𝑣𝑐𝑖 𝐴𝑐𝑖 𝑦𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝜀𝑠𝑗 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 𝑦𝑠𝑗 + ∑ 𝜀𝑓𝑘 𝐸𝑓  𝐴𝑓𝑘  𝑦𝑓𝑘 

𝑘=𝑞

𝑘=1

𝑗=𝑝

𝑗=1

 (5) 

𝑀𝑦 = ∑ 𝜀𝑐𝑖 𝐸𝑐  𝑣𝑐𝑖 𝐴𝑐𝑖  𝑥𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝜀𝑠𝑗 𝐸𝑠 𝑣𝑠𝑗 𝐴𝑠𝑗 𝑥𝑠𝑗 + ∑ 𝜀𝑓𝑘 𝐸𝑓 𝐴𝑓𝑘 𝑦𝑓𝑘 

𝑘=𝑞

𝑘=1

𝑗=𝑝

𝑗=1

 (6) 

where 𝑁, 𝑀𝑥 , 𝑀𝑦  denote the axial force and bending moments about the 𝑥 −  and 

𝑦 −axes, respectively. Subscripts 𝑖, 𝑗, and 𝑘 refer to concrete fibers, steel reinforcement 

bars, and GFRP elements, respectively. The remaining symbols denote material strains 

(𝜀), moduli of elasticity (𝐸), secant modulus factors (𝑣), element areas (𝐴), and distances 

of element centroids from the global reference axes (𝑥, 𝑦). The parameters 𝑟, 𝑝, 𝑞 repre-

sent the numbers of concrete, steel, and GFRP elements in the cross-section. 

Based on the plane-sections assumption, the strain in each cross-sectional compo-

nent is expressed in terms of the strain vector as 

𝜀𝑐𝑖 = 𝜀𝑜 + 𝜅𝑥 𝑦𝑐𝑖 + 𝜅𝑦 𝑥𝑐𝑖 (7) 

𝜀𝑠𝑗 = 𝜀𝑜 + 𝜅𝑥 𝑦𝑠𝑗 + 𝜅𝑦 𝑥𝑠𝑗 (8) 

𝜀𝑓𝑘 = 𝜀𝑜 + 𝐾𝑥 𝑦𝑓𝑘 + 𝐾𝑦  𝑥𝑓𝑘   (9) 

where 𝜀𝑜  is the axial strain at the reference axis, and 𝜅𝑥  and 𝜅𝑦  are the curvatures 

about the 𝑥 − and 𝑦 −axes, respectively. 

Substituting Equations (7)–(9) into Equations (4)–(6) yields 
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𝑁 = ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑐𝑖 + 𝜅𝑦 𝑥𝑐𝑖) 𝐸𝑐  𝑣𝑐𝑖  𝐴𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑠𝑗 + 𝜅𝑦 𝑥𝑠𝑗) 𝐸𝑠 𝑣𝑠𝑗 𝐴𝑠𝑗

𝑗=𝑝

𝑗=1

+ ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑓𝑘 + 𝜅𝑦 𝑥𝑓𝑘) 𝐸𝑓 𝐴𝑓𝑘

𝑘=𝑞

𝑘=1

 

(10) 

𝑀𝑥 = ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑐𝑖 + 𝜅𝑦 𝑥𝑐𝑖) 𝐸𝑐  𝑣𝑐𝑖 𝐴𝑐𝑖 𝑦𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑠𝑗 + 𝜅𝑦 𝑥𝑠𝑗) 𝐸𝑠 𝑣𝑠𝑗 𝐴𝑠𝑗 𝑦𝑠𝑗

𝑗=𝑝

𝑗=1

+ ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑓𝑘 + 𝜅𝑦 𝑥𝑓𝑘) 𝐸𝑓 𝐴𝑓𝑘  𝑦𝑓𝑘

𝑘=𝑞

𝑘=1

 

(11) 

𝑀𝑦 = ∑(𝜀𝑜 + 𝜅𝑥  𝑦𝑐𝑖 + 𝜅𝑦 𝑥𝑐𝑖) 𝐸𝑐  𝑣𝑐𝑖 𝐴𝑐𝑖  𝑥𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑(𝜀𝑜 + 𝜅𝑥  𝑦𝑠𝑗 + 𝜅𝑦 𝑥𝑠𝑗) 𝐸𝑠 𝑣𝑠𝑗 𝐴𝑠𝑗𝑥𝑠𝑗

𝑗=𝑝

𝑗=1

+ ∑(𝜀𝑜 + 𝜅𝑥 𝑦𝑓𝑘 + 𝜅𝑦 𝑥𝑓𝑘) 𝐸𝑓 𝐴𝑓𝑘  𝑥𝑓𝑘

𝑘=𝑞

𝑘=1

 

(12) 

By decomposing the above equations and arranging them in matrix form, the rela-

tionship between the force vector *𝐹+, the strain vector *𝜀+̅, and the secant stiffness ma-

trix ,𝐶- can be expressed as follows: 

*𝐹+ = ,𝐶- *𝜀+̅ (13) 

or explicitly, 

{

𝑁
𝑀𝑥

𝑀𝑦

} =  [

𝐶11 𝐶12 𝐶13

𝐶21 𝐶22 𝐶23

𝐶31 𝐶32 𝐶33

] {

𝜀𝑜

𝜅𝑥 

𝜅𝑦 

} (14) 

where the elements of the secant stiffness matrix are defined as 

𝐶11 = ∑ 𝐸𝑐 𝑣𝑐𝑖 𝐴𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗  + ∑ 𝐸𝑓  𝐴𝑓𝑘

𝑘=𝑞

𝑘=1

𝑗=𝑝

𝑗=1

 (15) 

𝐶12 = 𝐶21 = ∑ 𝐸𝑐  𝑣𝑐𝑖  𝐴𝑐𝑖 𝑦𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 𝑦𝑠𝑗

𝑗=𝑝

𝑗=1

+ ∑ 𝐸𝑓 𝐴𝑓𝑘 𝑦𝑓𝑘

𝑘=𝑞

𝑘=1

 (16) 

𝐶13 = 𝐶31 = ∑ 𝐸𝑐  𝑣𝑐𝑖  𝐴𝑐𝑖 𝑥𝑐𝑖

𝑖=𝑟

𝑖=1

+ ∑ 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 𝑥𝑠𝑗 + ∑ 𝐸𝑓 𝐴𝑓𝑘 𝑥𝑓𝑘  

𝑘=

𝑘=1

𝑗=𝑝

𝑗=1

 (17) 

𝐶22 = ∑ 𝐸𝑐 𝑣𝑐𝑖 𝐴𝑐𝑖  𝑦𝑐𝑖
2

𝑖=𝑟

𝑖=1

+ ∑ 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 𝑦𝑠𝑗
2

𝑗=𝑝

𝑗=1

 + ∑ 𝐸𝑓 𝐴𝑓𝑘 𝑦𝑓𝑘
2

𝑘=𝑞

𝑘=1

 (18) 

𝐶23 = 𝐶32 = ∑ 𝐸𝑐 𝑣𝑐𝑖  𝐴𝑐𝑖 𝑦𝑐𝑖

𝑖=𝑟

𝑖=1

𝑥𝑐𝑖 + ∑ 𝐸𝑠 𝑣𝑠𝑗 𝐴𝑠𝑗 𝑦𝑠𝑗 𝑥𝑠𝑗

𝑗=𝑝

𝑗=1

+ ∑ 𝐸𝑓 𝐴𝑓𝑘 

𝑘=𝑞

𝑘=1

 𝑦𝑓𝑘 𝑥𝑓𝑘   (19) 

𝐶33 = ∑ 𝐸𝑐  𝑣𝑐𝑖 𝐴𝑐𝑖  𝑥𝑐𝑖
2

𝑖=𝑟

𝑖=1

+ ∑ 𝐸𝑠  𝑣𝑠𝑗 𝐴𝑠𝑗 𝑥𝑠𝑗
2

𝑗=𝑝

𝑗=1

+ ∑ 𝐸𝑓 𝐴𝑓𝑘 𝑥𝑓𝑘
2

𝑘=𝑞

𝑘=1

 (20) 

Equation (14) is nonlinear due to the strain-dependent secant stiffness matrix and 

therefore requires an iterative solution. The strain vector can be obtained as 

*𝜀+̅ = ,𝐶(*𝜀+̅)-−1 *𝐹+ (21) 



J. Compos. Sci. 2026, 10, x FOR PEER REVIEW 11 of 32 
 

https://doi.org/10.3390/xxxxx 

When performing the first iteration, 𝑛 = 1, to define the updated strain vector, an 

initial strain vector value is set to zero so that an initial evaluation of the secant stiffness 

matrix can be completed. From here on (𝑛 > 1), the stiffness matrix is updated by using 

the strain vector from the previous iteration (𝑛 − 1) to create the following recursive 

formula: 

*𝜀+̅𝑛 = ,𝐶(*𝜀+̅𝑛−1)-
−1 *𝐹+  (22) 

The iterative process is repeated until convergence of the strain vector is achieved 

according to the following criterion: 

‖*𝜀+̅𝑛 − *𝜀+̅𝑛−1‖ < 𝛿   (23) 

where 𝛿 is a prescribed convergence tolerance. The flow chart of the iterative procedure 

is shown in Figure 3. Owing to the use of secant stiffness, the proposed procedure is 

straightforward to implement and provides stable and accurate numerical solutions for 

the nonlinear flexural response. 

Additionally, based on a numerical model, the bisection method was employed to 

determine the ultimate load. In this method, the external load was applied incrementally, 

a series of iterations was performed with each increment to determine the strain in all 

materials (such as concrete or steel), and it was compared with the ultimate strain of the 

materials. If the strain results were less than the ultimate strain of the materials, the ad-

ditional load increment was added, and the strain vectors were updated. Conversely, if 

the strain results were greater than the ultimate strain, the load decreased. 

The iterative process is repeated until convergence of the force vector is achieved 

according to the following criterion: 

‖𝐹𝑛 − F𝑛−1‖ < 𝛿 (24) 

where 𝐹𝑛 is the external load vector of the present iteration, 𝐹𝑛−1 is the external load 

vector of the previous iteration; 𝛿 is a prescribed convergence tolerance. It is worth 

mentioning that the same method was employed to determine the cracking load and 

yield load. 

The numerical formulation can include longitudinal GFRP reinforcement bars in 

addition to conventional steel bars (Equations (7)–(12) and (15)–(20)). The GFRP bars can 

be either part of a hybrid reinforcement system (steel + GFRP) or they can be fully GFRP 

bars. For GFRP bars, their modulus of elasticity (𝐸𝑓), cross-sectional area (𝐴𝑓), coordinates 

𝑥𝑓 , 𝑦𝑓, and the elasticity coefficient (𝜈𝑓) replace 𝐸𝑠, 𝐴𝑠, 𝑥𝑠, 𝑦𝑠, and 𝜈𝑠 (where 𝜈𝑓 = 1 due 

to linear-elastic behavior). The embedded GFRP pultruded profile is included in the 

cross-section of each model element, contributing to the calculation of sectional forc-

es/moments/stiffness and ensuring strain compatibility with the surrounding concrete 

and longitudinal reinforcement bars. The model developed allows for the modeling of 

sections containing steel only, GFRP only, or hybrid longitudinal reinforcement bars, 

while also preserving the effects of the embedded GFRP profile in an identical manner. 
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Figure 3. Flow chart of the iterative procedure. 

2.4. Deflection of Structural Members 

The deflection of structural concrete members is evaluated using the curva-

ture-based numerical integration method, consistent with the recommendations of ACI 

318-25 [43] and fib Model Code [44] for nonlinear structural analysis, discretizing the 

member along its effective span into a finite number of cross-sections. At each discretized 

location, sectional equilibrium is enforced to calculate the internal force vector, which is 

transformed using the suggested analysis model into sectional strain and curvature 

components through the nonlinear force–strain relationship of the composite concrete–

reinforcement section. Finally, the deflection at a specified location is obtained by ap-

plying the unit load (virtual work) method by numerically integrating the sectional cur-

vature and the corresponding bending moment induced by a unit load applied at that 

location along the member’s effective span, where bending about the y-axis contributes 

to deflection in the x-direction and vice versa, reflecting the standard curvature–

displacement coupling in beam theory. The deflection components in the orthogonal di-

rections are evaluated using the following expressions: 
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𝛿𝑥(𝑧) = ∑ 𝜅𝑦𝑙  𝑚𝑦𝑙(𝑧) ∆

𝑠

𝑙=1

 (25) 

𝛿𝑦(𝑧) = ∑ 𝜅𝑥𝑙 𝑚𝑥𝑙(𝑧) ∆

𝑠

𝑙=1

 (26) 

where 𝛿𝑥(𝑧), 𝛿𝑦(𝑧) denote the deflections in the 𝑥 − and 𝑦 −directions at distance 𝑧 

from the member end, respectively. The subscript 𝑙 refers to the member cross-section 

index, and 𝑠 represents the total number of considered cross-sections along the mem-

ber’s effective span. 𝜅𝑥𝑙 and 𝜅𝑦𝑙  are the sectional curvatures about the 𝑥 − and 𝑦 −ax-

es, respectively, calculated according to the sectional analysis model proposed in this 

study. The terms 𝑚𝑥𝑙(𝑧),𝑚𝑦𝑙(𝑧) represent the bending moments at the 𝜄𝑡ℎ cross-section 

resulting from a unit load applied at distance 𝑧 from the member end in the 𝑦 − and 

𝑥 − directions, respectively. The parameter ∆ represents the numerical integration step, 

defined as the spacing between subsequent considered cross-sections along the member’s 

effective span. 

To ensure numerical convergence of the displacement response, a uniform discreti-

zation scheme was adopted along the member’s effective span, where a sufficient num-

ber of cross-sections were used. This approach keeps the results in line with recommen-

dations for curvature-based integration methods in nonlinear reinforced concrete analy-

sis. 

3. Validation of the Numerical Model 

The numerical model proposed in this study is verified through comparisons with a 

selection of experimental results available in the literature. The primary objective of this 

verification is to evaluate the capability of the model to accurately predict the ultimate 

flexural capacity, load–deflection response, and sectional behavior of reinforced concrete 

beams with embedded pultruded I-GFRP profiles. Additionally, the selected specimens 

from previous studies were those that demonstrated full bond interaction between the 

GFRP and concrete, with flexural failure identified as the governing failure mode, as re-

ported by the respective researchers. Consequently, the number of comparison models 

was limited due to the difficulty of obtaining specimens that satisfy these specific condi-

tions and assumptions. 

Several experimental studies, selected based on their relevance to the present anal-

ysis, are considered: Hadi and Yuan [29], Ibrahim et al. [32], Mahmood et al. [45], Ahmed 

et al. [46], Salman and Allawi [47], and Bahlol and Al-Ahmed [48]. 

The test specimens consist of various parameters such as cross-section shape (i.e., 

rectangular or circular), longitudinal reinforcement material (i.e., steel bars, GFRP bars, 

or pultruded GFRP I-section), and loading pattern (i.e., three-point or four-point bend-

ing), as shown in the summary in Tables 1 and 2, which show the various cross-sectional 

geometries, longitudinal reinforcement configurations and the material properties of the 

test specimens included in this verification testing. 

The numerical verification is carried out by applying the developed MATLAB im-

plementation of the secant stiffness-based sectional model to each experimental beam. 

The predicted responses are compared with the experimental data in terms of: 

 Ultimate flexural capacity, defined as the maximum load or moment attained prior 

to failure; 

 Load–midspan deflection response, including both pre-cracking and post-cracking 

stiffness characteristics; 

 Sectional stress and strain distribution, evaluated at critical loading stages. 
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In order to achieve a meaningful and reliable comparison as part of model verifica-

tion, the experimental and numerical simulations will model the same material proper-

ties, cross-sectional dimensions and reinforcement layout. All pultruded GFRP profiles 

that were tested will be specifically modeled with respect to their location and shape; 

longitudinal reinforcement will be modeled based on whether it was steel-only, 

GFRP-only or a hybrid type. Results obtained through the use of this approach will allow 

for the evaluation of the predictive ability of the proposed numerical model under actual 

test conditions, which closely replicate the experimental study design. 

Table 1. Cross-section geometries and longitudinal reinforcement details of the composite beams. 

Specimen ID 
Dimensions (b × h) 

or (D) (mm) 

GFRP I-Profile 

(mm) and Location 

Tension Rein-

forcement 

Compression 

Reinforcement 

S0.57M [29] 200 × 350 
200 × 100 × 10 

(at center) 
Steel 2 Ø 16 Steel 2 Ø 10 

S0.57B [29] 200 × 350 
200 × 100 × 10 

(30 mm below center) 
Steel 2 Ø 16 Steel 2 Ø 10 

F0.46M [29] 200 × 350 
200 × 100 × 10 

(at center) 
GFRP 3 Ø 12 Steel 2 Ø 10 

F0.46B [29] 200 × 350 
200 × 100 × 10 

(30 mm below center) 
GFRP 3 Ø 12 Steel 2 Ø 10 

CGC [32] 200 × 300 
150 × 100 × 10 

(at center) 
Steel 2 Ø 16 Steel 2 Ø 10 

EGS-A [45] 200 × 300 
150 × 100 × 10 

(at center) 
Steel 2 Ø 16 Steel 2 Ø 10 

IG-F [46] 150 
50 × 25 × 4 

(at center) 
Steel 3 Ø 6 Steel 3 Ø 6 

I-GFRP-L-F 

[47] 
130 × 160 

50 × 25 × 4 

(at center) 
Steel 2 Ø 10 Steel 2 Ø 10 

BCEE [48] 200 × 350 
150 × 100 × 6 

(at center) 
GFRP 3 Ø 8 GFRP 2 Ø 8 

Table 2. Material properties of concrete, steel, and GFRP used in the composite beams. 

Ref. 

Concrete Steel Bars GFRP Bars GFRP I-Profile 

𝒇̂𝒄 (MPa) 
Ø𝒔 

(mm) 

𝒇𝒚 

(MPa) 

𝑬𝒔 

(GPa) 

Ø𝒇 

(mm) 

𝒇̂𝒇 

(MPa) 

𝑬𝒇 

(GPa) 
Part 

Tensile Compression 

𝒇̂𝒇 

(MPa) 

𝜺̂𝒇 

(%) 

𝑬𝒇 

(GPa) 

𝒇̂𝒇 

(MPa) 

𝜺̂𝒇 

(%) 

𝑬𝒇 

(GPa) 

Hadi and Yuan 

[29] 
31.8 16 584.0 199.2 12 503 25.6 

flange 381.5 1.00 38.5 214.2 0.97 26.90 

web 353 1.10 32.88 233.8 0.69 30.20 

Ibrahim et al. 

[32] 
24.52 

10 407.7 200 - - - flange 355 2.97 19.5 305.18 0.145 28.50 

16 520.7 200 - - - web 340 2.5 20.1 354.17 0.322 26.64 

Mahmood et al. 

[45] 
53.8 

10 407.7 200 - - - flange 355 2.97 19.5 305.18 0.145 28.50 

16 520.7 200 - - - web 340 2.50 20.1 354.17 0.322 26.64 

Ahmed et al. 

[46] 
42.4 6 430.0 - - - - both 682 - 40.4 350 - 40.40 

Salman & Al-

lawi [47] 
34.5 10 508 - - - - both 650 - 40.4 350 - 40.4 

Bahlol & 

Al-Ahmed [48] 
31 - - - 8 1328 50 both 347 1.83 38.5 336 - 36.3 

To quantify the accuracy of the numerical predictions, the relative difference be-

tween the experimental ultimate load values and those predicted, along with the relative 

differences between experimental and predicted midspan deflections, was calculated. 

The graphical representations of the load–deflection curves also demonstrate the model’s 

capability to replicate the overall flexural behavior (including a reduction in stiffness due 
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to cracking and the contribution to flexural strength achieved from the inclusion of the 

embedded GFRP profile). 

The present verification procedure successfully illustrates that the proposed sec-

tional modeling is able to successfully reflect the nonlinear flexural performance of rein-

forced concrete beams containing embedded GFRP profiles, thereby supporting the 

subsequent discussions of the numerical results presented. 

The model verification confirmed the accuracy of the numerical model that was uti-

lized in this analysis. The forthcoming section provides a detailed discussion of the flex-

ural responses that were predicted, how they can be influenced by embedded GFRP 

profiles and the various types of reinforcement configurations that were used in compo-

site beams. 

4. Results and Discussion 

4.1. Load–Deflection Validation 

The numerical and experimental results displayed in Table 3 quantitatively confirm 

that the sectional numerical predictive model provides an adequate prediction of the 

flexural behaviors of RC beams with embedded GFRP profiles. The ratio of numerically 

predicted ultimate moments divided by the ultimate moments measured experimentally 

ranges from 0.73 to 1.16, with an average of approximately 0.93, a standard deviation of 

approximately 0.15, and a coefficient of variation of approximately 16%. This represents 

an average percentage deviation of approximately 7%, which is acceptable for perform-

ing nonlinear sectional analyses of hybrid RC beams. Due to the wide variety of experi-

mental data available in the literature, which includes a variety of experimental config-

urations, reinforcement layouts, material properties, and loading schemes, these statisti-

cal indicators provide evidence of generally accurate predictions, but in some cases, with 

a slight conservative tendency. 

Specimens studied by Hadi and Yuan [29] displayed an experimental ultimate 

moment in the range of 113.57 kN.m to 138.36 kN.m versus a numerically predicted 

moment in the range of 112.70 kN.m to 135.57 kN.m; thus, the average deviation for the 

data was about 5%, whereas the highest deviation of 18.5% occurred with the S0.57M 

specimen. 

The predicted ultimate moment values for the hybrid reinforcement beam types 

were slightly underestimated for type S0·57M and type F0·46M, whereas there was ex-

cellent agreement with actual values for type S0·57B and type F0·46B. These differences 

could likely be explained by idealized modeling assumptions including the perfect 

bonding hypothesis and homogeneous material properties, both of which affect the 

post-cracking behavior of beams with hybrid reinforcement through stiffness reductions 

and redistribution of strain. 

Similar evidence that the numerical model slightly underestimated the ultimate 

flexural load of beams was observed and reported by Ibrahim et al. [32], Mahmood et al. 

[45], Salman and Allawi [47], and Ahmed et al. [46]. In contrast, the specimen tested by 

Bahlol and Al-Ahmed [48], which depended mainly on embedded pultruded GFRP pro-

files, demonstrated slight overestimation by the proposed numerical model. Therefore, 

this indicates that any overprediction of responses by the proposed model may be at-

tributed to the absence of locally induced imperfection, premature cracking, or damage 

mechanisms that presented during the experimental test at the analyzed section but were 

not addressed in the sectional formulation of the proposed numerical model. This be-

havior is consistent with the linear-elastic assumption of GFRP reinforcement, which 

does not include stress redistributions due to local cracking, progressive damage, or 

possible local instability occurring at higher deformation modes. 
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Based on the test results reported by Ibrahim et al. [32] and Mahmood et al. [45], it 

can be concluded that the numerical model reasonably represents the cracking and 

yielding behavior; however, it underestimates the yielding and ultimate moments ex-

hibited by the EGS-A specimen. The underestimation of the yielding and ultimate mo-

ments is mainly attributed to the idealized assumptions incorporated in the numerical 

model, such as the uniform material properties and the perfect bonding between com-

ponents, thus limiting its ability to account for localized micro-cracking, redistribution of 

strain at the onset of yielding, and the post-cracking damage pattern observed experi-

mentally but not explicitly present in the sectional analysis. The slight underestimation of 

cracking moments for the Bahlol and Al-Ahmed [48] specimens employing primarily 

embedded pultruded GFRP profiles and bars was also evidenced by the numerical 

model, which did not account for local variations in reinforcement or for inconsistencies 

(i.e., defects and irregularities) present in the tested specimens. 

The comparison between experimental and numerical load–deflection responses 

demonstrates that the proposed sectional numerical model can reproduce the overall 

flexural behavior of reinforced concrete beams with embedded pultruded GFRP profiles 

with satisfactory accuracy. In general, the numerical predictions capture the transition 

from the uncracked elastic stage to the cracked regime and reasonably represent stiffness 

degradation up to ultimate load, although some differences in stiffness and deformation 

capacity are observed among individual specimens. The numerical curves generally dis-

play a stiffer response (i.e., smaller deflections at equivalent load levels) compared with 

experimental results, mainly due to the absence of micro-cracking effects, material het-

erogeneity, and localized damage mechanisms in the numerical model. Figure 4 shows 

that the load–deflection curves for both experimental and numerical models follow a 

similar trend, with close agreement in the elastic range and only minor deviations near 

the yielding and ultimate stages. 

For the specimens reported by Hadi and Yuan [29], the numerical model predicts a 

slightly higher initial stiffness than observed experimentally. For example, in specimen 

F0.46B, the numerically predicted midspan deflection at ultimate load (11.22 mm) is 

substantially lower than the experimental value (24.10 mm). 

This overestimation of values is based on unrealistic assumptions embedded in the 

sectional formulation, including perfect bonding conditions, with no consideration of 

bond–slip and distributed cracking effects. The proposed secant-stiffness sectional model 

relies on full bond action between concrete, steel or GFRP bars and embedded pultruded 

GFRP profiles, thereby indicating full strain compatibility and no slip at the interfaces 

between components. While this reduces computational complexity and achieves stable 

convergence, it excludes possible local phenomena such as debonding, micro-slip, or 

partial bonding, which may develop in hybrid concrete beams with GFRP bars or pro-

files. These behavioral effects may contribute to stiffness reduction, premature cracking, 

or a marginal increase in deflection compared to predictions. This assumption plays a 

significant role in the minor deviations noted between numerical and experimental re-

sults, mainly during the post-cracking response. Nonetheless, for the global response, the 

assumed perfect interface provides a satisfactory representation, and the model remains 

effective in predicting general patterns of stiffness reduction, crack propagation, and re-

inforcement interaction. Future investigations could integrate bond–slip mechanisms to 

better represent local interface behavior. 

In contrast, the numerical and experimental results show strong correlations 

throughout the entire loading history for specimen CGC tested by Ibrahim et al. [32]. The 

numerical model predicts a maximum midspan deflection of 58.78 mm at ultimate load 

compared to an experimental value of 45.00 mm. This overestimation of the experimental 

results is primarily due to the idealized assumptions. Despite this, it can be concluded 
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that the overall stiffness degradation and deformation progression of the specimen were 

accurately predicted, indicating that both the material constitutive models and compati-

bility assumptions provided reasonable representations. 
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Figure 4. Comparison between experimental and numerical load–deflection responses for rein-

forced concrete beams with embedded GFRP profiles reported in the literature. 

Good correlation was achieved between the numerical load–deflection responses of 

the proposed model and the experimental data reported by Mahmood et al. [45] for 

specimen EGS-A. The numerical response is almost stiffer than the experimental re-

sponse, resulting in an estimated midspan deflection of 37.01 mm compared to the ex-

perimental value of 48.68 mm. It is likely that the difference can be attributed to complex 

cracking patterns and localized damage, as well as to stiffness degradation processes that 

are not explicitly modeled using a section-wise approach. 

The numerical models for specimens IG-F [46] and I-GFRP-L-F [47] with GFRP re-

inforcement and embedded GFRP profiles tend to predict somewhat more flexible be-

havior at serviceability levels than actual observed responses; however, the respective 

numerical predictions had generally good overall correlation with the experimental 

curves. This fact reflects the linear–elastic representation of material response adopted 

for GFRP reinforcement, which does not account for progressive damage or local insta-

bility mechanics, which may contribute to stiffness loss at increased levels of defor-

mation. 

For specimen BCEE, investigated experimentally by Bahlol and al-Ahmed [48], the 

numerical model demonstrates a stiffer behavior than the experimental response, with a 

greater ultimate deflection value. This overestimation may be attributed to premature 

cracking, possible experimental defects and irregularities, or failure mechanisms that 

were not represented in the idealized sectional formulation. 

Although there were some discrepancies in stiffness and deformation capacity 

measurements—particularly at later stages of loading—the numerical model represents 
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in a consistent manner the overall global shape of the load–deflection curves and accu-

rately reproduces behavioral stages of the tested specimens. These findings indicate that 

the proposed sectional model based on initial and subsequent secant stiffness is a viable 

method for predicting the nonlinear flexural behavior of reinforced concrete beams with 

embedded GFRP profiles over a wide range of experimental conditions, including vari-

ous reinforcement configurations. 

It should be noted, however, that the numerical formulation assumes a perfect bond 

between concrete and internal reinforcement, including steel bars, GFRP bars, and the 

embedded GFRP profile. This assumption represents a simplification of actual behavior, 

as bond–slip effects, interface degradation, and localized debonding may develop under 

increasing load, particularly after cracking. In practice, such mechanisms can contribute 

to additional stiffness degradation and increased deflections, which are not explicitly 

captured in the present sectional approach. Nevertheless, for the purpose of predicting 

the global flexural response, the perfect bond assumption provides a reasonable ap-

proximation while maintaining computational efficiency. 

Table 3. Comparison between the experimental and numerical results. 

Specimen ID 

Cracking Mo-

ment (kN.m) 

Yield Moment 

(kN.m) 
Ultimate Moment (kN.m) 

Midspan Deflection 

(mm) 
Num. Failure 

Mode  
Exp. Num. Exp. Num. Exp. Num. Num./Exp. Exp. Num. 

S0.57M [29] - 13.66 104.86 89.77 138.36 112.70 0.81 36.6 9.04 
Yielding of tensile 

steel bars 

S0.57B [29] - 13.66 105.19 99.47 134 135.57 1.01 32.1 8.58 
Yielding of tensile 

steel bars 

F0.46M [29] - 12.41 - 93.88 119.60 113.69 0.95 22.9 24.55 
Crushing in con-

crete 

F0.46B [29] - 12.51 - 104.35 113.57 114.74 1.01 24.1 11.22 
Crushing in con-

crete 

CGC [32] 14.36 10.46 82.64 60.44 101.22 97.82 0.97 45 58.78 
Yielding of tensile 

steel bars 

EGS-A [45] 13.56 14.84 101.93 63.57 138.56 100.61 0.73 48.68 37.01 
Yielding of tensile 

steel bars 

IG-F [46] - 1.51 - 2.83 6.69 6.44 0.96 11.86 7.98 
Yielding of tensile 

steel bars 

I-GFRP-L-F 

[47] 
- 1.74 - 8.74 14.15 11.41 0.81 12 25.36 

Yielding of tensile 

steel bars 

BCEE [48] 18 14.37 - - 65.70 76.50 1.16 45 41.25 
Crushing in con-

crete 

Average     0.93    

Standard of deviation (𝝈)     0.0156    

Coefficient of variation (COV)     0.0167    

Mean Absolute Error (MAE)     9.94    

Root Mean Square Error 

(RMSE) 
    15.89    

Mean Absolute Percentage Error 

(MAPE) 
   10.66%    

Coefficient of determination (R2)    0.918    

4.2. Numerical Stresses of Concrete and Reinforcement 

The proposed numerical methodology employed in this study is capable of pre-

dicting the stress response of concrete and all types of reinforcement (steel bar and 
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I-GFRP profiles) at all loading levels. Figure 5 demonstrates the stress distribution in each 

concrete cell across all cross-sections at the failure stage, as well as the complete stress 

response of the tension and compression reinforcement throughout the loading history 

up to failure. As shown in the figure, the stresses generated in the bottom flange of the 

I-GFRP profile are lower than those developed in both types of tension reinforcement 

(steel bars or GFRP bars) for all investigated specimens, except for the I-GF beam. In ad-

dition, the concrete stresses reached approximately the designed compressive strength 

for all specimens. 
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Figure 5. Distribution of concrete stress at failure stage and stress of reinforcement during loading. 

4.3. Parametric Analysis 

Using the proposed numerical model, the ultimate flexural capacity and corre-

sponding deflection of composite beams incorporating embedded GFRP profiles with 

either mild steel or GFRP bars can be evaluated. For the parametric analysis, the compo-

site beam (CGC) tested by Ibrahim et al. [32] was selected as the reference specimen. This 

beam had a cross-section of 200 × 300 mm, with an embedded GFRP profile placed at the 

centroidal axis and two Ø16 mm mild steel bars in the tension zone. Based on this refer-

ence configuration, the effects of key parameters—including reinforcement ratio (0.731% 

and 1.097%), type of reinforcement (steel or GFRP bars), position of the GFRP profile 

(offsets of 15 mm, 30 mm and 40 mm from the center), concrete compressive strength (𝑓𝑐
′) 

(from 20 to 40 MPa), and the rotation of the I-GFRP profile (rotated by 90° in three dif-

ferent configurations)—are investigated and discussed in the following sections. These 

ranges of parameters were selected to ensure practical relevance and to maintain con-

sistency with realistic structural configurations encountered in engineering applications. 

4.3.1. Effect of Longitudinal Reinforcement Ratio and Type 

In this study, in the second case, the two Ø16 mm mild steel bars with a 0.731% re-

inforcement ratio of the composite CGC (the first case) were replaced by three Ø16 mm 

mild steel bars with a 1.097% reinforcement ratio. In addition, in the third and fourth 

cases, the steel tension reinforcement was replaced by GFRP bars while keeping the same 

reinforcement ratios of 0.731% and 1.097%, respectively. 

As shown in Figure 6, increasing the longitudinal reinforcement ratio led to an in-

crease in load capacity and a reduction in midspan deflection for both steel- and 

GFRP-reinforced beams due to greater ability to resist tensile stress developed after con-

crete cracking. Since concrete possesses limited tensile strength, the reinforcement be-

comes the primary load-resisting component in the tension zone once cracking occurs. 
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Figure 6. Effect of longitudinal reinforcement ratio and reinforcement type on the load–deflection 

response of the hybrid beam (CGC). 

Conversely, when the reinforcement type was changed from steel to GFRP at the 

same reinforcement ratio, a reduction in load capacity accompanied by an increase in 

midspan deflection was observed. This behavior is attributed to the lower modulus of 

elasticity of GFRP compared with that of steel. At the ultimate stage, increasing the ten-

sion reinforcement from two to three bars resulted in an increase in ultimate load of 

7.07% and 6.74% for steel and GFRP reinforcement, respectively, while the corresponding 

ultimate deflection decreased by 43.94% and 2.97%. 

Moreover, replacing steel reinforcement with GFRP bars led to a reduction in ulti-

mate load of up to 5.82% and 6.11% for beams reinforced with two and three bars, re-

spectively. In contrast, the maximum midspan deflection increased by 39.51% and 

141.45% for the same cases. 

Overall, Figure 6 indicates that the longitudinal reinforcement ratio is the most in-

fluential parameter governing both load capacity and deflection of composite beams 

under static loading. 

4.3.2. Effect of I-GFRP Profile Position 

In this study, the embedded I-GFRP profile was positioned at four different loca-

tions within the cross-section: three positions below the centroidal axis and three above 

it. Vertical offsets of 15 mm, 30 mm and 40 mm from the center of the cross-section were 

considered to represent these locations. Figure 7 illustrates the influence of the I-GFRP 

profile position on the load and deflection response of the composite beam. 
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Figure 7. Effect of I-GFRP profile position on load and deflection response of composite beam 

(CGC). 

As shown in Figure 7, relocating the I-GFRP profile away from the centroidal ax-

is—either upward or downward—significantly affects both the ultimate load and de-

formation capacity of the beam. The direction and magnitude of these changes depend on 

the type and ratio of longitudinal reinforcement as well as the distance of the I-GFRP 

profile from the center. 

The numerical results indicated that shifting the I-GFRP profile downward by 40 

mm to align it with the longitudinal steel reinforcement resulted in a decrease of 3.16% 

and 3.55% in the ultimate load capacity of beams reinforced with two and three steel 

tension bars, respectively. The corresponding reductions in the ultimate deflection were 

41.61% and 58.69%. Similarly, beams reinforced with two and three GFRP tension bars 

exhibited decreases in ultimate load of 10.03% and 8.89%, respectively, accompanied by 

reductions in ultimate deflection of 52.89% and 49.05%. These trends confirm the ex-

perimental findings documented by Hadi and Yuan [29]. 

In contrast, the ultimate load increased by 3.93% and 9.15% for beams reinforced 

with two and three steel tension bars, respectively, when the I-GFRP profile was relo-

cated 40 mm upward from the center of the cross-section. The corresponding increases in 

ultimate deflection were 14.11% and 57.39%. The ultimate load for the beam reinforced 

with three GFRP tension bars increased by 4.98% when the I-GFRP profile was moved 

from the center of the cross-section to 40 mm above, while the ultimate deflection de-

creased by 2.68%. Conversely, the beam reinforced with two GFRP tension bars experi-
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enced reductions of approximately 6.53% in ultimate load and 12.95% in ultimate deflec-

tion. 

The position of the I-GFRP profile at an optimal depth increases the internal lever 

arm between the tension and compression force, thereby enhancing the flexural re-

sistance of the beam. However, placing the I-GFRP profile away from the critical tension 

region reduces its structural contribution and improves the beam capacity. 

In summary, the results suggest that the placement of the embedded I-GFRP profile 

plays an important role in the flexural behavior of composite beams, yet it is strongly in-

fluenced by the type and ratio of longitudinal reinforcement, highlighting the need to 

account for these variables concurrently in the analysis and design of such beams. 

4.3.3. Effect of Concrete Compressive Strength 

Using five concrete compressive strength levels (20, 25, 30, 35, and 40 MPa), the in-

fluence of concrete compressive strength on the bending behavior of composite beams 

incorporating embedded GFRP profiles was evaluated. The analysis included beams re-

inforced with two and three longitudinal tension bars of either steel or GFRP while 

maintaining identical geometric configurations and reinforcement details across all 

specimens. 

As indicated in Figure 8, increasing the concrete compressive strength from 20 to 40 

MPa resulted in a marginal decrease in ultimate load for all composite beams; however, it 

also resulted in a significant decrease in midspan deflection. The maximum decreases in 

ultimate load were 2.13%, 2.03%, 1.76%, and 2.32% for composite beams reinforced with 

two steel, three steel, two GFRP, and three GFRP tension bars. On the contrary, the cor-

responding decreases in ultimate midspan deflection were substantially greater, reaching 

39.63%, 42.06%, 16.46%, and 17.03%. 

The observed behavior can be explained by the fact that the composite beams are 

tension-controlled, with failure occurring primarily due to the response of the longitu-

dinal reinforcement and its interaction with the embedded GFRP profile rather than 

concrete crushing. With an increase in concrete compressive strength, the compression 

zone becomes more concentrated, resulting in a reduction in its depth and a slight in-

crease in the internal lever arm. Nevertheless, since the tensile force in the steel or GFRP 

reinforcement is controlled by its mechanical properties and strain compatibility, it does 

not increase proportionally with concrete compressive strength. As a result, the ultimate 

flexural capacity exhibits minimal variation or a marginal decrease. 

On the other hand, the increase in concrete compressive strength significantly en-

hances the sectional stiffness, delays crack propagation, and limits strain development, 

resulting in a substantial reduction in deflection at advanced loading stages. Further-

more, for a given concrete strength, increasing the longitudinal reinforcement ratio con-

sistently improves the ultimate load and reduces the midspan deflection for both steel- 

and GFRP-reinforced composite beams, as illustrated in Figure 8. 

Overall, the results indicate that, for composite beams with embedded GFRP pro-

files, concrete compressive strength plays a secondary role in determining ultimate flex-

ural capacity, while it has a dominant influence on stiffness and deformation behavior. 
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Figure 8. Effect of compressive strength on load and deflection of composite beam (CGC). 

4.3.4. Influence of I-GFRP Profile Rotation on Ultimate Load and Deflection 

In this study, a numerical analysis was performed on the I-GFRP-L-F beam to in-

vestigate the influence of rotating the I-GFRP profile by 90° in three different configura-

tions (see Figure 9). In the first configuration, the I-GFRP profile was positioned at the 

centroid of the cross-section, such that the centroids of the concrete cross-section and the 

I-GFRP profile coincided. In the second configuration, the I-GFRP profile was positioned 

within the tension zone at the same level as the longitudinal tension reinforcement. Fi-

nally, in the third configuration, the I-GFRP profile was positioned within the compres-

sion zone at the same level as the longitudinal compression reinforcement. The effects on 

ultimate load, deflection, and ductility are analyzed using the proposed numerical 

methodology. 

The I-GFRP-L-F beam was selected for this investigation because it is the only 

specimen among the beams under consideration that incorporates a second geometric 

dimension capable of accommodating the I-GFRP profile. 
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(a) (b) (c) 

Figure 9. Positions of the I-GFRP profile: (a) at the center; (b) at the bottom; (c) at the top. 

Compared with the traditional embedding of the I-GFRP profile at the center, the 

results presented in Figure 10 indicate that rotating the I-GFRP profile to the centroid of 

the cross-section leads to an increase of 2.75% in ultimate load and a 54.85% increase in 

ultimate deflection. 

 

Figure 10. Effect of GFRP profile rotation on the load capacity and deflection behavior of composite 

beam (I-GFRP-L-F). 

When the I-GFRP profile is rotated within the tension zone of the beam, the beam 

exhibits an increase in ultimate load of 39.13% and a marginal increase in ultimate de-

flection of only 2.16%. Conversely, when the I-GFRP profile is rotated within the com-

pressive zone of the section, the beam shows an ultimate load reduction of 24.23% and an 

ultimate deflection reduction of 8.08%. The redistribution of internal stresses in the 

I-GFRP profile contributes to this behavior: when the I-GFRP profile is located at the 

centroid, greater deformation occurs before yielding of the reinforcement, enhancing 
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ductility. Conversely, positioning the profile within the tension zone increases the effec-

tive tensile stiffness of the beam, allowing for a higher ultimate load while limiting fur-

ther deflection beyond the ultimate load. 

Moreover, the numerical results show that rotating the I-GFRP profile within the 

tension and compression zones of the beam’s cross-section, at the same level as the rein-

forcement, reduces the ultimate load by approximately 13.62% and 8.25%, respectively, 

compared with the traditional embedding of the profile. The corresponding reductions in 

ultimate deflection are 5.1% for the tension zone and 4.36% for the compression zone. 

Overall, rotating the I-GFRP profile to the centroid enhances beam ductility, while 

rotation within the tension zone primarily improves ultimate load capacity. 

5. Conclusions 

The present study was conducted to evaluate the proposed numerical model to 

predict the flexural behavior of hybrid RC beams with embedded GFRP profiles under 

monotonic static loading with different cross-sections, such as rectangular and circular. 

The main conclusions are as follows: 

 The comparison between experimental and numerical results showed good agree-

ment in predicting the structural response of the tested beams. The average ratio of 

the numerical ultimate moment to the experimental ultimate moment was ap-

proximately 0.93, with a standard deviation of 0.15 and a coefficient of variation of 

16%. 

 The load–deflection behavior and the key stages of the structural response, includ-

ing cracking, yielding, and ultimate capacity, were accurately captured by the pro-

posed numerical model. 

 Minor discrepancies between the numerical model and the actual behavior were 

primarily attributed to idealized material properties and modeling assumptions, in-

cluding the perfect bond between concrete and GFRP and the absence of localized 

imperfections. 

 The results verify that the numerical model proposed in this study is a reliable and 

efficient tool for predicting strength, stiffness, and deformation characteristics of 

hybrid RC beams with embedded GFRP sections under flexural loading. 

 The successful predictive capacity of this model supports its use in future parametric 

studies and design applications, as well as in structural analysis and optimization. 

 The most significant numerical parameter influencing the load and deflection of the 

hybrid beam under static loading is the longitudinal reinforcement ratio. Increasing 

the tension reinforcement from two to three bars resulted in an increase in the ulti-

mate load of 7.07% and 6.74% for steel and GFRP reinforcement, respectively. 

Meanwhile, the corresponding ultimate deflection decreased by 43.94% and 2.97%, 

respectively. 

 The ultimate load of the hybrid beam decreased when the I-GFRP profile was posi-

tioned 15, 30, and 40 mm below the centroid of the cross-section and increased when 

it was placed above the centroid. The maximum reduction in numerical ultimate 

load was 10.03% for beams reinforced with two GFRP tension bars, while the 

maximum increase was 9.15% for beams reinforced with three steel tension bars. 

These results were recorded when the I-GFRP profile was shifted downward and 

upward by 40 mm, respectively, to align with the longitudinal steel reinforcement. 

 The hybrid beam with two or three steel or GFRP bars reinforcement experienced a 

slight reduction in ultimate load as the concrete compressive strength increased, 

while a significant decrease in deflection was observed. Therefore, the results indi-
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cate that concrete compressive strength plays a secondary role in determining the 

ultimate flexural capacity. 

 The numerical parametric results indicated that rotating the I-GFRP profile by 90° 

about the centroid enhances the beam ductility, whereas rotation within the tension 

zone primarily improves the ultimate load capacity. 
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